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Joporyie BOCEMHKJIIACCHUKHI!

B sToMm roay BBl OIpojoJkuTe m3ydueHue anrebprer. Anrebpa, HApANY
¢ apuMeTHMKON M TreoMerpueil, NPUHAMJNEIKHUT K UHCIY cTapedinx
MaTeMaTHYeCKUX HayK. 3aJadyd U MeTOAbl ajnreGpbl, OTJHUYAIOUIHE eé
OT APYTHX DAa3[eJIOB MATEMAaTHKH, CO3JaBajJHCh IIOCTEIeHHO, HAYWHASA
¢ ApeBHOCTU. Anrebpa BOZHUKJIA O] BIAUAHUEM HYKI NPAKTHKU, B pe-
3yJIbTATE TOUCKOB OOIIUX NPHEMOB AJIA pellleHUud OJHOTHIHBLIX apud-
MeTH4YecKHuX 3agad. [IpuéMbl 9TH 3aKII0YANHUCH 00BIYHO B COCTABIEHUN
U pellleHHuH YpaBHeHHUH.

3a 2 ThICAYM JIeT [0 HAIIEr0 BPeMeHH KHTAWCKNEe YUEHBIe pelnajiu
YPABHEHHUA NEPBOM CTEHEHH M MX CHCTEMBI, 4 TAKIKEe KBaJApaTHBIE ypaB-
HeHHUsA. UM y:Ke OBITH HM3BEeCTHHI OTpHIATEeNbHbBIE W HMPPALMOHAJIBHBIE
yucaa. Euié o II B. go H. 5. B Unxuu O6eia useecrHa (go n = 8) tabau-
a, KOTOPYIO MbI HA3EIBAEM «TpeyroJbHUKOM Ilackans». OHa BoCIpous-
BegeHa B kuraiickom TpaxraTe XIII—XIV Bs. B EBpone ona 6n171a BHOBB
OTKpBITA Uik cuycrsa 250 mer.

C XVI B. Haunnaerca O0ypHoe pasBuTue anredpsl B Espome. Briau
OTKPBITHI CIOCOGH! PEIIeHNS YPABHEHUIH TPeThed M 4eTBEPTOM CTEeIleHed,
ITonyuunu paclIpocTpaHEeHME OTPHIlATEJbHBIE UYHCiaa. BBLIO JOKA3aHo,
yTo J1i1000e ypaBHeHHe BBIIIe UYeTBEPTOI CTEIeHH HeNlb3sd PelInThb ajnreo-
pamyecKuM crmocobom.

CoepemMeHHaA MIKOJBHAA anredpa BKIO4YaeT B ceba He TOIBKO geiicT-
BUsA ¢ OYKBEeHHBIMHU BBIPDAKEHUAMH U perleHue ypaBHeHnii. Coga BXogAT
elllé M BOIIPOCHI, OTHOCAINMECH K MaTeMaTHYeCKOMY aHaluady, — IOHS-
THe ONeHCTBUTENBHOI0 uucaa, GyHKIIuM, e€ rpadhuKka 1 T, II.

Anrebpa Hy#Ha B IOBCEIHEBHOII KM3HU, TAK KaK yYUT OBLIUM mpa-
BUJIAM JAeHCTBHH Hajx o06BeKTAMU, KOTODPbIe He 00S3aTeJILHO ABJIAITCA
YHCJIaMM, YYHT pemaTrh ypaBHeHHs (JIMHelHBIe, KBagpaTHEIE, palluo-
HaJIbHBIE UM [p.), HAOKAa3bIBATH TOMKIECTBA, HEPABEHCTBA, IIPUMEHATh
byHKIUM I8 pelleHusa 3agad.

B yuebHuKe 8 Kiacca MOABJIAETCA HOBAs 3alKCh AJI HEKOTOPHIX YU~
ceJl — C HOMOIIBI0 apU(PMETHIECKOTO KBAJPATHOIO KOPHA. OTO paciiu-
pAeT KPYyr 3a4a4, B KOTOPBIX OTBET Telleph MOKHO BRIPA3UThH C IIOMOIILIO
apudMeTHUECKOT0 KBAApPATHOIO0 KOPHHA, IIO3BOJSET peIlaTh YPABHEHUS
BTOPO# cTemeHU (KBajpaTHBIE), pallMoHaAJbHbIE YPABHEHUA, HEKOTOPhIe
ypaBHeHUs 0oJiee BLICOKUX CTeIeHel,

Becrs marepuan yuebumka pasébur Ha 4 riasbl, a Kaykgas rjaBa —
Ha maparpadsl M IYHKTHI, COJEpIKalllile TeOPeTHUECKHE CBEJeHUS U
IpaKTHYeCKHe yIpariHeHuda. HoBbkle TEPMUHEI U BayKHEBIE (DaKThI BBIJE-
JIeHBI B TeKcTe KUpHbIM mpudrTom. IlpaBuna u cBoiicTBa, KOTOPHIE II0-
JIe3HO 3allOMHHUTH, MaHBl Ha I BETHOM ()OHE MJIM B paMOUYKe.

Kaxgasa roraBa UMeeT AOMMOJHEHUA, IO3BOJIAION[Me PACIINDUTE 3HA-
HHUHA, HTOJYYeHHbIe IpU HM3YUeHHH IJIABBI, M HAYUYUTHCSA peuliaTh Gojee
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CJIOXKHBIE 3afauy. OTH MaTepHaJbl OXBATHIBAIOT TPALUITHOHHYIO IPO-
rpaMmy KJaCcCOB ¢ YIUIyOJNEHHBIM H3yUYeHHeM mareMaTHKH. B ucropu-
YeCKUX CBeleHHAX NpuBeieHa MHOOpMAIIHA, AONOJHAIOIIAA H3YUYeH-
HOe B IJlaBe, pPACCKA3BIBAIOINAS O pAasBUTHM MaTeMaTHKH u 00
yT-IéHBIX—MaTeMaTHHaX.

B xoHIe yuebHUKAa MMeeTCs pasgel «3alaHus A8 DOBTOPEHUA»,
B KOTOPOM COOpAaHBI yIPasKHEeHUSA HA BBIYHCIEHUHA, YIPOUIIeHHe OVK-
BEHHBIX BBIDAayKeHUM, pellleHNe YPaBHEHHII, a TaKkiKe TeKCTOBEIe 3ajla-
yH. 37ech UMeeTCA MHOIO UCTOPHUYECKHX 3a7a4 U 3afaHUHA U3 CTApPHH-
HBIX y4yeOHUKOB 1 cOOpPHMKOB 3azady. K HeEKOTODHIM 3aJaHHAM B
yueOHHKe HpHUBEeIeHbl OTBETEHL.

Ecau BBI XOTHTE YUUTBECS YCIIEIIHO, TO C BHUMaHUEM OTHOCHTECH
K TOMY, YTO HANHCAHO B yueOHUKe 1 00BACHAET YUUTENE, K BBIIIOJIHE-
HHUIO JOMANIHMX 3aJaHuii.

Ilepen BuIMOJMHEHHEM JAOMAIIHEro 3aJaHusA 00A3aTeNIbHO HNPOUYU-
TaiiTe HY)KHBIH OYHKT yueOGHHKA, BCIIOMHHUTE O00BACHEHHe yUUTeNd.
9T0 HMO3BOJUT MOATOTOBUTHCH K BHIIOJHEeHNIO 3agaHuii. OTBeThbTe HA
BOIIPOCHI, MAYIIHE mocJie yueGHOIro TEeKCTa, a B cilydae 3aTPyJHEHHA
HalizuTe OoTBeTHl B Tekcre yueOHura. O0BACHEHME TOr0 MIM HHOTO
TepMHHA HIUTE B IpeiMeTHOM yKaszaTese. TaM OHM BBRIIHMCAHEL B aJI-
(hbaBUTHOM HOpALKE.

Ocoboe BHUMaHUE yieJuTe pellleHUI0 TeKCTOBBIX 3a7ay HOBBIMH
crocofaMu: ¢ IOMOIILIO KBaAPATHBIX WY PAIlMOHANBHEIX YpaBHeHUH
1 X cHcTeM. OTH 3aa4¥ YacTO BBIHOCATCS HA MTOTOBBIH KOHTPOJb!
OI'3-9 u EI'2-11. Kpome Toro, pabora ¢ TeKCTOBBIMH 3ajaldaMu HeoO-
XOAMMA AJIS PASBUTHSA MBIILJIEHHUS U CIIOCOOHOCTH K yUeHHIO.

JIyulieMy VCBOEHHIO M3YYEHHOI'O IIOMOXKET HMCIIOJL30BAHHE IU-
JAaKTHYECKNX MATEPUAJIOB, COJAEePKAalMX 3alaHNs AJIsI CAMOCTOATEb-
HBIX M KOHTPOJBHBIX paboT, a TaKyKe MaTepHalbl JJIfA NOATOTOBKH K
CcaMOCTOATENBHBIM paboram.

Hemaem BaM yCIIeXOB B MU3ydyeHUU anredpoi!

Asmoput



Mpwn nay4yeHun rnaeel 1 Bam NpeacToMT NO3HAKOMUTBCHA C HOBbIM MO-
HATMEM — (YHKUMER; YCTAHOBUTL CBOMCTBA MNPOCTEMWMX DYHKLMIA

1
y=2x, y==x2 y= i OCBOWTb MOHATNE apuMeTUYECKOro KOpHSA

1 ero CBOWCTBA; Hay4YUTbCA NPeobpa3oBbIBaTh BbIpaXeHus, coaepxa-
lWMe KOPHW. 3TW 3HaHWA MOMOTYT BaM W3y4aTb CreaylollvMe rnassbl
yyebHUKa U apyrue LWKoNbHble NPeaMeThl.

—E —= — e e e L T i T o e —

§1. q)yl-lxu.uu m rpadpukm

[ 1.1. Yucnosslie HepaBeHcTBA |

HeﬁCTBHTeHbHBIe YyHcJa NONUYHHEHBI CJeNVIOLMM IIpaBuUJIaM.:

IIpaBuio 1. JIaa moObIX NeliCTBUTENLHBIX uHcel a u b
MMeeT MeCTO TOJBKO OJHO H3 COOTHOUIEHMH

a=b,a>b, a<bhb.

Hanpumep, aus uucen 6 u 10 BepHO HepaseHcTBO 6 < 10, HO He-
BepHusbl paBeHcTBo 6 = 10 u HepaBerncTBO 6 > 10.

3ameTuM, 4yTO ecau a > b, To b < a.

HepaBencTBa OJHOrO B3HaKa HA3LIBAIOT OJHOMMEHHBIMM, Ha-
npumMep: HepaBeHcTBa —2 < 5 ¥ 3 < 11 ogHOMMEHHBIE, HepPaBEHCTEA
-5 >-10 u 10 > —8 TakKKe OJHOMMEHHEIE.

IMpasuno 2. Jasa m100BIX AeiiCTBHTENBHBIX uHced a H b,
TakuX, 94T0 a <b, HaUAéTCA TAKOe NEeHCTBHTENbLHOE YHC-
JO ¢, 4TO0 @ <c¢ H ¢ <b, uau, 4TO TO Ke camoe, a <c<b.

Hanpumep, aaa yucen 1,2 u 1,3 cyiecreyer uucyo 1,22, Takoe,
yro 1,2 < 1,22 < 1,3.



| IIpaBuno 3. Jas mr006BIX AeiCTBUTENbHBIX YHCEI @, b 1 ¢
| M3 HepaBeHCTB a <b u b < c ciexyer HEpaBeHCTBO @ < C

| (CBOMCTBO TPAH3UTHBHOCTH HEPABEHCTRB).

g

=

8 4 8
Hanpumep, 13 HepaBeHCTB 9 <lunl< 3 ciIenyeT, 4To 9 < 5

[ ITpaBuyno 4. Haa no00bIx OeiicTBUTEJIbHBIX YHCETI a4, b U ¢
{ M3 HepaBeHCTBa a < b cjeayeT HepaBeHCTBO a +c < b + c.

I

9TOo 03HAYAET, UTO 3HAK HEpPaBEHCTBA He UBMEHHTCH, ECJH K IPaBOi
¥ JIEBOM YACTAM HEpaBeHCTBA NMPUOABUTH OJHO U TO Ke YUCJO.

Hanpumep, npubaBuM K IIPaBOil ¥ JIEBOH 4acTAM BEPHOI'0 HEepaBeH-
crBa 6 < 11 mo —4, Dony4YuM BepHOE HEPaBEHCTEBO

6 —4<11 -4, nmu 2< 7.
| Ilpasuao 5. Huaa mai006bIX AeHCTBUTENBHBIX 4YHcelI @ U b
|

1 J000ro moJ0KHUTEJIHHOTO YHCJIA ¢ H3 HepaBeHeTBa a < b
caenyer HepaBeHCTBO ac < bce.

3To 03HAYaeT, UYTO 3HAK HEPABEHCTBA He U3MEHHUTCH, €CJIH IIPABYIO
¥ JIEBYIO YACTH HEPABEHCTBA YMHOXKHTEL Ha OJHO M TO K€ IOJIOMUTENDb-
HOEe YHCJO0.

Hanpumep, yMHOKHM IPABYIO U JIEBYIO YaCTH BEPHOTO HEepaBEHCTBA
-6 < 2 ma 3, nmoayuuM BepHOe HepaBeHCTBO —6 - 3 < 2 - 3, unu —18 < 6.

W3 mepeunc/ieHHBIX BBINIE IATH IPAaBHJ BBITEKAIOT CJEINYIOIIHe
CBOMCTBA HepaBeHCTB:

[ Cgroticteo 1. Ecau yucna a, b, ¢ 1 d TakoBbl, 4TO @ <b
k me<d, Toat+c<b+d.

la)| [ || 9TO 03HAUYAET, YTO BEPHEIE OAHOMMEH-
[ lal<|wp| | || | Hble HepaBeHCTBA MOKHO IOYJIEHHO CKJa-
Calalalhailon 1 ,?lbIBaTbo(pHC. 1, a).

e e o o e = HeiicTBUTENBHO, M3 yCJOBUA a < b Ha
latc<bt+d | | | ocHoBamuM mpaBuia 4 CIeNyeT, UTO a + € <
| L5 L | | <b+e¢, a us yeaoBusa ¢ < d HA OCHOBAHUU

'6)la>0,b>0,c>0,d>0| TOro e mpasuia 4 ciexyer,utod+c<b+d.

—f——+t 1 Tenepb, NpUMeHAA NPABHJIO 3, IIOJydaeM

. S | i
a’!_<;b. 130 e a+e<b+d.
le|<|d |
| a-c<b-d | | | | | CgoiictBo 2. Ecim moI0:uTENAbHbIE YHC-
B o T L&) na a, b, c nmdrakosbl, yTo a<buc<d,
gt i TO ac < bd.

H Puc. 1



i MpocTeitme Gyuxuun. Kpagparneie KopHH
S - - - =

ITO 03HAYaeT, YTO BEpHbLIE OAHOMMEHHBIE HEpaBeHCTBA, IMpAaBble
H JIeBBI€ YACTH KOTOPBIX HIOJOKHTENBHBI, MOXKHO IIOYJIEHHO IIepeMHO-
xarte (puc. 1, 6).

HelicTBUTENBHO, A IOJOMKUTEILHBIX yHcesl a, b, ¢ 1 d Ha OCHO-
BaHUM TpaBHJja D U3 yCaOBUA a < b moJyiygaem ac < be, a U3 YCJIOBUA
¢ < d nonyuaem bc < bd. Tenepr Ha OCHOBAHHMH IIpPaBHUIA 3 IIOJIy4aeM
ac < bd.

! CsotictBo 3. Ecau umena @ u b TakoBbl, 4T0 a < b, TO
—a > —b.

B camom gene, npubGaBuB K JieBOil 1 mpaBOH YacTAM HepaBeHCTBA
a < b yucyao (—b — a), Ha ocHOBaHUHU IpaBuia 4 MOJYYUM
a+(-b-a)<b+(-b-a),
OTKYJAa caenyer, uto —b < —a, niu —a > —b.

CgoiictBo 4. Eciau ¢ — orpuuaTensHoe YHMCIO0 H YHCIA
a u b TakoBsl, uTo a < b, TO ac > be.

9T0 O3HAYAaeT, YTO 3HAK HePaBEeHCTBA W3MEHUTCS Ha IPOTHBO-
TIOJIOMKHEIH, ecau ofe yacTH HEPABEHCTBA YMHOKHUTL HA OJHO M TO Ke
OTpHIIATEbLHOE YHCJIO.

ITo ceoiticTBy 3 13 HepaBeHCTBa a < b ciaenyer, 4To —a > —b,

VMHOMHB 9TO HEPABEHCTBO HA IOJOMKHTEJBHOE UHCIO —C, Ha OCHO-
BAHUM IIPABUJIA 5 HOJYUUM

(=a) - (=¢) > (-b) - (-¢),
OTKyIa ciaenyer, 4tTo ac > be.

CgoiicTBo 5. Ecan momxoskuTeIbHBIE YHCIA @ ¥ b TAKOBBI,
I, i

uyto a < b, TO — > —,
a b
B camoMm pgeisie, YMHOMKHNB HEPaBEHCTBO @ < b HA HOJOKNTEILHOE

1 =
YHCJIO —b, IIOJIYYHM Ha OCHOBaHHHM IIpaBHJIa 5 mocue COKpaleHu HYX-
a

HOE HepaBeHCTBO

< >

S| =
Q=
=
=
=
||
| =

CsoiictBo 6. Eciiu mogo:RuTeabHBIE UHCIA @ M b TaKoBBI,
uT0 a < b, TOo a? < b2,

910 CBOMCTBO cJeAyeT u3 cBONCTBA 2 NpM yeJaoBUM ¢c=a u d =b.



Cgoiicreo 7. Ecin @ u b monokuTeIbHbIe ynHeaa u a? > b2,
TO a > b.

ITpoBeném mokKazaTelnbCTBO OT MPOTHBHOTO.

Ilpepnono:xum, uro a = b, Torga a? = b2, 4TO IPOTHBOPEYUT YCJIO-
BUIO0 a? > b2, 3HauuT, NpEeAmoJIOdeHHe, UTO @ = b, HeBepHO.

Ilpepmomnoxum, uTo a < b, Torga Ha OCHOBaHUM CcBoiicTBa 6 moumay-
YUM, 4TO @ < b?, YTO NPOTUBOPEUUT YCJIOBUIO a2 > b2, 3HAUUT, IPEJIIO-
JIOMKeHHe, UTO @ < b, HeBepHO.

Inst nByx uncen a u b o npasunay 1 BO3MOKHO TOJIBKO OJHO U3 CO-
OTHOIIEeHUI: a=b, a<b, a>b.

IlepBBle ABa MPOTUBOPEYAT YCJIOBHIO a2 > b2, ciefoBaTesbHO, a > b,
uyT0 U TpeboBaNOCh JOKA3aTh.

Brinre ymorpebasnnch 3HAKM pPaBeHCTBA (=) M CTPOroro HepageH-
crBa (< m>). MHOrza BO3HHKAaET HEODXONHMMOCTH B HECTDOTHX Hepa-
BEHCTBax.

IIpumep. B ary sumy Temneparypa B MocKBe He omyckKaigach
Hmke —30 °C. Ecnu remmeparypy o6o3HauuTh GyKBO# ¢, TO B Jio6oif
meHb 3uMbl gubo ¢t > —-30 °C, nubo ¢t =—-30 °C, uTo 3anmUCBIBAIOT TaK:
t =2 -30 °C.

ITpuBeném onpepeneHna HECTPOrMX HepaBeHCTB a < b u a = b.

YucsoBoe HepaBeHCTBO a < b oguauaer, uro aubo a < b, gubo a = b.
HerepHo oHO Jinins B ciyudae a > b.

Banuck a < b yuraoT wan «a He Gojabile by, UIK «a@ MeHBIIE HJIN
paBHO b».

YucaoBoe HepaBeHCTBO a4 = b o3HagaeT, 4ro nubo a > b, 1ubo a = b.

Sanuchk @ =2 b yUTAIOT «a He MeHbIne b» UIM «a GOJbIIe UJIH pas-
HO b».

Hanpumep, HepaBencTBa 5 < 6 u 4 = 22 oba BepHble, a HEPABEHCTBA
9<7u 324 oba HeBepHEIE.

s HecTpOTUX HEPABEHCTB CIIPaBeJIMBLI IPUBEAEHHBIE BHIIIE TIpa-
BHJIa 3—5 u cBoiicrBa 1—7, eci B HUX 3HAK CTPOTOr0 HEPABEHCTBA 3a-
MeHHTHL Ha 3HAK Hecrpororo HepaBeHcTBa. ChopmynupyeMm OIHO U3 Ta-
KHX CBOHCTB.

CsoiicTBo 6%*. Eciin moJoKUTEJbHEIE YHCIA @ U b TAKOBHI,
uro a < b, To a®< b?.

Mg yixe ormMeuasiu, 4TO eclid a < b u b<c¢, To nmumyr a <b < c.

ITomo6HBIM 06pasoM ecau a < b u b<e, To numyr a < b < ¢; ecau
a<b u b<e, To mumyr a<b<c; ecniu a<b u b<e, TO DTHIYT
asbse,

HepasenctBa a<b<c, asb<ec, a<bse, a<b<c HaA3LIBAOT
JBOMHBIMH HepaBEeHCTBaAMH.



9 IMpocreiimue thyprmmin, KpagpaTHsie KOPHH

S e BT R P

1. Kaxue HepaBeHCTBa MOJYKHO:

a) CKJaJabIBaTh; 6) IIlepeMHOXKATh?
2. B xakKoM ciiyuae HepaBeHCTBO a = b:
a) BepHO; 6) HeBepHO?
3. Cpasrure:
a) bu?9; 6) =5 u —-9; B) 2,56 -4 u 10;
r) 1,2 u 1,(2); n) —6,7 u 1; e) —5,(4) u -5,4.

4. ViKakuTe umpcio, 0OJIbIIlee OJHOrO M3 HAHHBIX YNCEJI H MeHbIIee
apyroro. OTBer sanumuuTe B BHJE ABOIIHOrO HEPaBEHCTBA:

a) 3 u b 6) —25 u —29;
B) 2,5 u 2,6; r) 2,4 u 2,(4);
o) -3,71 u -3,72; e) 0,(5) u 0,(6).

5. CnenaiiTe BHIBOJ HA OCHOBAHUHM JBYX BEePHBIX HEPABEHCTB.
Hanpumep, 3 < 15 u 15 < 20, 3nauur, 3 < 20.

a) b<0wu0<2; 6) 2<0m0<2;

B) 2>1ul>0; r) 2,(1)>2 u 2> 1,(6);

n) =3,(7)>-4u-4>-T; e) 0,(5)<0,(6) u 0,(6) <0,(67);
5 9, 7 1,1_8

JR)—6-<1H1<§, 3) 16<2H2{15'

6. 113 gaHHOro BEPHOI'0 HepaBeHCTBa IOJy4YHMTe HOBOE BEpHOe Hepa-
BEHCTBO, IpubaBUB K 00eMM YACTAM HEPaBEHCTBA ONHO M TO JKe
YHUCIO:

a) 15 < 20; 6) 5> 4; B) 2,5 < 8;
r) 1,1 <1,2; n) 1,3=21,2; e) 5<6.

7. U3 pmaHHOTrO BEpHOro HEpPaBEHCTBA IOJYy4YMTE HOBOE BEPHOE Hepa-
BEHCTBO, YMHOKHB 00e 4acTH HepaBeHCTBA HA OJHO U TO JKe II0JIO-
JKHUTEJbHOE YHCJIO:

a) 15 < 20; 6) 5>4; B) —-2,5 < 3;
r 1,1 <1,2; o 1,3=21,2; e) —bH < 6.

8. CioxuTre BepHble UMCJIOBLIe HEDABEHCTBA:
a) 14>11 u 10> 9; 6) 2>-3u3>2;
B) 6<-5mu2<3; r) 8<0u8<9.

9. IlepeMHOXbTe BEpPHBIE YMCJIOBbIE HEDABEHCTBA:
a) 14>10m 2> 1; 6) 5>3 u6>5;
B) 6 <Tu2<3; r) 8<9ml<2.

10. U3 maHHOTO BEDHOIO HEPaBEHCTBA IIOJIy4YUTEe BEpHOEe HepaBeHCTBO,
B KOTODOM Ka)kJ0e YMCJIO 3aMeHEeHO Ha IPOTHBOIIOJIOMKHOE.
Hanpumep, Tak kax 19 > 13, 1o —19 <-13.

a) 3>0; 6) 5>-1; B) -9 <-1;
r) -b<-1; o) 9=-2; e) 0<3.
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11.

12.

13.

14.

15.

16.

17-

18.

YmHOKBTE 06 YacTH BEPHOrO0 HEPABEHCTBA HA OTPHUIATEIBHOE YHC-
JI0, IPDUMEHUB CBOMCTBO 4:

a) 1<2; 0) 5>4,5; B) 6,5 < 6,9;

r) 1.,1.<1,2; n 1,3=21,2; e) H<6.

3anumure HepaBEHCTBO, KOTOPOE MOJYYUTCH, eCAM YHCIA B JIEBOIl
¥ [IPABOi YacTAX HepaBEHCTBA 3aMEHHMTHL Ha oOpaTHBIE MM UYHCIA.

Hanpunmep, Tak Kaxk 5 < 6, To % > %

a) 6 > 3; 6) 7<10; B) 2 < 4;

r) 11 <12; o) 13 =12; e) 15 < 26.

CpasHure:

a) 22 u 9% 6) 52 u 62 B) 42 i 102;
r) 1,82 u 1,52 n) 7,282 u 8,37%; e) 5,42 u 4,52;
x) (—2)% m (-3)% 3) 4% u (-4)% n) (-4)* u 1%
K) (1) u (-1,4)% a) (-4,9)% u (=7)% M) 42 u (-5)2.

dokasbisaem (14—16).

HoxakuTe, 4UTO:

a) ectua>buc>d,toa-d>b-c;
6) ecima<buc<d, troa-d<b-c;
B) ecntma<bue>d, troa-c<b-d.

Hoxasure AJS HOMOMKUTENBHEIX YHCea a, b, ¢ u d, uro:

a0 a
a)ecnna>bnc>d,'rogb—; 6)ecnna<b:{c<d,ToE€
C

ol

HokaKkurte, uTo: i
a) ecim a<b<0, Toa?>b% 6) ecima<buab>0, T03<—-.

=

BepHo 511 HEpaBEHCTBO:
a) 6,7272<6,(72) <6,7273; 6) -0,3132 <-0,(3) <-0,3131?

Comnpar noCTPOUIN He O POCTY, HO C YETKUM DasesleHueM Ha PsLbl
¥ mepeHru. B xaknom psany BLIOpaJM caMoOro BBEICOKOTO, 4 M3 BCEX
BBICOKHMX — CaMOro HM3Koro. B xamoil mepenre BeIOpaIl caMoro
HUBKOI0, & U3 BCEX HUBKMUX — caMoro BbeicOKoro. 1o 2ke Beine poc-
TOM: CAMBIM HU3KUI U3 BEICOKHX WJIM CAMBIHA BBICOKHIT M3 HUSKUX?
Yiasanne, PaccmoTrpuTe ciyuad, Korga JBa BbIOpaHHBIX coJiaTa
croar: 1) B ogHOM DAAY; 2) B OLHOM LIepeHre; 3) B PasHBIX PAAax
M IIepeHrax.

Ucenepyem. HJausr ase ppobu % u %. Haiigure:

a) Bce HECOKpPaTHMble Apobu co 3HameHaTeneM 50, 3aKIIOYEHHEBIE
MeKAYy NaHHBIMU APOGAMU;

0) Bce HecokpaTuMbIe Apobu ¢ ynciauTeaem 50, 3aKIIOUEHHBIE MeK-
Ay BaHHBIMU Apo6aMu;

B) BCe HECOKpPATUMBbIE APO6K ¢ HAMMEHBLIIUM HATYDAJbHBIM 3HaMe-
HaTeJleM, 3aKJIIOUEHHbIE MEKAY JAaHHBIMHU APOOAMH.
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| 1.2. KoopauHatHaa ock. Mogynbk uyucna

HanoMHENM, 4TO IIPAMYIO, HA KOTOPOil BeIOpAHEl HAYAJIBHAA TOYKA,
IOJIOKHTEeIbHOE HAIpaBJeHNe N eUHUUYHBIN OTPEe30K, Ha3bIBaIOT KOOP-
JAUHATHOH OCBIO.

Kaxg0if TouKe KOOPJAMHATHON OCH CTABUTCA B COOTBETCTBHE AEMCT-
BUTEJIBHOE YHMCJIO X [0 CHeAVIONeMYy IpaBMJy: HauadbHOU Touke O —
YHMCJIO HYJIb; TOUKe A, HaxXojAIlelca Ha IOJOMKUTEIbHOM JIyde, — UHC-
Jo x, paBHOe aiuHe orpesxka OA; Touke B, HaxoJAIlelCcs HAa OTPHULA-
TeJLHOM JIydye, — UHMCJIO X, PaBHOe AJuHe oTpesxa OB, B3ATOU CO 3HA-
KOM ¢—».

Ypcesio X, COOTBETCTBYIOIIEEe ITPOM3BOJBHON TOYKE OCH X COIJIACHO
VKAasaHHOMY IIpaBUJIY, Ha3BIBAIOT KOOPAMHATOMH 3TONH TOUKH.

Omnpenenéuuyo TaKuM 00pasoM KOOPAMHATHYIO OCh HA3BIBAIOT KO-
OpAMHATHON OCBIO X WJIM KOPOTKO — ockio X. Ilmmyr raxxe: ocb Ox.

Kaxmoil Touke OCH X COOTBETCTBYET HEHCTBHTEIBHOE HHCJIO0 — KO-
opAMHATA 3TOM TOUKM; ABE PA3JHYHBIE TOUKH A U B ocu X UMEIOT pas-
JUUYHBIE KOODAMHATBI X; MU Xp; Kaxaoe JelCTBUTEJbHOE YUCJIO eCTh
KOOPAMHATA HEKOTOpPOM TOUKYU ocH X. MHade rosopd, yCTAHOBJIEHO B3a-
MMHO-OJJHO3HAUHOE COOTBETCTBME MeKAy Toukamu ocu Ox U JeHCTBH-
TEeJIbHBIMH YMCJIaMU.

Moayns, i abCOMIOTHYIO BEIWYHHY, AeHCTBUTEJLHOIO YHCIA &
0603HAYAIOT |a|; mo ompemeneHUIO

_ a, ecm a > 0,
i la| =40, ecm a = 0,
: —a, ecaa a < 0. :

Ha KoOopAKMHATHOIM OCH |a| ecTh paccTosHIEe OT TOUKH @ KO HAYaIa KO-
opaunar. Hanpuwmep, [0|=0, 3| =04 =3,|-3|=0C=38,|-2|=0B=2
(puc. 2).

c B 0 A
= RN L TR T
MW Puc. 2

W3 onpepesieHUss MOAYJISI YHUCIA CIeAYIOT CBOMCTBA:

1) |-a|=|al; 2)a<|al;
. al_lel .
)| b= |ale|bl; 4)|b| o b0
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m O6parum BHUMaHHE Ha TO, 4TO ecau |a|# 0, TO CyIIeCTBYIOT POBHO

' JBa yuHcia (ABe TOUKH KOOPAUHATHOM OCH), MMEIOIIHE TAKOH MO-

nyns. Hamnpumep, ecnu |a|=8, o a;=-83 u a,=3 (puc. 2).

OTO 3aMevYaHue [IOMOTaeT PEeIIaTh HEeKOTOphble YPDaBHEHUS € MO-
OYIASIMH.

IIpumep 1. Pemmum ypaBHeHHE
|x|=17. (1)
Ilo ompepeneHnio MOAYNb YHUCIA PaBeH 7 TOJBKO B JBYX CAyYAAX:

Korja yucJo paBHo —7 uau 7. Crenosarenbuo, ypasuenue (1) umeer gBa
KOpHA: x; =T 1 x, = 7.

IIpumep 2. Pemum ypaBHeHHE

|2x - 8|=9. (2)

ITo onpejesieHUI0 MOAYJIH YHCIA paBeH 9 TONBKO B ABYX CIYYAAX:
Korzaa umucio pasHo —9 uau 9. ITosroMy KOpDHAMHK ypaBHeHUd (2) ABiIA-
IOTCA TOJBKO KODHH ABYVX YDPABHEHUIA:

2x—-83=-9u 2x-8=09.
IlepBoe ypaBHeHWe MMeeT eIMHCTBEHHEBIH KOPeHb X; = —3, BTOpOE

YPaBHEHHUE TaK<e MMeeT eIUHCTBEHHEIH KOpPeHb X, = 6.
CremoBarensHo, ypaBHeHue (2) uMeer ABa KOPHA: X; = —3 U Xy = 6.

Ilpumep 3. Pemmum ypaBHeHMe
|2 — 1| =[8x - 4]. (3)
ITo onpegereHNI0 MOAYJIHM ABYX YHCEJ PABHEI TOT/A U TOJILKO TOTAA,
Korza aT¥ yucJia Jubo paBHEI, JH00 IPOTHBOIONOKHEL. 1109TOMY KOpHSA-
MU ypaBHeHUd (3) ABIAIOTCA TOJBLKO KODHHU ABYX YDPaBHEHUIH:
2x—-1=8x-4u2x-1=-(3x-4).
ITepsoe ypaBHeHHe WMeeT eAMHCTBEHHBIH KOPEeHb X; = 3, BTOpOE

yPaBHeHHE TaKiKe UMeeT eJUHCTBEHHBINI KOPeHb X, = 1.
Crenosarensno, ypasHenue (3) uMmeer JBa KODPH#A: x; =3 u x, = 1,

IIpumep 4. Pemum ypaBHeHNe
|| - 38| =1. (4)
ITo ompepmeneHHI0 MOAYJAb YHCIA paBeH 1 TOJNBKO B ABYX CAyUasX:

Korga yucao pasHo —1 uanm 1. IToaromy KopHAMU ypaBHeHus (4) apis-
I0OTCA TOJBKO KODHHM JBYX YVpaBHEHUI:

|x|-8=-1u|x|-8=1.
Ilepenuinem »TH ypaBHEHHSA B BHAE
|x|=2 n |x|=4.
IlepBoe U3 HUX UMeET JBa KOPHA: X; = —2 U Xy = 2, BTOPOe TakKe
uMeeT IBa KOPHA: x; =—4 u x, = 4.
CnenosarensHo, ypaBHeHue (4) HMeeT 4YeTbIpe KODPHHA: x; =—-4,
Xy=-2, x3=2, x,=4.
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20.

21.

23.

24.

25.
26.

27.

ViraKkuTe Ha KOOPAMHATHON OCH 4mcia:
a) -5 u 0,31; 6) 15,57 u 5,176;
B) -1 1 T3 r) -5-;- u 4,01.

VraskuTe XOTs OB TPH UMCIa, HAXOAALHECS Ha KOOPAMHATHON OCH
MeKIY YHCJIaMM:

a) 3,11 u 3,12; 6) 2,082 u 2,081;
1 -1 4
B)gﬁg, ) 3,51&[39.

a) Kaskaoi su TouKe KOOPAMHATHOM OCH IOCTABJIEHO B COOTBETCT-
BHe 4HCJI0?

6) Kaxmomy JiM YHCJIY IIOCTABJIeHA B COOTBETCTBHE TOYKA KOOPAH-
HaTHOHM ocu?

Pemiure ypaBHeHUE:

a) |x|=5; 6) [2x-38|=T;
B) ||x|-2|=4; r) ||x|-4]|=2;
n |[2x-5]-1|=T; e) ||[2x - 1|-5|=T;
x®) ||22-7|-56|=1; 3) |lx—1]|=|2x-4|;

u) |8x +2|=|5x+6]; x) [3x—1|=|x-5]

Micenepyem. Haitnure 3HaueHne a, IPU KOTOPOM ypaBHEHHE:
a)|2x —4|=|x-al; 6)|3x-2]=|x-a

nMeeT eJUHCTBEHHBIH KOpPEHb.

DoxasbiBaem (25—28).

Ilokasxure cBoiicrBa 1—6 Momynsa ducia.

Moxasxure, UTO AJA JA1000T0 YHCIA X:

a) |15x — 16| =16 — 15x|; 6) |x2-T|=|7 - x2|;

B) 12x — 1< |1 - 12x|; r) x2 — 2011 <|2011 — x2|;
2 _ - ) ; 2 _ =|x‘l—9|.

n |x2- 49| =]x-7|-|x+ 7h @) |x*-8l= ag

&) |8 + 5x| < |1+ 2x|+ |7+ 3x;

3) |1+ 6x|<|Bx—11]+[12 + x|;

u) |2 + 4x| < |6 + Tx| + |4 + 3x;

k) |x — 23| <[12x - 11| + (12 + 11x].

a) IlokaskuTe, YTO PACCTOSIHYUE MEXAY Touramu A (x;) 1 B (x,) BEI-
gpensiercs o opmyse AB = |x; — X,|.

6) Ilokarkure, uyro KoopauHara Touku C(x) — cepeuHBI OTPe3Ka
X+ X

AB, raoe A(x,) u B(x,), — BBIUHCIAETCA N0 (popMyJIie X = -
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28. [loxamure, uro ecau Touka C(X) NpHHANIEKUT oTpesky AB, rue
A(x,) n B(xy), 1 geaur aToT OTPe3ok B ormomenun AC : CB =
=m : n, T0 KxoopauHara Touku C BeIUMcisiercs 1mo GopMyJIe

Xyt mx
T m+n
29. Jlanbr Touku A(3) u B(11). Onpegenure KOOpAHHATY Toukm C,
ecJIn:
a) C — cepeauna orTpeska ARB; 6) A — cepeguna orpeska BC;
B) AC:CB=1:3; r) AC: CB=3: 5,

1

L_ﬂ Ho &ngzﬁaeCFBg_aams:gfﬂ |

ITycTh maHBI KOODAMHATHAR OCh X M ZBA AEHCTBUTEIBHBIX UMCIA @

u b, yIOBJIeTBODSAIONINE HEPABEHCTBY a < b, Yuena a u b MOKHO pac-

CMaTPpUBATh KAK KOODAMHATHI ABYX PASMUYHBEIX TOYEK OCH X, KOTODEIE

YCJIOBHINCE TAKKe Ha3bIBATh TOUKAMM @ U b

(puc. 3).

MHO€eCTBO TOYEK OCH X, COCTOSIIEE 3

TOUEK @ U b W BCeX TOYEK, HAXONAIUXCH

| Puc. 3 MeXAy HUMU (CM. puc. 3), HA3BIBAIOT OTPe3-
KOM OT a a0 b u obosHaualor [a; b].

Taxum obpasom, orpesok [a; b] — 3To MHOKeCTBO BCex meicTBH-
TEJbHBIX YHCeJ X, YIOBJIETBOPAIONIINX ABOIHOMY HEpaBeHCTBY

as<x<h.

Touku a u b HaseIBAIOT KOHLAMH OTpe3Ka [a; b]. Kouusr orpeska
[a; b] npuranexar 3ToMy OTpesKy.

Ecnun u3 orpeska [a; b] uckiaounrs o6a ero KOHIIA, TO NOJAYYHUM
MHOJKECTBO TOYeK, KoTopoe 00o3Havaor (a; b) 1 HasEIBAIOT HHTEPBAIOM
or a go b.

Taxum obpasom, unrepsan (a; b) — 9T0 MHOKECTBO BCeX JeiicTBH-
TEJbHBIX UHCeN X, YIOBJIETBOPIIOUUX JBOHHOMY HepaBeHCTBY

a X

Ll 2N

a<x<b.

Ecsiu us orpeska [a; b] uckmouurs Touky b, To HOJIYYUM MHOMKECT-
BO TOYEK, KOTOpoe oGosHauaT [a; b) ¥ HaSBIBAIOT NOJIYMHTEPBAJIOM
oT a po b, BKmouasa a.

Taxum obpasom, moayunTepsal [a; b) — 3T0 MHOKECTBO BCex xei-
CTBHTENBHBIX YHCEJ X, YAOBJICTBOPSIOUMX ABOHHOMY HepaBeHCTBY

asx<b.

Ecsin u3 orpeska [a; b] MCKIIOUNTH TOUKY @, TO IONIYyYUM MHOMKEeCT-
BO TO4YEK, KOoTopoe obosHauaior (a; b] ¥ HazwIBaioT IIOJIYUHTEPBAJIOM
oT a o b, Briarouas b.
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b=l ek k]

Ioayuurepsan (a; b] ecth MHOKECTBO BCeX JeHCTBHTENBHBIX UM-
ceJl X, YIOBJETBOPAIOIINX JABOIHOMY HepaBeHCTBY

a<x<bhb.
IIpumep 1. Orpesox [-1; 3] — 9TO MHOKECTBO BCEX JeCTBUTENb-

HBIX YHCeJ X, YAOBIETBOPAIOIINX JBOWHOMY HepaBeHCTBY —1 < x <3
(puc. 4, a).

a) 6)

i Puc. 4 =1 0 1 2 3 x 0 1 x

IIpumep 2. Wurepsan (0; 1) — 2TO MHOKECTBO BCEX AEHCTBUTENb-
HBIX uYuMces X, YHAOBJIETBODPSIONIMX JBOiiHOMY HepaseHcTBY 0 <x <1
(puc. 4, 0).

| Bameuanuve. KoHIBI MPOMEKYTKOB, BXOJAIINE B paccMaTpHUBaeMoe
MHOKECTBO, OTMEeYAI0T 3aKpAallleHHBIMI KDYMKKaMHU, a He BXOJAIIHEe —
HEe3aKpalleHHbBIMHE KPYyKKaMu.

IIpumep 3. ITonyunrepsas [1; 2) — 5TO MHOKECTBO BCeX [JEHCTBH-
TeBbHBIX UMCEJ X, VAOBJIETBOPAIOMINX ABOIIHOMY HepaBeHCTBY 1 < x < 2
(puc. 5, a).

a) 6)

1 A A A i AT Ao
t = T

H Puc. 5 0 1 2 & = 0 1 x

Ilpumep 4. ITonyunrepsai (-1; 1] — 9T0 MHOKECTBO BCEX AEHCTBU-
TeIbHBIX YHCEJI X, VAOBIETBOPAIONIMX IBOWHOMY HepaBeHCTBY —1 <x <1
(puc. 5, 6).

Ecnu ToUKAa X IBUIKETCH 10 KOOPAWHATHOHM OCH X B IIOJOKUTEJIbHOM
HaIIpaBJIeHUU M IPH 3ITOM eé KOOpDAMHATA MOKET HNPUHMMATh CKOJIb
yrogHo OoJsbliue 3HAYEHHHA, TO I'OBOPAT, YTO dTA MOUKaA cmpemumcs
K naloc becikonHeyHoOCmU, U ONUIIYT: X —> +00.

AHAJOTHYHO eCJIHM TOYKA X ABUIKETCS I10 KOOPAMHATHOM ocH B OTpH-
[aTeJHHOM HANPABJEHUM M IIPU 3TOM €€ KOOpAMHATa X TaKosa, 4TO | x|
MOJKeT IIPUHUMATL CKOJb yrofHo Oojbiive 3HAYEHUSA, TO IOBOPAT, UTO
5Ta MOUKA CMPEeMUMCA Kk MUHYC OECKOHEeUHOCMU, U NHIIYT: X — —00.

Beille CYMTAIOCE, YTO @ ¥ b — uyumesa (MJIM TOYKU OCH X), HO Tep-
MUH «MHTEpBaJ» IOHHMAIOT TaKske B 6oJjiee IIUPOKOM CMbIC/IE, 3aMEHAsA
a Ha —oco WJH b Ha +oo.

Hurepsaa (a; +00), rae a — JaHHOE YHCJIO, — 3TO MHOMKECTBO BCeX
AeCTBHTEIBHBIX YHCEN X, YIOBJIETBOPAIOIMMX HEPABEHCTBY X > @, NIH
MHOZKECTBO BCeX TOYEK OCH X, HMEIOIINX KOOPAWHATBI X > 4.

Hurepsan (—oo; b), rae b — maHHO0€ YHMCIO0, — OTO MHOYKECTBO BCEX
NeHCTBUTEABHBIX YHCeJ X, YAOBIETBOPAIOIIMX HEPABEHCTBY X < b, uau
MIHOKECTBO BCEX TOUeK OCH X, MMEIOLMX KOOpAHHATHI X < b.
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a) ' 0) B)

o

I Z s
Bl Puc. 6 -3 x -2

x

®)

Haxomnel, unTepBam (—oo; +00) — 3TO MHOKECTBO BCeX eiCTEH-
TEJIBHBIX YHCEJ HJIH MHOKECTBO BCeX TOYEeK OCH X.

Hanpuwmep, Ha pucysaxke 6, a uzobpakén unrepsai (—3; +co), Ha pu-
cyHKe 6, 0 — uHTepBa) (—oo; —2), Ha pucyske 6, 8 — mETEpPBA (—00; +00),

Taxum obpasom, uuTepBana (a; b) MoKeT OBITH KOHEUYHBIM, €CIU @
u b — maHHBIe umMcaa (MM TOYKH OCH X), HO MOJKET OBITh U GecKOHeu-
HBIM, €CJIH @ UIU b COOTBETCTBEHHO —00 MJIH +00,

Otpesox [a; b] Bcerna xoneunsiit. OTPe3OK ONMpeHeseTess JaHHBIMI
yucJaMu ¢ ¥ b (MIM TOYKamMu ocu x).

ITonyunrepsansl [a; b) u (a; b] TakKe MOryT 6BITH GECKOHEUHBIMU.

Iloxyunteppan [a; +o0) — 3T0 MHOKECTBO BCEX NEHCTBUTEIbHBIX
YHCEeI X, YIOBJIETBOPAIINUX HEPABEHCTBY X = @, HIAH MHOKECTBO BCex
TOUYEK OCH X, HMEIUHX KOOPAMHATEI X = d.

HMoxynnrepBan (—co; b] — 9T0 MHOMKECTBO BCeX MeHCTBHTEILHBIX
YHCEeN X, YIOBJETBOPAIOIIUX HEPABEHCTBY X < b, HJIM MHOKECTBO BCeX
TOYEK OCH X, HMEIOUIHX KOOPAHHATEHI X < b.

Hanpuwmep, Ha pucyske 7, a usobpakés mosiyunTepsal [5; +oo), Ha
pucynke 7, 0 — moJsryuHTepBan (—oo; —3].

a) 6)

A A s

B Puc. 7 5

B A

i

Wnorpa AnsA OTPE3KOB, HMHTEPBAJIOB, HOJIYMHTEDPBAIOB HCIOIL3YIOT
obIIlee HA3BAHUE — MPOMEKYTKH,

Kpome oTpeskoB, HHTEPBAJIOB U IOJIYUHTEPBAIOB, PACCMATPUBAIOT 11
Apyrue MHOJKeCTBa 4ucel, UX 4yacTo obosHauaior 6yxsamu A, B, C, ... .
HexoTopsle MHOKeCTBa MMEIOT CIlelHaIbHble 0603HaueHus, Hanpumep,
N — MHO’KECTBO HATypPaJbHBEIX YMCeN, Z — MHOMECTBO IIeJBIX Yuce,
@ — MHOMKEeCTBO PAaI[MOHAJBHBIX YuCeJa, B — MHOKECTBO JeHCTBUTEh-
HBIX yHcesd, K, — MHOMeCTBO AeMCTBUTENLHBIX MOJOMKHUTEIBHBIX YHCe .

Tor daxT, 4T0 YUCIO IPUHANJIEKUT UIN HEe TIPUHALIEIKNT MHOME-
CTBY YHCEJ, 3alIMCHIBAIOT C IIOMOIIBIO CIENAJbLHBIX 8HAKOB: € (IpHHAI-
JIEKHUT) U ¢ (He NPUHALIEKUT).

Hamnpumep, -5 € Z (uncno —5 NpUHALIEKUT MHOMKECTBY IEJBIX Y-
cex), —5 ¢ N (uucyo —5 He IPUHAJIEKUT MHOMECTBY HATYPAIbHBIX YHCE).

30. a) Kaxoe MHOMeCTBO uucesJ HABBIBAIOT OTPE3KOM, WHTEDPBAJIOM,

NOJIYUHTEPBAIOM?
6) Yro osHauaer 3anuce: x — +00; X — —oo?
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31.

32.

33.

34.

35.

36.

37I

HazosuTe BCe Lieible YHCA4, NPHHAAJIEKANINE MHOMECTBY YHUCEN:
a) [-3; 1]; 6) (-3; 1); B) [-3; 1); r) (=3; 1];

m) [-2; 3]; e) (-2; 3); x) [-2; 3); 3) (=2; 3].
HasgoBuTe TPH MEJBIX YuCJIa, IPUHAJIEKAIINE MHOMKECTBY UHCeN:
a) [0; +o0); 6) (0; +o0); B) (—oo; 1); r) (-—oo; 1].
[IpouyuTaiiTe Ha3BaHIeE UNUCJIOBOIO NPOMEMKYTKA M H300pasuTe €ro
Ha KOOPJUHATHON OCH:

a) [3; 5]; 6) (3; 5); B) [3; 5); r) (3; 5];

n) [-2; +o0); e) (—2; +o0); &) (—o0; —2); 3) (—o0; —2].
Banumure o6o3HAUYEHHE!

a) orpeska oT 2 5o 4;

©) unTepBasa or 2 A0 4;

B) ToJyuHTepBana oT 2 1o 4, BKaoo4as 4;

r) moayuHTEpBasa oT 2 xo 4, BKJIOUYAA 2:

1) WHTepBaja oT 5 X0 +00;

e) mosyuHTEpBajaa oT 5 A0 +00;

3%) mHTepBajia ot —oo mo 0;

3) mosyuHTepsajsa or —co o 0.

HzobpasuTe ykasaHHOE MHOMECTBO 4uCesJ Ha KOODPAUHATHOU OCH.
[IpuHAZIEKUT JU YUCJI0 —2 MHOXKECTBY 4YHCeJ (cpesaire 3amuch
C TIOMOIIBLIO 3HAKOB € U €):

a) [-3; 0]; 6) (=2; 3); B) (—o0; —2]; r) (=2; +o0);

) N; e) Z; x) Q; 3) R?

2 %
[IpuHAAJIEKAT JU HHUCIO g MHOMECTBY unces (cpesaiiTe 3alNCh

¢ TIOMOIILIO 3HAKOB € U €)!

a) (0; 1]; 6) [1; 2]; B) (—OO; %}, r) [%; +DO];

n) N; e) Z; x) Q; 3) R?

Sanumure 0603HAYEHHE HUHCIOBOTO IPOMEKYTKA, U300paKeéHHOro
Ha pucyHke 8.

a) 6)
sy e s
3 7 x 3 7 x
r) x)
s 22 A
5 6 x 7 x
w) 3)
A S

E PH:S ) il Moy MTﬁE24
| BUBNAOTENA
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38.

39.

40.

41.

42.

KaxoMy m3 UHCIOBBIX NIPOMEKYTKOB, H3006DAKEHHBIX HA PUCYH-
Ke 8, COOTBETCTBYeT MHOMKECTBO YMCEJ X, YAOBJIETBOPAOIIUX Hepa-
BEHCTBY:

a) a=1; 0) x>1T; B) x < 8;
r) x <8; I 3<x<T; e) 3<x<T;
) b < x<6; 3) 5 <x<6?

danumute n300pakKEHHBIN Ha PUCYHKe 9 uMCIOBOH IPOMEKYTOK
C IOMOINBIO 3HAKOB HEPABEHCTB.

a) 6)
o et S -2
3 x -1 3,514
B) r)
B i W

-0,5 * -7 -1 x

Puc. 9

H306pasuTe HAa KOOPAMHATHOII OCH BCe UHCJA:
a) MeHsIIHe 3;

0) Gonpuiue —bH;

B) He Goapmue 2;

r) He meHbiue 0;

1) Boabmume 7, HO MeHbInHe 10;

e) Doxybintue —5, HO MeHbIIME —1;

¥) He MeHbIIue 3 ¥ He Gojabmue 9;

1
3) He MEeHBIIIH <5 HO MeHbInue 4.
Obo3BaubTe MOJYUYEHHOE MHOMKECTBO YHCEeJ.

HMzobpasuTe Ha KOOPAUHATHON OCH:
a) orpesok [2; 5]; 6) uaTtepsan (—2; 0).
SaIuIIuTe ero ¢ NOMOIILIO JBOMHOrO HEepaBeHCTBA.

Hzo6pasure Ha KOOPAHMHATHOI OCH YMCJIOBBLIE ITPOMEIKYTKH:

a) [-2; 3] u [0; 2]; 5) [% 3] u [-2; 0,3];
; e o o A sl e AL
B) (—4; 0,29) u {?, 5), r) ( 0,44; 40J H ( s 4];

A) [—32; 1} u [1; +00);  e) (-oo0; 2) m [2; 3].

Hmeror 1y ouHu obiIne TOUuKu?
Ecnu ga, To sanuimuTe 00mylo yacTh (mepecedyeHue) 5TUX MHO-
JKECTB.
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| 1.4. fexapToBa CUCTEMO KOOPAMHAT HA MIOCKOCTH |

3ajaguM Ha IJOCKOCTHU JBE B3AUMHO IePIeHIUKYISPHEIe OCH KOOD-
nuHar — ock Ox u ock Oy — ¢ TOuKOH mepecedenua O, ABIAIOLIEHCH
HAYaJbHOHN TOUKON KaM{moil u3 aTuX ocel, ¥ PaBHBIMH eJHHHYHBIMU
OTpPEe3KaMHU.

ToBopAT, YTO 3TUM HA IJIOCKOCTH OIpexe-
JIeHa IPAMOYroJbHaA cucreMa koopaunat xOy.
Eé HashIBAIOT eIlé JeKapToBOi CHCTeMOMH KOOp-
OAMHAT 10 uMeHU (PAHIY3CKOro MaTeMaThKa
u dunocoba P. Jexapra (15696—1650), xoro-
pbIil BBEJ B MaTeMaTHUKY 3TO BayKHOe IOHATHE.

Ocp Ox HasBIBAIOT OCKIO abcuuce, a ockh
Oy — ocero opaunat. Touxy O nepecedyeHus
ocell KOODAMHAT HA3BIBAIOT HAYAJIOM CHCTEMBI
koopauuaT. IlnockocTh, Ha KOTOPOH 3asaHa
JeKapToBa cucTeMa KOOpAWHAT, Ha3bIBAIOT KO-
OpPAMHATHOMN IIOCKOCTBIO.

O6r1uHO OCh abcumce 1300paxamT B BHU-
e TOPHUBOHTAABLHOW NPSAMOH, HaNpaBIeHHOH
BIIPaBO, & OCh OPAMHAT — B BH/€ BEPTHKAJb-
HOIt mpsiMoii, HanpapjeHHOH BBepx (puc. 10).

Ilycrs A — mpou3BOJbHAA TOUKA KOODAH-
HATHOH miockocTu. IIpoBefém dyepe3 TOUKy A
OpsAMEle, HapajJesibHble ocaAM Koopaunar (puc. 11). Ilpamas, mapad-
nensHaa ocu Oy, nepecedér ock Ox B TouKke A,, a npAMasd, napajjeib-
mHas ocu Ox, mepeceuér ock Oy B Touke A,. AGcumccoii Touxku A Ha-
3BIBAIOT KOOpAMHATY X Touku A, Ha ocu Ox. Opammaroir Toukm A
HA3BIBAIOT KOOPAHUHATY Y TOUKH A, Ha ocu Oy. AGciuccy X ¥ OPAUHATY
U TOUKH A Ha3bIBAIOT KOOPAMHATAMM TOUKH A.

KoopAMHATEI TOUKH 3alMCBIBAIOT B CKOOKax psagom ¢ OykBOii, 060-
sHauameil 3Ty TouKy: A (x; y), IpUuUéM Ha IepBOM MecTe muuIyT abe-
IHCCY, a Ha BTOpoM — opauHary. Hampumep, Touka A, usobparkeHHasd
Ha pucyHke 12, umeer abcuuccy x = 4 ¥ OpAUHATY Y = 3, mosToMy IIH-

A

y i [l .[
yi el
| Ay 4 o | A
1t 1
i ——t———— o] 1 I
=D X s
2zl (13 1 2 3 4 o + A, ] |
E Ll [

M Puc. 10 B Puc. 11 B Puc. 12



vl | l
F35 : vl
5], | i1 I
| £

-3 |-1 |O 4 6 |x | (0] x
I A2 111 IV

Ch 4 _D

il W T |

| Puc. 13 Puc. 14

myT A (4; 3). Ha pucynxe 13 uzobpakena npsaMOYIOJbHAS CHCTEMA KO-
opaunar xOy u trouku O(0; 0), B(-1; 1), C(-3; -4), D(4; —4), E (6; 0),
F(0; 5).

BaHO OTMETUTD, UTO €C/IM Ha MJIOCKOCTH 3a/JaHa NPSIMOYTOJbHAN
cHCTeMa KOOPAWHAT, TO Ka'KJ0H TouKe A NMIOCKOCTH IIPHBOJIUTCS B CO-
OTBeTCTBHE Iapa 4umuced (x; ) — mapa KOOPIHHAT TOYKH A, H B TO ke
BpeMs NPOM3BOJBHYIO mapy umcesa (x; Yy) MOMKHO PAaCCMATPMBATH KaK
napy KOOpIHMHAT HEKOTOPOH TOUYKH A IJIOCKOCTH.

HysxHo umMeTs B BUAY, YTO €CJIM [apa COCTOUT U3 PA3HBIX YMCe], TO,
IIOMEHAB 9TH YHCJa MeCTaMHM, IMOJYYHUM APYTYIO Iapy, ONpPelesIsionIyio
APYryo TOYKy miockoctu. ITosTomy wacTo mapy Koopausar (x; y) Tod-
KM A HaseIBAIOT YIOPSALOUYEHHOI IIapoil umces.

HWraxk, ecnu Ha IIOCKOCTH 8ajaHa IPAMOYTOJIbHAS CHCTEMAa KOOPIH-
mat x0y, TO:

1) KaskaOoH TOUKe NMJOCKOCTH IOCTABJIEHA B COOTBETCTBHE
yHopsitoueHHasl napa umucels (Iapa KOODJIMHAT TOYKH);

2) pasHBIM TOYKAM IIJIOCKOCTH IIOCTABJEHBI B COOTBETCT-
BHe pa3Hble YIOPIZOUYEeHHBIE Iapbl YHCe;

3) KamIas ynopagoyeHHas nmapa 4uces COOTBETCTBYeT He-
KOTOPOIl TOYKE IIJIOCKOCTH.

IIpamoyronsuasa cucrema KoopauHar xOy pasjgesser MIOCKOCTD HA
4YeThIpe YacTH, HasdblBaeMble KOOPAMHATHBIMH YIJIaMH, UM KOOPIHHAT-
HBIMM YETBEPTAMM, UJIU IPOCcTO YeTBepTaMHu. O003HAYNM X PHMCKUMU
nuppamu I, II, III, IV (puc. 14). Ecaiu HCKIIOYUTE TOYKH, JeKallue Ha
0CAX KOOPAHMHAT, TO MOYKHO CKa3aTh, 4YTO:

Touku [ uersBepTH uMeroT KoopAMHATEI (X; y), Takue, uto x > 0,
y>0;

rouku II yerBepTH MMeIOT KOOPAMHATH! (X; y), Takue, uto x < 0,
y>0;
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(x; y), Taxue, uro x <0, y < 0;

Touxu IV uerTBepTH HMET KOOPIHUHATBI
(x; y), Tarkue, uro x >0, y <0. =

Hanpumep, Touka B(—2; 5) Ha pucynke 15
npuHagiexxut I1I derBeprH, TOYKa D(4; -2) |— 1+ {
npuHaIexuT IV dersepru.

Ecau touka jexxur Ha ocu Oy, To eé abc- | —
mucca paBHA HYJIIO; _E

ecnu abcrmeca TOYKH paBHA HYJI0, TO TOU- A2 | 1D
xa jgexxkuT Ha ocu Oy. -

o M Puc. 15
Ecnu Touka jsexuT Ha ocu Ox, TO eé opAu-
HaTa paBHAa HYJIO;

ecIM OpAMHATA TOUYKH PaBHA HYJIO, TO TOYKA JekuT Ha ocu Ox.

IBe Touku A, (x1; Y;) ¥ Ay (Xy; Yo) CumMempuyinbl OMHOCUMENLHO
ocu opduram (ocu Oy ), ecnn UX KOOPAMHATHI yAOBJIETBOPAIOT PABEHCT-
BaAM X; = —Xp U Y; = Ys.

IBe Touku A;(x;; yy) 1 Ay(xy; Yg) cummempuiivl OMHOCUMELL-
1o ocu abeyuce (ocu Ox), eciy UX KOOPAMHATHL YHOBJIETBOPHAIOT PABEH-
CTBAM X = Xy U Yy = —Ys.

Ise Touru A, (xy; y;) ¥ Ay (xy; Yo) cummempuiibl OMHOCUMENLLHO
navana rwoopdunam (mourxu O), ecin UX KOOPAMHATHI YAOBIETBOPAIOT
pABEHCTBAM X; = —Xy U Y = —Ys.

Hanpumep, Ha pucyHke 15 Touku A u B CHMMETPHYHBI OTHOCH-
TeJbHO ocu opauHAT, TouKH C u D CUMMETPUYHBEI OTHOCHTEJILHO OCH
abermuee, Touky E 1 F cuMMeTDPHYHBI OTHOCHUTEJIBHO Havaja KoOpauHar.

43. Jlna xaKux TOYEK KOODPAHHATHON IJIOCKOCTH!

a) abcmucca paBHa HYJIO; 6) opamHaTa pPaBHA HYJIO;
B) abcuycca IIOJOMKUTEIbHA; I') OpAMHATA TIOJIOIKHTEIbHA?

roukn I1II ueTBepTH HMeIOT KOOPAMHATBHI T TSl |
|
i

o
=Y

44. KaxuMmu cpoiicTBaMu 00Jalaior:
a) xoopauuaTs! Touek I, II, III, IV uerBepTei;
6) KOOpAMHATHI TOUYEK, CHUMMETPHYHEIX OTHOCHUTEIBHO OCH Ox,
ocu Oy, Hauaia KOOPAMHAT?

45. Hagzosure abciuccy 1 OpAUHATY TOYKH:
a) A(-2;3); 6) B(3;-2); B) C(6;5); 1) D(-2;-6).
Kakoii KOOpAMHATHON UeTBEPTH NPHHAIJIEIKUT 9Ta TOUKA?

46. OmnpejenuTe 110 KOOPAMHATAM TOYKM, B KAKOW UeTBEPTH KOOPAH-
HATHOI NJOCKOCTH OHA PacIoJoKeHa:
a) (12; 5); 6) (-3; -4); B) (7;-3); 1) (-8; 13).
47. IlocrpoiiTe TOUKY, CUMMETPUYHYIO TOYKE:
a) A(1; 3) oraocurensHo ocu Oy;
6) B(-2; —1) ornocurensno ocu Ox;
B) C(3; —2) ormocurensuo Touxku O (0; 0).
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48. IlocrpoiiTe MAaHHYIO TOYKY M TOYKH, CUMMETPHYHBIE eif OTHOCH-
renbHO ocu Ox, ocu Oy, Hauajla KOOPAUHAT:
a) A(3; 9); 6) B(—4; 2);
B) C(—4; -3); r) D(3; -5).
Onpegennre KOOpAMHATHEI ITOCTPOGHHBIX TOUEK.

49. CuMMeTpPHUHEI JM OTHOCHTENbHO ocu Ox, ocu Oy, Hauasa KOOPLH-
HaT TOYKH:

a) A(3; 2) u B(-3; 2); 6) C(2; 5) m D(2; -5);
B) M (-4; 3) u N(4; -3); r) E(-3; 1) u F(-3; -1);
n) P(4; 5) u Q(-4; -5); e) X(-6; 7) u Y(6; 7)?

50. a) ITocrpoiite mpamoyroabauk ABCD 1o KOODAWHATAM €ro Bep-
mun: A(0; 0), B(0; 8), C(5; 8), D(5; 0). Hasizure nmepumerp u
IJomians npamoyronsanka ABCD.

6) Ilocrpoiite xBagpar ABCD mo KoOpAHHATAM TPEX €ro BepIIHH:
A(-2; -1), B(-2; 2), C(1; 2). Hafizure KOOpAUHATHI BepIIUHEI D,
nmepuMeTp H mjaonianb Keagpara ABCD.

51. Jlanmsl Touku A(3; 5) nu B(10; -9). Onpenenure KOOpPAUHATEI TOY-

ku C, ecau:
a) C — cepenuna orpesxka AB; 6) A — cepenuna orpesxa BC;
B) AC: CB=2:5; r) AC: CB=4: 3.

52. Nuwem nndopmaumuto. Ucnoansys yue6HUK, COPaBOYHYIO JIUTE-
parypy u WuTepHeT, moaroroBbTe coobiernue o P. lexapte, ero
JKHU3HH U BKJaje B HAVKY.

| 1.5. Mousitue dpyHKumM |

IIpumep 1. M3 reomeTpuu HU3BECTHO, YTO 00BEM Kyba paBeH KyOy
JJIHMHEL ero pedpa. OTo yTBeDKAEHWEe HOCUT ODIIHil XapakTep, OHO OTHO-
cuTcA K jgobomMy kyOy. 3amuiineM ero B BHJE PABEHCTBA B 00INeM BHIe.
IIycre a — mnauna peGpa xyb6a, V — ero oonwém. Torga reomerpuyecroe
CBOMCTBO MOJKHO 3allHCaTh CJEAVIOMIUM oOpaszom:

V=ad(a>0). 1)

Hepasencrso, sanucaHHOe B CKOOKax, O3HAYAET, 4TO paBeHCTBO (1)
paccMaTpHBAaeTCs TOJBKO JJIA IOJOMKHUTENBHBIX 3HAYEHUH @, IOTOMY
4yro ANAuHA pebpa Kyba ecTh NOJIOKUTEIBHOE YHCIIO.

Papencreom (1) nosapsyrorea Kak (GOPMYJIOi, IPHU MOMOINHU KOTOPOit
BBIUHCIIsieTCA 06BEM J1I060r0 KOHKpeTHOro Kyb6a. MBI BHANM, YTO KaiK-
JOMy 3HAYeHHUIO IJHMHBI pefpa @ B CHJIy 3aKOHA, BbIpa)kaemMoro (op-
mysoit (1), cooTBeTCTByeT omnpeaeséHHOe 3HAYeHHe 00BEMa V. B Takom
ciiydyae roBopAr, 4To V ecTh (hyHKUHMA OT @, OUpeAesEéHHAA HJs II0JO-
JKUTENbHBIX 3HaUeHUH a. 'oBopar emé, uro V ects PyHKIUSA OT @, onpe-
JelE€HHASA HA MHOXMECTBE MOJIOKHUTEeJNBHBIX YHucel a.
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IIpumep 2. V3 GusuKyu U3BECTHO, YTO IPH
NPAMOJUHEHHOM ABUKEHUH Teja C IIOCTOAH-
HOM CKoOpocThio, Hampumep 80 xM/4, IYTb
S KM, IPOHAEHHBIH B3THM TeJIOM 3a BpeMdA t 4,
BBIUHCIAETCA T0 (hopmyie

s =80t (¢ = 0). (2)

37ech KayKIOMY HEOTDHUIIATEJILHOMY 3Ha-
4eHHIO ¢ B CUJIY 3aKOHA, BEIpayxkaemoro Ghopmy-
a0l (2), COOTBETCTBYET OIpeleséHHOe 3Hade-
Hue S. [ToaToMy ¥ B 9TOM cJyuyae I'OBOPAT, UTO
s ecTh (pyHKUM OT t, onpeeéHHAadA IJId HeoT-
pULIATENbHBIX 3HAUYEHUH ¢ MM OIpeJesIeHHas
HAa MHOJKECTBEe HeOTPUIATEeJbHBIX umncesa t.

ITpuseném obijee onpegenreHue QYHKIINH.

IIyere M ecTh HEKOTOPOE MHOMKECTBO YH- H. H. ﬂﬂﬁa%ﬁﬁmﬁ
cesJl M NYCTh Kaskgomy uuciay x us M B cuay
HEKOTOpPOro (BIOJHE ONpeXeJéHHOIrO) 3aKOHA
NMPUBEIEeHO B COOTBETCTBHE eIUHCTBEHHOE YHCJO Y, TOrJa roBOPAT, YTO
y ectb (DyHKLUHUS OT X, onpenenéHHasi Ha MHOKecTBe M;

DY 9TOM X HA3BIBAIOT HE3aBMCHMOM IepeMeHHOI 1IN apryMeHToM,
a y — 3aBMCHMOW IepeMeHHOH miu GyHKnMel oT x, MHOKecTBO M —
o0sacTeio onpenendeHua QHYHKIMM,

910 onpepeneHne GYHKIUN IPEAJIOKEHO BeIHKHM DPYCCKHMM Marte-
maturxom H. Y. Jlob6auesckum (1792—1856) 1 HeMeI KM MaTeMaTHKOM
II. Jupuxie (1805—1859).

IIpumMepoM QYHKIHH MOMKET CIYKHUTH 3aBHCHMOCTD

y = 3x.

B sToM nmpuMepe 3aKOH 3aBUCHMOCTH IIePeMEeHHOM Y OT IIePeMeHHON’ X
3aKJI0YaeTCa B TOM, UTO KarKJIOMYy YHUCAY X IPUBOLUTCA B COOTBETCTBHE
yucJio Yy, paBHoe 3x. I'opopAaT emé, 4ro PyHK-
IIMd, BRIpAsKAaIonias 3Ty 3aBHCHMOCTE, 3aJaHa
dopmyroi

y = 3x.
Bor emé mpuMepsl (QYHKIIUI, 3aZaHHBIX
(bopmysmamu:
y==2%, y=3x -4, y= %%
Viasaseble QYHKIUKM 3alaHbl (ompesesie-
HBI) s JIOOBIX 3HAYEHUH X, T. €. AJIA JHObIX

,IIEI‘:ICTBHTGJII)HBIX yucega x, HJaH, KaxK IroBopsHArT,
HA MHOMECTBE BCeX neﬁCTBHTeﬂbHHX quceJs.

> 1
dyuruua, zagaHHasg GopMyaon Yy = 5

omnpejieJieHa HA MHOYKECTBE BCeX JelCTBUTENIb-
HBIX 4HCEJl, KpoMe 4yucia HYylb; (QyHKIUS, 3a-

IT. Mupuxae



Y 1
naHHAsg QOpMYyJIONR y = e onpeneyreHa Ha MHOYKECTBE BCeX
X A=

-1 + (
AeHCTBUTENbHBIX YHcesd, Kpome uncea 1 u 2.

Ilpu paccmoTperny GyHKIUE OYKBBL X U I HEPEAKO 3aMEHSIIOT JAPY-
ruMu OyKBaMH.

Hanpumep, nionians S ¥BagpaTa ecth QYHKIUA

S=a?(a>0)

OT HJIMHBI €T0 CTOPOHEI 4, ONpeAeéHHASA HA MHOYKECTBE IIOJOMKHTENhb-
HBIX YHCeJ.
Yrober yKasaTe, 4TO Yy ecth QYHKIUSA OT X, ONpeAeJEHHAA Ha MHO-

xectBe M, muimyT:
y=[(x) (x e M),

rge noj 6yKBOii [ IOApasyMeBalOT TO IPABUJIO, II0 KOTOPOMY IIOJyYaioT-
cd 3HAUeHHdA Y, COOTBETCTBYIONIME HAHHBIM X M3 MHOKecTBa M.

HWuorga pansa Toro, UTOOBI NOAYEPKHYTH, YTO Y 3aBHCHT OT X,
BMECTO I IMHUIOYT Y (x).

Hucso, COOTBETCTBYIOIIEE YHUCIY X, AJIA JaHHOU PyHKIuM y(x), Ha-
3pIBAIOT 3HAYEHMEM 9TOH (DYyHKIMM B TOUKe X, 1 0603Ha4aoT ¥ (x,). Ecau
(yuxkuusa sanucana B Buie y = f(x), To aT0o uuciao obosmavamT f(xy).

Hanpumep, misa QyHKOIUA y = 2X OUINYT:

HJIH

f(1)=2, f(2) = 4, f(-3) =-6.

IIpu aToM TOBOpSAT, HAIpHMep, YTO 3HAYEHHE HAHHON ()YHKIUMU B TOU-
ke 1 paBHO 2, unu «urpek ot 1 pasen 2», unu «ad or 1 pasHo 2» u T. 1.

Ecnu gna wamporo x us obysacTu onpejeneHus GyHKIIMHA HAHTH eé
3HAYEHHEe, TO BCe TAKUE 3HAYeHUA QYHKIIHH COCTABAT MHOMECTBO, KOTO-
Poe Ha3BIBAIOT 00JIACTBI0 3HAUEHMI (DYHKIIHH.

Yrobsl 3anaThk QYHKIHMIO, HY:KHO yKasarek crnocob (IpaBuiio, 3aK0H),
C NOMOIIIBIO KOTOPOrO JJIA KAaMI0ro 3HAUEHUA apryMeHTa X MOXKHO Hal-
TH COOTBETCTBYIOLee sHaYeHHWe QPYHKIIUH .

Dysrnua MoxkeT O0bITh 3amaHa dopmyaoi. Brlte pacecmoTpeHssl Ta-
KUe IpUMEDHI.

dyuaruusa MokeT ObITH 3agana Tabauneit. Hanpumep, eciim mame-
pPATH TEeMIEpPATypy BO3[AyXa dYepe3 KasKABIil 4ac, TO KaXJAOMy MOMEHTY
Bpemenu t =0, 1, 2, ..., 24 BymeT COOTBETCTBOBATHL OIPEACIEHHOE UHC-
Jgo T'. 9To COOTBETCTBHME MOJKHO 3aIlCATEL B BHAE TAOJIHIIBI.

t 0 1 2 3 14 24
T 16 16 15 15 25 17

Taxum obpasom, T ecTb GyHKUHUA OT ¢, OUpeAeJEHHAS HA MHOMKECT-
Be 1easix yucea oT 0 1o 24 u sapganHas tTadbauneii. 3aKoH, B CUIY KOTO-
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pOro KaxkAoMy ¢ M3 9TOr0 MHOMKecTBa cooTBerTcTByer T', ompesessaercs
B JaHHOM cJy4ae He (OpMyJoi, a Tabnuuei.

Mdyuknus MOKeT ObITH 3ajaHa M NPU momouu rpaduxa. 06 srom

fyoeT paccKasaHO B CIeAYVIONIeM IIYHKTE.

i

53.

54.

55.

56.

57.

59.

Ilycre mana dyeErmus y = f(x) (x € M). HUro Ha3EIBAIOT!

a) He3aBUCUMON IePEMEHHOM MU apryMeHTOM;

6) 3aBUCHMOI mepeMeHHOH uin QyHKUIue;

B) 06JaCTBIO OIpeAeseHUusa QYHKIUH?

IIpusenuTe Tpu npumepa GYHKIUN, 3aJaHHBIX (POPMYyJIaMH. Hagzo-
BHTE 3aBHCHUMYIO M HEe3aBHCHUMYIO IlepeMeHHbIe, 00/1acTh onpezee-
HHUA 3T0H (DYHKIIHMN.

a) Pymsxnua saga"a Gopmyioi y = 2x + 7. HasoBure 3aBHCHUMYIO
¥ He3aBUCHUMYIO IIepeMeHHEBIe, O0JIACThH OMmpejeeHus 3TON (QPYHK-
nuu. Beraucaure: y(3), y(=2), y(0). PesynpraTs! 3anumiure B Tad-
auny. Hanpuvep, ecit x =5, toy=2+(-5) + 7=-10 + 7=-3.

x -5

y -3

6) @yuxmua sagaHa (opmynoit y = x2. Beruucanre: y(0), y(2),
y(-2), y(-1), y(0,4), y [%} Pemenne oopMuUTe B BHIE TaOJIHIIbI.

dyuknua sagasa Gopmynaoit y = 3x — 1. BepHO Ji1 paBeHCTBO:
a) y(2)=3; 6) y(5)=17; ») y[§)=o; r) y(-1)=-32

dyuknua sagana Gopmysnoi y =1 — 4x,

a) Hattnare: y(6), y(=T7), y(0,5), y[gJ

6) BepHo nu paBencrso: y(5)=19, y(-2)=9,y(0)=1, y(-0,5) =2,

I

BapgaiiTe pyHKIHO GOPMYJION, €CJIH 3aK0H 3aBUCUMOCTH Y OT X JJIS
x > 0 zagmo4YaeTca B TOM, UTO KaMJIOMY X COOTBETCTBYET l:

a) B 2 pasa OONbLINIA; 6) menbiuit Ha 2;
B) OoabIIuil Ha 5; r) B 4 pasa GOJIBIIIHIL;
1) B 7 pa3 MeHBILIHII; e) paBHBIH YABOEHHOMY KBajpaty X.

BoruncnuTe 3HAYEHHA (PYHKLIUU y = 3Xx, B3AB 3HAUEHHA X OT —2
1o 2 uepes 0,5. Pemenne opopMure B Bume TabauLBL.

Bolumcnure sHadeHUs (DYHKIUM Y = X°, B3AB 3HAUYEHHA X OT —1
no 1 gepes 0,2. Pemenue o)opMnTe B Bue TaGIUIIBL.
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60.

61.

62.

63.

64.

6)

65.

a) Yemnosex HAET co cKOpocThio 4 KM/u. 3anuuiure nNyTh S, IPOii-
JEeHHBIN YeJIOBEKOM, Kak (QYHKIUIO orT BpeMenu t. CocraBbre Tab6-
JINLY, IIOKAa3bIBAIOIIYIO IIPOHAeHHEBII IyTEh 3a BpeMsa ot 0 go 3 u ue-
pe3 Kaxaeie 20 MuH.

0) BanuumTe CTOMMOCTh § JIOTEPEWHBIX GHIeTOB Kak (DYHKIIAIO OT
KoJyimdecTBa k NpojfaHHBIX OmieToB, ecau oguH Guser crour 30 p.
B) SamMIINTe KOJHYECTBO H3TOTOBJEHHBIX AeTanelt d Kak (yHK-
M0 OT BpeMeHH ¢, ecau 3a 1 4 M3roraBamBaioT 4 meTajim.
OyHKnuA 3ajaHa Qopmynod y = 2x — 5. IIpy KakoM 3HaUYeHHUH
apryMeHTa X 3HadeHue QyHKHuu O6yzner pasHo: 5, -3, 0, —5?
Kaxoit ¢opmysoit Mmosker ObITH 3aaHa HYHKIMA, €CJIH:

a) sHaueHusAM X, pasHbiM 0, 1, 2, 3, 4, 5, cooTBeTcTByIOT 3HAUE-
HUA Yy, pasueie 0, 5, 10, 15, 20, 25;

6) sHayeHHMAM X, paBHBIM 1, 2, 3, 4, 5, 6, COOTBETCTBYIOT 3HAUE-
HUA Yy, paBHBIE 2,5, b5, 7,5, 10, 12,5, 157

PyHruuA 3agaHa GOPMYJIOH y = % Breruncnure: y [%], y(1), y(2),
y(5). PesyspraTel BHIYHCIEHWN BANUINIUTE B BUAE TAOIMIIBI.
DyHKIUA 3agaHa Tabaumeii:

x 1 2 3 4 5 6
y 1 3 5 7 9 11
x 0 1 2 3 4
y -5 -4 -3 = et

Kaxoii opmyiioit MoHO 3a7aTh 3Ty (QYHKIIUIO!

1) y=x+1; 2) y=x2+2; 3) y=2-5; 4) y=2x-12
Mwem nndopmanmio. Mcnonb3ys yuebHUK, CIPABOYHYIO JIHTE-
patypy u Murepuer, moxarorospTe coobmenue o H. U. Jlo6aues-
CKOM, €ro JKM3HU W BKJIAJIe B HAYKY.

[ 1.6. Mousitue rpadmka dyukumm |

DOyHKIUA MOKeT OBITh 3afaHa IpHU momomu rpadura. Hanpumep,

uT00OBI Y3HATH, KAK U3MEHAETCA TeMIlepaTypa Bo3[yXa, Ha MeTeOpOJIOrH-
YEeCKHX CTAHIUAX IT0Jb3YIOTCA NPHOOPOM, HA3BIBAEMBIM TepMOrpadoM.
Tepmorpad cocrour us 6apabana, BpallaoIerocs BOKPYr CBoeH ocu Ipu
TOMOIIA YaCOBOI'0O MeXaHM3Ma, U JIATYHHO! NPOTHYTON! KOPOOKH, UYBCT-
BUTEJIbHOM K H3MEHEHHIO TeMmmepaTypel. IIpu moBBIIEeHMN TeMmIepa-
TYPBI OHa pasrubaercd, a IPUKPENJIEHHOE K Heil IIPU MOMOINHU CUCTEMBbI

pbIY

aXKOB CaMOIIHIIYIIee nepo NOJHHMMaeTCA BBEDX. HPH MOHMMEeHHNH
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TeMIIepaTyphl Iepo omyckaercsa. Ha 6a- Thoal]
pabaH HaBEPTHIBAEGTCA COOTBETCTBYIO-
muM obpasom pasrpadaénnan GymaxHad
JeHTa, Ha KOTOPOH IIepo BbIYEpPUYHBAET
HENPEePBIBHYIO JUHUI0 — rpaduk QPyHK-
UM, BbIpaKalleil 3aBUCHMOCTb MEM- [ |
Iy BpeMeHeM U TeMIOepaTypoi Bosiyxa. [
IIpz nmomomu 3Toro rpaduKa MOMKHO 1334 TR
0e3 BBIUMCJIEHUH OIpeleNsdATh 3HAYEHUA : T r
Temneparypsl T AJ1g KaMJOTo MOMeHTa | | [ |
BpeMeHH . W Puc. 16

Ha pucyuke 16 usobpasnén rpapux
TeMIepaTyphl Bosgyxa B cucreme koopaunar tOT, rpe ¢ — Bpems,
a T — remneparypa. C ero moMomibio MOHO 6e3 BBIUHMCIeHHH ompese-
JIUTH 3HAUEHHUA TeMIepaTypsl T AJd Ka)kAoro MomeHTra Bpemenu t. [l
aTOr0 Ha ocH abCcuuce HAA0 OTMETUTHh TOUKY { U BOCCTABUTE U3 HeE Iep-
MeHAUKYIAp K ocm abenuce a0 mepecedenuns c rpadpuxom. Opauna-
Ta TOYKH IepeceyeHusi ecTh sHaueHue pyHruuu T'(t).

MoskHO emié ckasaTb, uTo rpadux Gysxuuu T (f) B cucreMe KOOp-
nuaar tOT ectb cOBOKyIHOCTH Touek Buzma (t¢; T (f)) aasa Bcex ¢ u3 pac-
CMATPUBAEMOrO IIPOMEXKYTKA BpPeMeHHU.

Hair rpaduK ecTh HeIpepLIBHAA JUHHAA, T. €. OHA HOJYUYEeHa OJHUM
HeNnpepHIBHBIM ABUKEHUEM Iepa 6e3 oTphIBa €ro ocTpud or Gymaru, Io-
sromy GyHxknuio T or ¢ HA3HIBAIOT HENPEPBIBHOI. JTO CBOMCTBO HEIpe-
pPBIBHOCTH (DYHKIIMH MOMHO OXapaKTepUu30BaTh eIlé TaK: MajJoMy Hu3Me-
HEHHWIO apryMeHTa { COOTBETCTBYeT MaJsioe naMeHenue Gyaxkuuu T'.

Ha pucynre 16 mHa ocu abcuucc oTMeUeHbI 3HAUEHHUT BPeMEHH f
u t + h, KOTOPHLIM COOTBETCTBYIOT 3HaueHus Temmeparypsl T u T + S.
Yucno h HaspIBAIOT MpHpalleHMeM aprymenTa ¢, a uuciao S — Ipupa-
mennem pysxoun T.

MsI BUAMM, YTO MajoMy h cooTBeTCTByeT Majoe S.

Temneparypa T npu HenpepbIBHOM

O] mrow e o
/

~+Y

UBMEHEeHHHM BpeMeHH ! HM3MeHdercd He- | vl | | '
IpephLIBHO, 063 CKAYKOB. 2 5
Ho BO3MOKHBI 1 APYIHe CUTYaIlU. o

Hanpumep, npencraBuM cebe, 4TO [
10 TIPAMOI JUHUH IBHKETCA LUIapHUK CO
ckopocthio v = 5 M/c. Hepes 7 ¢ oH yaa-
pfercs O CTeHy M 3aTeM ABHKeTcs 00- rSiE
pPaTHO €O CKOPOCTBIO U = 5 M/C. T >~
MoKHO CUMTATH, UTO CKODOCTH U
nIapyuKa 3aBHCHT OT BpeMeHH { CJIefyIo-
miuM obpasom:
v=56nanat<T,
v=-bgnat>". ’»r—
T'paduk aTO# QYHKIUHN U300parKeH
Ha pucyHke 17. H Puc. 17

o~

ot
0
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Ilonyunnace TUHUA ¢ paspelBoM npu ¢t = 7. B MOMeHT BpeMeHH ¢ = 7
CKOPOCTH paBHANACk 5. Ho ecau K 7 100aBUTH OJTOKUTETBHOE KAK VIO
HO Majioe i, To B MOMeHT 7 + k. ckopocTh yaxe Oyner pasua —5. Ilpupaie-
Hue S pasHo —10. Teneps ysxe manomy ki He COOTBETCTBYeT Majoe S.

B nanHoM ciyuae GyHKIHUA U OT ¢ He ABJISAETCA HENPEPHIBHOI, OHA
umeeT pas3pvig Ipu t =T,

I'padpuxom dbysruun y = f(x) HA3HIBAIOT MHOMECTBO TOYEK KOOp-
auHaTHOH miaockocrn xOy Buma (x; f(x)), rme x — mw6oe uueao U3
ob6xactu ompenereHusa HYHKIIHHI.

Raxxnaa dysrxmus, saganHas npu nomomu (DOPMYJIBI, HMeEeT B je-
KapToBOM CHCTeMe KOOPAHHAT CBOM rpaduk.

Ecou rpadux dpynxmun 5a npomescyTke M — HenpepsIBHAS JIHHHAS,
TO (PyHKIMIO HA3BIBAIOT HENPEPBIBHOIM Ha npomeskyTre M. MoskHO cKa-
3aTh U Tak: PyHKHUIO ¥ = f(x) HA3HIBAIOT HENPepPHLIBHOI Ha NPOMEIKYT-
xe M, ecnu oHa onpefesieHa B KaiI0il TouKe npomexyTka M u masmomy
H3MEHEeHHIO apIryMeHTa X COOTBETCTBYET MaJjioe M3MeHeHue (QYHKIUMH Y.

B panpmeiimem GyayT npuBeleHb! NpUMepH! rpaduKoB (QYHKIUM,
3aflaHHBIX KOHKDETHBIMU (DOPMYJIAMH.

B
66. Moo nu QyHKnuio sazars npu momomu rpaduxa? IIpusegure
npuMep.
67. a) Yro HasweBalOT rpaduroM GpyHKIIK?
6) Kaxyio GyHKIUIO HABHIBAIOT HEIPEPHIBHOW HAa mpoMexKyTKe M ?
B) CymiecTByIOT JI paspbiBHBIE QYHKIIUN?
68. B 6 u yrpa u3 nocénka Ha 03epo, Haxojslleecs B 6 KM OT mocénka,
OTIIPaBUJINCE PBIOAYUTE OTel M chIH. TyAa 1IN TEmKoM, a o6pat-
HO exaJli Ha nomyTHo# mamune. Ha pucynke 18 msobpakén rpa-
$ux nx aem:xenus. Onpemenure ¢ MOMOIILIO rpaduKa;
a) B Kakoe BpeMdA DHIGOJIOBBI NPHUIILINA K 03€pY;
0) Kak HOJIrO OHU MOTJIM YAWUTH pPhIOY;
B) CKOJIBKO BpDeMEHH 3aHAJ y HUX OOpaTHBIR IIyTh;
I) ¢ KaKOH CKOPOCTBIO OHH IIIJIH IEeHIKOM;
A) C KaKOil CKOPOCTBIO exaja MAIINHA.

_‘|‘—r3, KM | e T !
_'_6 i — o
51 — \
—r4
s / \
\
—2 o e
s i ' | \ [
ol | 6 | 7 81 [ ]9 [ty
B Puc. 18 (NSRS i
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69. Ha pucyske 19 npuBeznéH rpa@Mx U3MeHEHHs TeMIepaTypbl BO3AY-

70.

Xa B TedeHHe OLHOI'0 Mecauna. VaMepeHHA IPOBOAUINCH ONUH pas
B JI€Hb.

a) Kaxas Temneparypa Osura 4, 8, 12, 21, 27-ro uucaa?

6) B xaxue gHm Temneparypa 6erma sermre 0 °C?

B) B kakue nuu Temmneparypa Ovrna Huske 0 °C?

r) Yiamure HaHOOJBIIYIO M HAaHMEHBIIYIO TEMIEpAaTypy Mecsna.

—t5 /
e \

b4 )\ 810 (/1416 [ 20 [ 24 [|/] 30

1
LoV | 5
1

__|_3
——d
® Puc. 19 |

Ha rpaduke (puc. 20) noxkasaHo U3MeHEHNE TeMIIepaTyphl BO3AyXa
Ha NPOTSAMKEHUN TPEX CyTok, HaumHasg ¢ 0 u 13 asrycra. Ha ocu
afeicc oTMedaeTcss BpeMs CYTOK B Uacax, Ha OCH OpAMHAT — 3Ha-
yeHHe TeMIlepaTypbl B rpagycax. Ompenennre mo rpauky Hawu-
foNBIIYIO TeMIlepaTypy Bosayxa 15 aBrycra. Orser pgaiite ¢ TOY-
HOCTBIO JIO OJHOTO Ipajyca.

A

16— <

\
14 / \ N
- / 7

—t_|
j—
Iy

101

:00 12:00 0:00 12:00 0:00 12:00 0:00
B Puc. 20 13 aBrycra | 14 aBrycra | 15 asrycra
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H Puc. 21

71. IlocrpoiiTe rpaduk H3MeHEHHs TeMIEpPATypbl BO3/yXa B TeYeHUE
ABYX HeZeJb IO HAaHHBIM, OPUBEIEHHBIM B Tabjuie.

t, xEm | 1 2 3 4 5 6 7 8 9 |10|11 )12 |13 | 14

r,°C|-6|-5|-6|-2|]0]|]1]|]0|2|4]|3F5 1 0 |-2(1

a) Ckoabko mHel TeMieparypa O6plaa He Beime 0 °C?
6) Cronbko mHel Temmeparypa Obrma He Huxke 0 °C?

72. CocraBbTe pacckas O IOXOZe Ha PHIOAJKY IO AaHHOMY rpaduKy
(puc. 21).

§E¢¢YHK“"" y:x'yzx’y:.é

| 2.1. Dynkuua y =x u eé rpapuk |

SamaguM Ha IJIOCKOCTH IPAMOYIOJBHYIO cucTeMy Koopauuat xOy
U OpAMYIO, AeJAINYI0 IePBHIil 1 TPeTU# KOOPAUHATHEIE YIVILI IIOIIOJIAM.
ITyers A (x; y) ecTh IPOM3BOJBHAA TOUKA 3TOM HPAMOM,

Ha pucyske 22 ormeueHa Touka A HaHHOM NpAMOI, MMEIOIIAS IIO-
JIO:KUTeNbHYI0 abcuuccy x. ITycTs npamas, NIpoxXogsamnias uepes Touky A
u napaJsiensHas ocu Oy, mepecekaer och Ox B Touke A,. Torpa

OA,=x, AA =y.

Ha pucynke 23 ormeuena Tourka A paHHONU NPAMOI, MMeIOMIas
oTpuuatensHylo abcuuccy x. IIycTe nmpamas, DpoXoAdAijas dyepe3 Tou-
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| Puc. 22 | Puc. 23

Ky A u mapannensHad ocu Oy, nepeceraer ock Ox B Touke A;. Ho Te-
neps
OA_]_ =-X, A]_A =-=Y.

B xaxgoMm H3 aTuX ciydyaeB TpeyroadbHUK OA; A nNpAMOYTOJBHBIN
u ero octpeiit yroa A,0A pasen 45°. Ho torga tpeyroasauk OA, A pas-
HObGenpeHunlii 1 OA, = A A, oTKyzna

y=x. (1)

Mgs! nmonyuunu paBeHCTBO (1), BeIpaskarolliee 3aBHCHMOCTH MEXAY
aberuceoil X M OPAMHATON Yy MPOMB3BOJLHON TOUKM A NaHHOH NIPAMOI.
Bnopouem, mipu BBIBOJ€ 3TOTO PABEHCTBA MBI MCKJIIOYUJIN CIydaii, Korjga
Touka A coBmazaeT ¢ HadasoM KoopauHaT O. Ho B aTOM ciyyae paBeH-
cTBo (1) Toske BBImOMHAeTCH, Tak Kak x =0 u y = 0.

Hraxk, aobas touxka A (x; y) paccmarpuBaemMoi OMCCEeKTPUCEHI NMeeT
KOOpJMHATHI, YAOBJeTBOpAoiIue paBeHcTy (1). Ho Bepro u obparsoe
yTBep:kIeHne: ecau Touxka A (x; y) Takosa, 4TO Yy = X, TO OHA JIEIKUT Ha
OHCCeKTpHCEe IIEPBOr0 ¥ TPETHEro KOOPAUHATHBIX YIJIOB.

B camom pene, paccMOTpMM cHadaja TOUKy A (x; y), Takyio, 4To
x > 0.

O6pamiasce K pucyHKy 22, moayuum, uto OA; =x =y = A,;A. 3Ha-
YuT, NPAMOYTOJBHBIM TpeyronbHuk OA;A paBHOOGeZpeHHBbIH, ciemo-
BATEJIBHO, Ka)KABIH M3 ero OCTPBIX yrioB paseH 45°. Ho rorga Touka
A(x; y) HaxopuTca Ha OHCceKTpHCE IEPBOr0 KOOPAMHATHOIO yrija.
Ecau e x < 0, To, obpamascs k pucyHKY 23, moaydum, uro y < 0 u uro
Touka A(x; y) Haxogurca Ha OHCCEKTPHCE TPETLEro KOOPAHMHATHOIO
yrJa.

Taxum obpasom:

ecau Touka A (x; y) Jexur Ha OHMCCEKTPHCE IEPBOT0 U TPEThEro Ko-
OpAUHATHBIX YIJIOB, TO Y = X;

ecyiu yKe TouKa A (x; y) TakoBa, YTO J = X, TO OHA JIEKUT Ha OucceK-
TpHCe IePBOTO M TPETHEr0 KOOPAMHATHBIX YIJIOB.

ToBopAT, 4TO Ouccexmpuca nepeozo U mpemvezo KoopOuHAMHbLY
Yza08 ecmb zpaur QYHKYUUL Y = X.

ToBOpAT TakiKe, YTO Ouccerxmpuca nepeozo u mpembvezo Koopou-
HAMHBLX Yeno8 umeem 8 cucmeme Koopdunam xOy ypasHernue y = X.
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HUrak, @Qyunrxyus y=x onpedenena 0as nw0bbix deilcmaeumes-
HblX X, T.e. 00JacThb OIpeAeNeHNA dTOH (PYHKIUH €CTh IPOMEXKYTOK
(—o0; +c0). ObsmacTe 3HAYEHUI 3TOM (DYHKIIUH €CTh IPOMEIKYTOK (—oo; +00),
T'padpurom pyHEIUN ¥ = x apasercsa npamasa — Guccexrpuca I u III xo-
OpPOWHATHBIX YIJIOB.

73. a) Yro sBuaserca rpaduxoM QYHKUHK Yy = x?
0) Kaxoe ypaBHenue umeer Guccexktpuca I u III KoopauHATHBIX

yriaoB?

74. Ilpunajgnexur Ju rpa@uKy QYHKINH ¥ = X TOUYKA:
a) A(5; 5); 6) C(5; —5); B) O(0; 0);
r) M (3; 10); n) N (100; 100); e) K(-6; —-6)?

75. CKOIBKO TOYEK NOCTATOYHO OTMETHTH B cucTeMe Koopauuar xQy
AndA nocTpoeHus rpadura QyHKIUA Y = x?

76. IlocrpoiiTe rpadhur GyHknuu y = x. Onpenenure 1mo rpapury:
a) 3HauYeHHe lf, COOTBETCTBYIOIIee 3HAUEHUIO X, pasHoMy 0, 1, -2, 3, 4;
0) 3HauyeHUEe X, COOTBETCTBYIOIIEE 3HAUYEHWUIO Yy, pasHOMy 0, —1,
2, -4, 5.

77. Onpegenure ¢ NIOMOIBIO rpadhrKa PYHKIIUN I = X, IPU KaKUX 3HA-
YEeHHUAX X BBHIIOJHAETCA HepaBeHCTBO:
a) y>0; ©6) y=20; B) y<0; 1) y<0O.

78. Oupeznenure no rpadury QyHKINUK iy = X, KAK U3MeHsieTcs (yBeaH-
YUBaeTCA WJIHM YMEHBIIAETCH) J C YBEJIUUYEHHEM X.

79. Tourku A(xy; y;) u B(x,; y,) npuHagimemxar rpad@ury OQyHKIUH
y = x. BepHo 1u, 4ro:
a) eciu X; > Xy, TO Y; > U} 0) ecau x; < Xy, TO Y; < Yo?

80. Ha Ouccextpuce II u IV KoopAMHATHBIX YIJIOB OTMETHUIU TOUYKY

A(x; y) (puc. 24). IHoxaxkure, UYTO [IJasi KOOPAWMHAT 3TOH TOYKM
B KarKJIOM CJIyuae BBIIOJHAETCS PABEHCTBO Y = —X,

81. Ilycres pns KoopAMHAT TOYKM A (X; y) BBIIOJNHSETCS PaBEHCTBO
y =-x. JHoxaxure, 4YTO 3Ta TOUKa JEXKHUT Ha Ouccextpuce II
1 IV KoopaMHATHBIX YIJIOB.

|

A T [ [oF [ 1] o [ [ o} [ ]
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82. Tlpunajgnexxur ju rpabury QyHKIUH Y = —X TOUKA!

a) A(6; -6); 6) O(0; 0); B) B(5; 5);
r) C(5; -5); 1) D(100; —100); e) E(-20; —20);
®) M (-3; 3); 8) N(7; -7)?

83. Ilocrpoiite rpadbux Gyarmum y =-x. Onpepenure 0o rpaQury:
a) aHaudeHe If, COOTBETCTBYIOIee 3HAUEHHUIO X, paBHOoMy 0, 2, -3, 4;
0) sHayeHHe X, COOTBETCTBYIOIee 3HAYeHWIO Y, paBHOoMy 0, 1,
-2, 3, -5;
B) IpH KaKUX 3HAYEHUAX X BBINOJHAETCS HepaBeHcTBO: Y > 0,
y=20,y<0,y<0;
r) yBeJIMYHBAETCA WM YMEHLINAETCH I C YBEJIHUYEHHEM X.

84. Touxku A(x; y,) u B(x,; y,) npunHamiexar rpahuxky QYyHKIHK
y = —x. BepHo nu, uro:
a) eciu X; > X, TO Y; < Ys; 0) ecau x; < Xy, TO Yy > Y57

85. Kaxomy us rpadukoB (QyHKIUHN i = X WJIH Y = —X OPUHALJIEKUT TOU-
Ka: a) A (n; n); 6) B(n; —n), ecnu n — noboe geficTBUTEIBLHOE YHCI0?

@ynryua y = x2 onpedenena das n100vlx OellcMBUMENbHbLX X, T. €.
06aCcTh OmpeAeseHUsa dTOH (PYHKIUU €CTh IIPOMEXKYTOK (—co; +oo).

Tak xak KBajpar J000T0 NeHCTBUTEJLHOTO YWCIAa — HEeoTpHUIa-
TeJbHOEe YUCJIO, TO Y IPHHUMAET TOJBKO HEOTPHIIATeNbHbIE 3HAUEHH.

ChopmynupyeM u 060CHYeM HEKOTOPBIE CBOMCTBA PYyHKIMH y = Xx2.

1) Ecan x=0, To y =0.

JTO CBOMCTBO OYEBHHO.

2) Ecau x>0, o y > 0.

B camom gene, ecin x > 0, To y = X% = x - X eCTh NIPOU3BEJEHHUE I10-
JIOXKUTEJIBHBIX Yuces, moaromy y > 0.

3) [nsa HeoTpHuATeJbHBIX 3HAYEHHH X QyHKUUA y = x? Bo3pacra-
er, T.e. GOJBIIEMY HEOTPUIATEJIHBHOMY B3HAYEHHUIO X COOTBETCTBYET
fosbinee 3HayeHue y. MlHaue roBops, eciu xX; ¥ X, — HEOTPHIATEJLHEIE
qpeHa B Xy £ Xgs Y =XT5 Yo =%05.70 Yy < Uns

B camom geute, ecau x; = 0 u x; < x5, To x¥ =0, a x > 0 o cBoiicr-
By 2 HepaBeHcTB (cm. m. 1.1), T. e. x? < xZ, nnu y; < Yy

Ecan e x; > 0 u x; < x,, To 10 cBoiicTBy 6 HepaBeHcTB (cM. . 1.1)

OJIs TIOJIOMKHTENBbHBIX YHCEeJI X; M Xy U3 HEPaABEHCTBA X; < X, CJIeAyeT

HEepaBeHCTBO X7 < X5, WU Y < Y.

4) Eciau noJIoKHTeJbHOe X, HeOrDAHMYEHHO BO3pacTaf, CTPeMHT-
e K +00, TO M Y = X2 cTpeMuTcs K +co, T. €. Y —> +00 NpH X — +0o,

B camomM jejie, IyCTh X CTPEMUTCHA K +00, IPHHUMAA HATYpaJIbHBIE
sHauenua n =1, 2, 3, 4, 5, ... . Torga y = x? 6yzeT COOTBETCTBEHHO IpHU-
HUMAaTh 3Hadenuda n?=1, 4, 9, 16, 25, ... U ToXKe CTPEMHUTHCH K +00.
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Jns mpoMeKyTOUHBIX (He HeJbiX) 3HAUEHUI X TOMe CIpaBehINBO
9TO CBOMCTBO.

5) Ilpu M3MeHEeHHMM 3HAKA APryMEHTa X HA NPOTHBOIOJIOKHBIH CO-
OTBETCTBYIOIIlee eMy 3Hauyenue (DYHKUHM Yy = x> He H3MeHseTrcsd, T. e.
y(—x) =y (x).

B camom gese, (—x)? = x2? pns aoboro medcTBUTENBHOTO X. DyHK-
1IUI0, 00IaZAIOIIyIO 3TUM CBOMCTBOM, HA3LIBAIOT YETHOH (hyHKIIHeil.

Taxum obGpasom, QyHKIHSA Yy = X — yérHaAA PYHKIUA,

6) Pynxuusa y = x> HenpepsIBHA HA NPOMEKyTKe (—00; +00), T. e.
OHA OIIpellelleHa B KajyJ0H TOUKEe 3TOTO0 IIPOMEXKYTKAa H MaJoMy H3MeHe-
HUIO X COOTBETCTBYET MAaJjioe M3MeHeHHe Y.

910 yTBep:KAeHNe CTAHOBUTCA OUEBU/IHEIM /I HEOTPUIATEIBHEIX X,
ecay, HalpuMep, CUHUTATh, YTO Y — 9TO IJIOLIAAL KBajgpaTa co CTOPO-
Hoit x. flcHO, YTO Majloe M3MEeHEeHHe CTOPOHBI KBaJpaTa BJIEYET Malioe
N3MeHeHUue ero mjoinagm.

V3 5THX OCHOBHBIX CBOMCTB (DYyHKIUHM Yy = X2 CJELYIOT M TaKue eé
cBOMCcTBA:

a) ecau x <0, To y>0;

6) ecau x — —00, TO Y — +00;

B) IJS HENOJOKHTEJIbHBIX 3HAauYeHuH x QyHkuusa y = x? yOosiBaer,
T. €. OOJBIIEMY HEIOJOKHUTEeIPHOMY 3HAUEHUIO X COOTBETCTBYET MEHb-
1Iee 3HAYEeHHE /.

IMagum ompezesieHUs Bo3pacralomell (yobiBaolleil) Ha MIPOMeKYyTKe
GYHKIIAH.

@yaxnuio y = f(x) HaspBAalOT BO3pacTalwmieil Ha IIPOMeERYTKE,
ecJiu IJisi MI0OBIX X; M X, U3 3TOTO IIPOMEKYTKA M3 HEePaBEHCTBA X; < X,
ciaefyeT HEPABEHCTBO Y; < Ys.

dyurnuio y = f(x) HasplBalOT yOBIBalOUIedl Ha NMPOMeEXKYTKe, eClH
nas a06bIX X; M X, M3 BTOT0 NIPOMEXKYTKA U3 HEpaBEHCTBa X; < X, Cle-
IVEeT HEepaBeHCTBO U, > Yo.

CnenmoBaTenbHO, (GYHKOUA Yy = X2 BO3pacTaeT HaA IIPOMEKYTKe
[0; +o0) 1 yOBIBaeT Ha mpome:xkyTie (—oo; 0].

86. a) Yro smauur, yro QYHKIUA Yy = X° BO3pacTaeT IJsA HEOTpHIa-
TeJBLHBIX 3HAUEHUH X?
6) Yro smauur, uTo PyHKIUS y = x2 yérHaA?
B) CdopMynupyiiTe OCHOBHBIE CBOiicTBa MYHKINM Y = X2,

87. Ilnomanp KBagpara S BeIUMCISETCS 10 u3BecTHOU dopmyse S = a?,
rje @ — CTOPOHAa KBajpara. Berumcaure S mpu 3alaHHBIX BHAUEHHU-
sax a. Peurenune ogopMure B BUje TaOIHUIIHL.

a 1 2 2,6 3 3,5 4 4,5
S




35 Mpocreitmue dyaxuun. Kpagpatusie KopHK
AR kb R - A A A RS SRS o R T T T T T

88. Sanumure TAOIHIY sHAUEHHUN (PYHKIHHK Y = x° IpU H3MEHEHHUHU X:

a) uepes 1 na orpesxe [0; 15]; 6) uepes 1 Ha orpesxe [-15; 0];

B) uepes 0,1 Ha orpeske [0; 1]; r) uepes 0,1 ua orpeske [-1; 0].
89. CpaBHuTe 3HAYEHUS YMCJIOBBIX BBLIPAMKEHUH:

a) 1,172 u 1,183 6) 1,182 1 1,192;

B) 2,312 u 2,322; r) 2,712 u 2,722,
90. CpaBHHTE Y; U Y, AJA QYHKIHHA Y = X2, ecJ]u:

a) x,=0,5, x,=0,6; 6) %, =171, %, =6,8;

B). 3, =0,9, 2, =13 r) x;=10,2, x,=9,8.

91. BrruuciauTe 3HaAUEHWS QYHKIMM Y = X2 IPH X, PABHOM:
1 1 1 1

1
a) "201 _15-; _107 _5’ 0, 6) _Ea _ga _Za '_"g: —E':
B) -0,1; -0,2; -0,3; -0,4; -0,5.
92. 3amana @yexnusa y = x2. Onpegenure y(x), 3amnucas pelleHUE CJe-
ayromum obpasom: y(—0,8) = (-0,8)? = 0,82 = 0,64.
a) y(-1,2), y(0), y(-2,5); 6) y(-0,9), y(-1,1), y(-0,1).
93. OnpegmennTe 3HAK 3HAUEHUS MYHKIHU Y = X2 IPH KaKIOM 3HAUE-
uuu x: a) 0,2; 1,5; -3; -0,2; 6) —-8,1; —100; 0,31; 100.
94. fsnsierca nu (pyHKUIuUs y = x? Bospacraonleit Ha orpeske [a; b],

ecJn:
a) a=-3,b=3; 6) a=-1, b=1; B) a=1; b=4:
r) a=0, b=0,5; ) a=-2, b=-1; e) a=-3, b=07?

dokasbiBaem (95—97).

95. TlokaskuTe, YTO U3 cBoiicTB 2 M 5 (pyHKUUM y = x2 cjeayer, YTO
y >0 mna scex x = 0.

96. Iloka)kuTe, YTO U3 CBOMCTB 3 U H QYHKIUHK Y = X2 CIEAYeT, YTO IJIS
HEIOJIOKUTeJBHBIX 3HAYEeHUH x QYHKUUS y = x? yObIBaer.

97. Jloxakure, HCIOJL3YA ONpeAeeH)e, YTo (PYHKIHUA I = X2 ABIAETCH
yGeIBaOIIel HA MPOMEXYTKe (—oo; 0],

L2.3. Tpadux dyHkunm y =x'3]

Tpadurxom GyHKIMH Yy = x° ABISETCHA MHOKECTBO TOYEK KOOPIH-
HaTHOU mrockocTH xOy ¢ KoopauHaTamu (x; x2), roe x — aro0oe geiicT-
BUTEJBHOE YHCIIO.

Yrob6er nocTpouTh rpa@uk (hpyHKIHN

y = x%, (1)
Hamo OJdA KaxIoro ,IIEI?ICTBHTBJI]:HOPO yucJga X BBIUUCJIMTE COOTBEeTCT-
ByIOIIlee 3HaYeHHe Y 1o ¢opmyae (1) ¥ mojygeHHBIe TOYKH (X; ) OTMe-

THUTHh Ha MJOCKOCTH B 3aJaHHON JeKapToBOil cucreme woopauHar. Coso-
KYITHOCTh BCEX 3TUX ToueK M o6pasyeT rpadui QyHKIUHA Y = x2,
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Opsaxo 3Ty padboTy A0 KOHI[A BBEIIOJHHUTE HEBO3MOXKHO, IIOTOMY UTO
VKa3aHHBIX TOYEK OECKOHEUHO MHOTO. Beé ke rpadur GyHKIHH Y = x2
MOXHO HOCTPOUTEH NPUOJINIKEHHO.

BamaguM MoB0JIBIIe OTAEJbHBLIX MOM0XKUTEILHBIX 3HAYEHUH X U BbI-
YUCJIUM COOTBETCTBYIONINe uM 1o dopmyie (1) sHavenus y. Huxe npu-
BeseHa TabaMIlA AJIA HEKOTODPBIX 3HAYeHWI x us orpeska [0; 3].

x 0 0,8 0,5 1 1,5 2 2,5 3

Y 0 0,09 0,25 1 2,25 4 6,25 9

Touku, coorsBercTByOmIMe nmapam (x; y) Tabauibl, OTMETHM HA
IIJIOCKOCTH B 3aaHHOM NpAMOYIoJbHON cucreMme Koopausar xOy. Ioxy-
YyMJIAach TOUeuHaAd JHUHHWSA, pacrnojoxienHas Haz orpesxom [0; 3] ocu x
(puc. 25). Tak kax QyHKUUS y = x? HenpepeIBHaA (cBoiicTBo 6) M BO3-
pacrarwoInas i HeOTPHUIATEJBHBIX X (cBOIicTBO 3), TO COEAWHUM ITHU
TOYKH NJABHON HENpepLIBHOU JUHWEH, TaKkol, 4TO OpAHUHATA Y €€ Hox-
BIKHOM TOUKHM Bospacraer BmecTe ¢ abcnuccoii (puc. 26). ITonyuennyio
HeIpephLIBHYIO JIUHUIO MOJKHO paccMaTpPHBaTh KaK NPUOIUKEHHBIN Ipa-
dur byexnuu y = x? Ha orpeske [0; 3] nuamMeHeHHsA X.

Y | !
—-9 —1 J
—8 8 II
e Hp ]
—T6 6 /[
£ ke ]
o e T4
= Tl //
—!‘2 P /}‘ |
i il i/

1 1 /

il | r

0 1 ,|z g | Iy @) 1|_ i| 2 3 x

| i '

B Puc. 25 B Puc. 26
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Jlerxo mpexcTaBUTEL cefe, KaK BBITJIA- vl
aur rpabur QYHKOUE y = x2 aasa 60ib-
IMUX HOJOMKHTEeJBHBIX Xx. Ecam abcmucca
TOYKH 9TOro rpaukKa cTpeMuTCcHa K +00, TO
eé opamHaTra y mo ceoiicTBy 4 TOMe cTpe- /
MuTcA K +oco, IIpm »TOM HAJO0 HMETh \ I /
B BHIY, UTO lf CTPEMHUTCHA K +CO Topasmo \

GnicTpee, yeM x. Ecau, HanpuMmep, X NpH-
HUMAaeT 3HAYEHUS \ /

1,2, 3,4,5,6, ...,
N 1

TO Y COOTBETCTBEHHO paBeH KBajapaTaM AY 4

9THX YHCeJL: 1 1
|—]

1, 4, 9, 16, 25, 36, .... !

B cuny csoiictBa 5 GyHKmuu y = x2 Puc. 27
Touku rpaduxa sroit GpyHKHmUH c abecmuc- =
caMH X M —X HMelT paBHBIE ODIHHATEI,
nostoMy rpadux (QYHKIHN Yy = X2 cUMMeTPHUYEH OTHOCHUTEJLHO OCH J.
Ochb y ABIAETCA OChIO CHMMeTpMHM rpaduxa QyHRIuAM y = x2,

I'padpur pyErmun y = x? nsobpareén Ha pucyske 27.

JIuHNIO, ABAAKNIYIOCH rpaduKoM QYHKIUN Yy = X2, HA3LIBAIOT Ia-
pabouoii. YacTo Mel 6yzeM roBOPUTH KOPOTKO «mapabosa y = xZ».

Touky nepecedeHus napaboibl y = x2 ¢ eé 0ChbI0 CUMMETDHUU HAa3EI-
BAIOT BepIUMHOI 3TOI mapabosasr. dto Touxa O (0; 0).

Paccmarpusasi mapabosy Yy = X2, MOJKHO HEIIOCPEACTBEHHO YBHIETh
MHTEPIpPeTaluio psjia cBoicTB QYHKIHUA Y = X2,

B camom pneie, mapa6Gosa y = x? IpOXOAUT HUepe3 HAYAJI0 KOOPAH-
HAT. 91O cBOlicTBO 1 PyHKIUHU y = x2.

Toukn napabonbl y = x°, KpoMe €€ BepIIWHBI, HaXOAATCHA BBIIIE
ocu x. Iaa Touex ¢ abeuuccoin x > 0 aro cBoiicTBo 2.

Ecinn Touka A (x; y) mapabossl gBUIKETCA MO Heit Tax, uTo eé abce-
mycea X NOJOXKUTEJIbHA I BO3pacTaer, TO eé opAMHAaTA I TOXKe BO3pacTa-
eT. JTO CBOMCTBO 3.

Ilpr cTpemneHmu adbciuUCcChl X TOUKH K +co opAHHATA Y TOYKH
A (x; y) napaboasl crpeMuTes K +oo (cBoiictso 4). Ilapaboaa y = x2 cum-
MeTPpUYHA OTHOCHUTEJIBLHO OCH Y (CBOIICTBO D), sABIAETCH HEIPePLIBHOH
nuuuen (csoiicrBo 6). Kpome Toro, Mbl BUAUM TaKske U3 rpadmkxa, 4To
ecau abcumucebl X TOUYEK mapabojbl OTPUILATENBHEl UM BO3PACTAIOT, TO
OpAMHATHI y yOBIBAIOT, T. €. OOJBIINM OTPHUIIATEIbHBIM 3HAUYEHUAM X CO-
OTBETCTBYIOT MeHbINue 3HaueHus y. Ecau x — —co, 10 Yy — +00; eciu
x<0, T0y>0.

ol

98. a) Yro HaswiBaioT rpa@ukoM QYHKIHU Y = x27?
6) Kax mocrpouts rpapux QyHKIHH Yy = x°27?
B) Kak HaswpIBalOT JUHHUIO, SBISIOMYIOCH rpaduKoM PYHKIIUHN Y = x27?
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r) Kak Ha rpaduke oTpakaercs CBONCTBO HEIIPEPBIBHOCTHA (DYHK-
nuu y = x2?

n) Kakas nmpsaMasi sBIsieTCs OCbI0 CUMMeTpHu napaboussr y = x27
e) Kakyio Touky Ha3BIBAIOT BEPIINHON mapaGoysl y = x2?

99. 3azana GyHKIUA Yy = x°.
a) ITpu xKakwx 3HAYEHHUSIX X OUpefeeHa AaHHAs QYHKIUAA?
0) BrrunmcnauTe 3HAUYEHUS lJ, B3AB 3HAYEHMS X OT —3 IO 3 uepes
enuHNLNy. Pemenue odgopMuTe B BHAe TabIMUIIHI.
B) Ilocrpoiite cucremy roopauHat xOy, B3AB eIHHUYHBIE 0TPE3-
ku mo 1 cm. IlocrpoiiTe TOYKH IO BBIYUCIEHHBIM KOODAHMHATAM
M COeQHHHTE MX HENPEepPLIBHOM JIMHHUEH.
r) B Kakux KOODZMHATHBIX YETBEPTAX paclojiaraercsa rpadux
bysRIUN Yy = x27

100. 3anonHuTe TAONMIY 3HAYEHUN (QYHKIUU Yy = X? U mocTpoiiTe eé
rpapux.

L L
2

x 0 1 i‘l2 +2

=
W | =

+3 +4

I+
b
B | -
H+
o
Do | =

y=x

101. C momombio rpaduka GyHKIUY Y = X2 onpemeauTe:
a) 3HauYeHHe J, eCIH X paBeH i; 0,3; 1,3;
1

5 05

6) smaueHMe X, ecan y paBex 1; 1,2; 3
B) y(0), y(5), y(1,6), y(4,7);

I) 3HaYeHHe x, ecau y(x) =3, y(x) = 6;

) BCe 3HA4YeHHUHA Y, IPU KarKJOM U3 KOTOPBIX BBINOJHAETCA Hepa-
BeucTBO: x>0, x> 3, x < -2;

e) Bce 3HAYEHUHA Y, IIPU KaXKJOM M3 KOTOPBIX BBIIONHAETCA HEpa-

BEHCTBO: —1 < x < 1,—2~:x<5,—%<x<7;

H{.) BCe 3Ha4YeHHA X, IIPDH KaxXIJOoM M3 KOTODBIX BBIINIOJHAETCH He-
pagescrBo: y >0,y =20, y<0, y<0.

102. IIpunagnesxur au Touxka A (x;y) rpadury GyHKOIUH Y = x2,

ecJIH.:

a) x=1, y=35; 6) x=38,y=9;

B) x=1$51y=2%; l") x=—2,y=4;
n) x=-0,4, y:l,ﬁ; e) x:l%, y:4’5?

103. Jlana (pyHrnug y = x2. Ha KaKoM IIPOMEXYTKe:
a) yHKIHUA BO3PACTAaET; 6) Qpyuruusa ybeiBaer;
B) QVHKIUHUA HelpepbIBHA?
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2.4, OyHxkuusa y :% i

1 -
Dyuryui y = onpedenena Oas nobvix deilcmeumenbHblx X 3a

1
UCKAIOYeHUEeM X = 0, T. e. obnacTe onpenesieHUA IDYHRLI;HH y= < ecThb

MHOJKECTBO BCEX JIeMCTBUTENBHBIX UHCEJI, KpoMe HYyJA.
Cuauana paccMOTPDHM 3'1‘}7 (IJYHKU,Hm TOJBKO OJIA IIOJOAHTEJNBHEIX X.
Ormerum cllenywoIinie eé cBoiicTBa:

1) Ecau x>0, To y > 0. i
2) JInsa moJOXUTENBHBIX 3HAYeHHU x (QyHRIUA Y = % yOsIBaer,

T. e, DOJBIIEMY TOJIOKHUTEJIEHOMY 3HAYEHHUIO apryMEHTA X COOTBETCTBY-

eT MeHbllee 3HaYeHHe (DyHKIHUH Yy, 1Ha4Ye IroBOops, eClIn 0< X, < Xq, TO

1 1
Y1 > Y, THE Yy = %’ y1=_TC“1'-

1
HWapiMu ciooBamMu, QYHKINA J = — ~ ABIAETCA y6BIBarONIell HA IpoMe-
xKyTre (0; +o0).

1 i
HYCTB X = U, TOTrOa YHCJIHTEeJIb ,proﬁn 2 1 ee 3HaAMeHaTeJlb — I0JIO-

1
JKUTEJIBHbIE UHCJIA, NOdTOMY Y = — > 0.

IIyers 1 MOMOMKUTENBHBIX X; U X, BBIIOJHAETCS HEPABEHCTBO
x; < x5. Torga Ha ocHOBaHWMHM cBoHcTBa 5 HepaBeHCTB (cMm. 1. 1.1) 3za-

1 1
KJo4aeM, 4To — > —, T. €. Y1 > Ys.
X Xg

1
3) Ecau monokuTEIbHOE X CTPEMUTCH K HYIIO0, TO Y = + ¢TpPemMur-
1
Cs K +00, @ eCJM X CTPEMHTCS K +00, TO i = —- CTPEMHUTCHA K HYJIO, T. €.
1 1
i npu x — 0 (x > 0), y=;—>0npnx—>+oo.

910 CcBOMCTBO NPOMJLIIOCTPHDYEM Ha IDpHUMepax.
Ecin moJoKuTeNbHOE X CTPEMHTCA K HYJ0, IpoGeras 3HAYeHUS

1 1 1 1 1
1, 5137 4t Br TO (PYHKINA §y = — COOTBETCTBEHHO ITpoGeraer 3Haue-
Hua 1, 2, 3, 4, 5, ..., 7. e. y— +oo.

Ecin e x — +oo, mpoberasa suaueHus 1, 2, 3, 4, 5, 6,

1
— COOTBETCTBEHHO CTPEMHUTCHA K HYJIO, npoberas 3HaveHus 1,

-

mlr—li
|~ 3

3 3 wes s

Y=
1
4

ctln—l
CJ‘!ll-A
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1
4) OyERUHAY = + HempephIBHA Ha MPOMeKyTKe (0; +c0), T. €. OHa

onpejeieHa B KaMIOH TOYKE HTOr0 IIPOMEXYTKa U MaJoOMy MSMeHeHHIO
IOJIOMHUTENIBHOTO apryMeHTa X COOTBeTCTBYET MaJioe HM3MeHeHHe Q)YHI{-
Uy Y.

CropaBseJinBOCTE 3TOr0 YTBEDIKIEHHUA CIeAyeT U3 IpUMepa: IyCcTh
CIOpPTCMEeHY Hazo npoberxars pgucrasnuio 1 xm. Byaem cuurarh, 4TO OH
0eKHUT BCIO AMCTAHIIMIO C IOCTOAHHOHW ckopocThi0 x KM/c. Torza Becs
YTk OH IPOGEMXKUT 3a Y ¢, IPUUEM

1
y==. (1)

31ech BpeMs Y ecTh QYHKUHA ckopocTH x. OUueBHAHO, YTO Majoe
H3MEeHEHHE CKODPOCTH HAaéT Majioe M3MeHeHHEe BpeMeHH, 3aTpauyeHHOIo
Ha 0yTh. [loaroMmy GyHKIUA, 3amanuas hopmynoii (1), — HenpepsIBHAA
dbyagnusa (Hanomuum: B (opmyne (1) x > 0).

Brarogaps sTOMy CBOHCTBY JJIS IOJIOMKHTENBHBIX X I'padur QyHK-

IUHU Y = — eCTh HeNpPepHIBHAA JHMHUS, T. €. OH MOXET OBITE M300paXKEH

HeIpepbIBHLIM JBHIKEeHHEM KapaHJamia.

! 1
104. a) [Ina Kaxkux x onpejeyieHa QYHKIHUA i = }-?

1 5
6) SfBnsmerca nu QYHKIUA Y = = yObIBarOInel IJf IOJOMUTENb-

HBIX X7 1

B) K uemy cTrpemurca y = > KOTZa [OJIOKHUTENBHOE X CTPeMUTCH
K HyI10? )

r) K uemy cTpeMHUTCH U = —» KOTJIa X CTPeMHTCA K +00?

n) flpnserca nu QyHRIUA Y = % HENpepBIBHON HA HPOMEKYTKE
(0; +00)?

105. Ilnomazns NpAMOYroJbHUKA paBHa 1 M2
a) Kaxue sHaueHUs MOTYT IPUHUMATEH AJHHBI cTopoH? IIpusenn-
Te IPUMEDHI.
6) Haiiznre AIUHBI CTOPOH BTOr0 HPAMOYTOJLHHKA, €CIH AJHHA

- 1 1
OJlHOI M3 HHUX paBHa: 2 M, 3 M, 1 M, = M.

B) CocraBbTe (GOpMyJsly B3aBUCHMOCTH MEXKIY AJTUHAMU CTOPOH
IAaHHOIO NPAMOYIOJbLHUKA.

106. a) Ecau yBeJIuuuThH CKOPOCTh PABHOMEPHOI'O JBMYKEHHA B 2 pasa,
TO KAK M3MEHUTCS BpeMA IPOXOMKIAEHUS 3aJaHHOTO PACCTOAHUS?
6) Ecau B 4 pasa yMeHBIIUTH 00bEM, 3aHIMAEMBIH Ia3oM, TO KaK
H3MEeHUTCH IJIOTHOCTHL rasza’?
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B) Ecinu yMeHBIIHTEH BpeMs M3TOTOBJIEHHS OJHOH mgeTanu B 3 pa-
3a, TO KaKk HM3MEHHTCA KOJHUYECTBO JeTralieii, M3TOTOBJEHHBIX 3a

cMeHy?
107. BpruncnauTe 3HaUYeHHE (PYHKIHH I = l npu x, pagom 1, 2, 3, 4,
9, L &2l . PegyneTaThl 3aHECUTE B TAGIHILY.
2°3° 4’5"
108. ana GyHKOUA Y = % Breraucnure:
a) y(1); 6) y(2); B) y(3); r) y(6);

R R R R )

109. Cpasuure apobu:

. X W 11, 1 ook
Aeg gt Wiyt  Bly¥gh Hoghy
110. Hana QyHKIUA y = % CpasHure:
a) y(1) u y(2); 6) y(2) m y(3); B) y(1) m y(5);
r) y(1) u y(3); n) y(12) u y(5); e) y(4) u y(3).
o PG
2 5. l’pactmx @ym(u,mm _; ==

x |

1
ITocrpoum rpadur GyHEOIHT Yy = + AV TMONOMHUTENBHBIX X. Hns

1
9TOro BBIYHCJIHNM 3HaUYEHHE [ = E, COOTBETCTBYIOIEEe KAXIOMY IIOJIOMH M-

TEeJBHOMY Y9HCIY X, H IIONYYeHHbIE TOYKH (x; y) oTMEeTHM Ha IIJIOCKOCTH,
rme 3ajaHa JeKapToBa cHcTeMa KOOpAHMHAT xOy COBORyl’IHOCTB BCEX

1
BTHUX TOYEK obpasyer rpadux QyHKOIUUA y = — VA TIOJIOXKUTEBHbIX X.

Onraxo aTy paboTy A0 KOHILA BBIIIOJHHUTH HEBO3MOYKHO, IIOTOMY YTO
YKasaHHBIX TOUeK OeckoHeuHO MHOro. Beé ke rpaduy Hauieil QyHKIHH
MOJKHO IOCTPOUTE NPUOIHIKEHHO,

BagaauM moboabIIe TOMOMKUTENLHEIX 3HAYEHNH X U BLIYHCIHM CO-

1
OTBETCTBYyIOITHE MM 1o opmyJie y = . SHAUeHHd y. Huxe mmpusBeneHa

Takasa Tabauna A8 HEKOTOPBIX 3HAYEHHI x.

1 1 1
X 2 3 1 1 2 3 4
1 1 1
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OrMeTHM Ha IJOCKOCTU B CHCTEME KO-
opauHaT xOy TOUKH, COOTBETCTBYIOIIHE
napaMm uucei (x; y), IpUBEeAEHHEBIM B Tab-
aune (puc. 28).

—T 31 CoeaHIM 9TH TOYKU IJIAaBHOM He-
NPEepLIBHON JUHHEN, TAaKOH, YTO OpAHUHA-
i Ta Iy €€ TONBUIKHOH TOUKM yOBIBAET BMECTe

! ¢ BoapacraHHeM eé abcummccnl (puc. 29).
11 [ ITonyyeHHYIO0 HENPEPLIBHYIO JIMHHUIO MOMK-
' HO paccMaTpHUBAThH Kak NOPUOIHMKEHHBIN

. 1
0 1 2] 3|4 |x rpaduK QyHKIHH Y = — AJIA TIOJIOFKUTEb-

HBIX X.
B Puc. 28 L, 2
Ormerum, 4TO U300paAIKEHHBIN Ha pU-

cyuke 29 rpaduk orpakaer csoiicrea 1, 2,

YA 1
1 3, 4 hyHKUUK iy = =i chopMyIHUpPOBaAHHBIE
| .' B IIPeABIAYIIEM IIYHKTE.
13 l. | HeiicrBuTensHO, rpahur QGYHKIIHA
it
‘ 1 ' ; Yy = AJIA TONOMUTENBHBIX X DPacIoo-
—2 i —~—
\ a skeH Haj ocklw Ox, YTO COOTBETCTBYET
| 1y cBoiicTBy 1.
L ! N > 2
: YT x (e~ Ecau yBenmuusaercs abernucca x To4-
| T T KM, ABHIKyLIeiica no rpad@uKy, TO OpAHHAa-
[0) 1| 2] 3] 4 |x|] Tay oroil TOYKHM YMEHBIIAETCA, UTO COOT-
3 BETCTBYET CBOMCTBY 2.
M Puc. 29 CpoiicTBO 3 3aKJodaercs B TOM, UTO

ecan x — +oo, o y — 0. Ecanu xe x — 0

(x > 0), Toy — +oo. OHO TOKe B KAK0I-TO Mepe oTpaseHo Ha pucyHKe 29.

HaxoHeln, Ha OCHOBaHHMHM cBoiicTBa 4 Ham rpadur AOIKeH OLITH He-

TIPepBLIBHOM JIMHMEH, TOTOMY MBI M COEJHHUIN IMOJNYyYeHHBIE TOUKHN He-
NpPEepLIBHOM ITHHUEH.

1
ObmacTeio onpenenaeHEus QYHKIUA [ = + FABJAETCS MHOXKECTBO YH-

ceJl X, OTIMYHBIX OT HYJA, UJIH, BbIpasKadCh I'eOMETPDHYECKHM A3BIKOM,
MHOMECTBO TOYEeK OCH Ox, OTJIHYHBIX OT HYJIe:BOﬁ TOUKH. ITO MHOMKECT-
BO CHMMMETPHYHO OTHOCHTEJIBHO HYJIEBOI‘;I TOYKH. RDOMG TOTO, OJA JI060-
TO X M3 3TOT0 MHOM{ECTBA BBINIOJHAETCA PaABEHCTBO

Y= = —H = —y (), 1)

(—x) X

T. €. IpM U3MEHEeHUU 3HAKa X Ha IPOTHBOIOJJIOKHBIN COOTBETCTBYIOLIEE
sHaueHHe (PYHKIIUU HU3MEHAeTCHA Ha IPOTHBOIOJIOMKHOE.

Dyurnuio, 06JaIaloNyI0 TAKUM CBOMCTBOM, HA3BIBAIOT HEUYSTHOIL
dyHKRIHEH.
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S e T 3

DyHKIUA Y =% — HeuyérHada PYyHK- | ¥

nus. B cuny paBescTea (1) rouxu rpadu-

1
Ka ly = ; c aﬁcunccamn X H —X HMewT

IPOTHUBOMIOJIOKHEIE OPAMHATEI, 3HAUUT, 1 y= % -+

1 I

rpahux QYHKIUH [ = + CHMMeTpUYeH =l

OTHOCHUTEJBHO Hauajla KOOPAHWHAT. S 0 : X
ITosromy nas mocrpoeHus rpaduira \\

GyHEKRIHY y = % AN OTPHUIIATENBHBIX X |

Hamo m300pasuTh JHHUKD, CHUMMETPHUY- \
HYIO yi¥e IIOCTPOeHHOH KPHBOH OTHOCH- \1
TEJBbHO Havaja KOOpPAHHAT. f

I'padux GyHKIUNA Y = -i— nns Beex x W Puc. 30
U3 eé obyacTu ompefeneHus uszobpakén Ha pucyuxe 30.

JIluauio, aBAAINYIOCA rpa@uKoM (QYHKIUHA Y = %, HA3BIBAIOT TH-
nmepdoJIoi.

Ormerum, uTo runepbona y =% COCTOHT M3 ABYX dacTell, Ha3bI-

BaeMbIX gemsamu zunepbonvt. OpmHa ua HuUX (IpaBasi BeTBb) pAacCIO-

JIOJKEHA HAJl MOJOMKUTENbHBIM JyuoM ocu Ox (6e3 touxu x = 0), a apy-
rasa (yeBas BeTBb) — IIOJ OTpHIATENBHBIM JiyuoMm ocu Ox (0es3 Touxu

x=0).

W3 rpadhura GyHKIHUH Y = 2

= (cMm. puc. 30) BugHO, YTO (QYHKIHA

1 u
1= ; AJA OTPHIIATEJIBHBIX X obinagaer CIIeAVIIITUMI CBOHCTBaAMH!

1) Ecim x <0, 10 y <0. {
2) Jdns orpHUATEIBHBIX 3HAYEHHMI X (YHKUMA y = = fABIAeTCH

yb6BIBaroLIe. 1
WupiMu  coBamu, (QyHKOuMA Yy = — yObIBAeT Ha NPOMENKyTKe
(—o0; 0).

1
3) Ecau orpHuaTeibHOe X CTPEMHUTCH K HYJIIO, TO Y = < CTpeMur-

CcA K —00, & eCJIH X CTPEMHTCH K —00, TO iy = & CTPEeMHTCH K HYJIO, T. €.

y:%—»—oo npnx—»O(x<O),y=%—*0HPHx—’—°°-

1
4) Dysruus y = + HeNpepsIBHA HA NPOMEKYTKe (—o0; 0).
JoxasaTenscTBa 3TUX CBOMCTB MBI OIIYCKAaEM.



44

111.

112.

113.

114.

115.

116.

117.

1
a) Kaxkopa o6inacTes onpeneneHns QYHKUINMN Y = ";E?
1
6) Kax HaseBaoT rpad®uk QYHKIUU Yy = E?
B) CKoIBKO BeTBell umeer rumepbosia?

1 i -
r) fdAsnserca au QYHKDUA Y = = HeuETHOHI?

n) Ha xarux npoMekyTkax QVHKUHUA Y = % HenpepbiBHA?

1
Hana yHKIUA y = =5 Briunciaure:
a) y(1), y(3), y(5), y(10); 6) y(-1), y(-2), y(-8), y(-9);

B) y(%) y(;—) y&]: r) y(1,5), y{ﬂ’%} y(—%]-

a) Bospacraer uiau ybsiBaeT (pyHKIHUA Y =% Ha NPOMEXYTKaxX
[1; +00), (05 1], [-1;5 0), (=c0; 0)? i
6) Ilpu xaxoM BHaAUYEHUU X QYHKIHUA Y = < He onpeneneHa?

1 9
B) Mosker 11 QYHKLHA Y = ~ TPHHATH 3HAUEHHEe 07

1
AowazbiBaem. Jokaskure, 4T0 QYHKIUA Yy = ~ ABJIAETCH:

a) HeYETHOIl; 6) yowiBarouie# npu x < 0.

PacnosoxxuTe 3HAYEHHA A q)yHRLIHH Yy = % B NOpAJNKe BO3pacTaHHA:
2 1 1

. B cucreme KOoOpauHAT C eJUHHNYHBIMMK OT-

B

Hana GyHKIHA y =

5 1
pe3sKaMi, paBHBIMH 1 cm, IIocTpouTe TOYKH (x; ; IIPH X, paBHOM

1 1 1 1
1. 2,8, 4,41 S CoefuHHUTE II0JYUYEHHBIE TOUKHN HETIPEPHIB-
. o & 103
Holi smumeit. OrMersrTe ToukH ¢ abcuuccamu 5, 6, 7, R

B

Hecmonb3ysi TOCTPOCHHYIO JIMHUIO U HEYETHOCTh (PDYHKIHHU Y =

3

IIOCTPOITE JIEBYIO BETBBH I'UIIePOOJIBL.

1
C momoursio rpaduka QPyHKIHAM [ = + oupeneinre:

a) smauenue y, eciau x pasex 0,2; 0,3; 0,8;
6) smaueHue y, eciu x paseH —3,5; —1,8; —0,4;
B) sHayeHHe X, ecau y(x)=3; y(x)=5; y(x) =-2.



ITpocreiimue yarmn, Ksaaps

T T Y = =

118. Omnpezenure ¢ IOMOINbI0 rpadpura QYHKIHH Y = % BCE 3Haue-

HHUS Y, IPU KaKJOM M3 KOTOPBHIX BBINOJHAETCSA HEPABEHCTBO:

a) x>0 x<0; x>2; x <-3; 6) 0<x<l; 3<x<-1.
119. IlpunajiexuT JH rpapury QyHKIHHR [ = % TOUKA:

a) A(2; 0,56); 6) B(4;-1); B) C(-25;-0,04); r) D(6;0,7)?
120. BanonauTte TabaMIly Tax, YTOOBI IIaphl YHCEJ X M i 3aaBall TOY-

1
K1 rpapura QyHEIHH Yy = 5

x 1 3 -1 =

21

s, Keappathbeie KopHwU

[3.1. Monstne KBAAPATHOTO KOPHS |

B reomeTpum HWHOrja peliaeTcd sajada: ILIOIaAb KBajpara pas-
Ha b, HaiiTH JJIMHY ero CTOPOHLI. JTa 3ajadya ecTh YacTHEI ciaydait 60-
nee obureit sagaun. 18 KTaHHOrO AeHCTBUTENIBHOrO Yucaa b HalTH nei-
CTBHUTEJLHOE 4YUCJIO @, Takoe, uro a®=b. IlokamkeM, UTO 3Ta 3ajgadya
UMeeT pellieHue, TOJbKO ecau b — HeoTpHIATeJIbHOe HMCIIO.

BanaguM jgeiicTBUTENbHOE UYHCIO a. BosBegs ero BO BTOPYIO
CTemeHb, MOJYUYUM OelicTBHUTeNbHOE 4McJ0 b = a?, KOoTopoe HA3LIBAIOT
Keadpamom wucaa a. IlokaxeM, 4To b — UYHNCJIO HEOTPUIATETIbHOE.

B camom gexne, ectu a=0, o b=a%2=0-0=0. Ecau a >0, To,
YMHOKUB HepaBeHCTBO a > 0 Ha MOJOMUTENbHOE YHUCJI0 @, IOJYyYUM
b=a?>0.

Ecnu xe a <0, To, YMHOKHB 9TO HepaBeHCTBO HA OTPHIATEIBHOE YHC-
J10 @, IOJYUYUM
b=a?>0.

WUrax, MoxkasaHo, 4TO AJs J000ro AelCTBUTEJBHOrO YUCjIa @ crpa-
BemiuBO HepaBeHcTBo a2 0, T. €. KBaJpaT JIOOOro AeiCTBUTEJLHOIO
YHClIa — YMCJIO0 HeOTPUIIATeJbHOe.

13 crka3aHHOro CJeAyeT, YTO HeT TAKOro AelCTBHTEJBHOr0 4ucia,
KBaJpaT KOTOPOro ObII Gbl paBeH OTPUIATEIBHOMY YHCIY.

Teneps IOKaykeM, HCIONb3ys rpaduk (QYHKIHUM Y = X%, 4TO AIA
1106070 HEOTPHUIATEJbHOrO Yucja b CyllecTByeT NeWCTBHUTEJbHOE YHC-

JIo a, Taxoe, 4TO
a?=b.
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[ yh T T ] ; IIpu b=0 mam Hazo HaNTH Takoe
I Ty=x*7T7" wuncuoa, uroa?= 0. Ho torga a = 0, noro-
B\ b 4 My 4TO, KaK IMokasano Boime, 02 = 0; ecan
I e a=0, 1o a?> 0. Hrar, cymecrByer
\ / eqMHCTBeHHOe unucao 0, KBagpaT KOTOPOIo
\ / paBeH uucay b = 0.
. IIycte Teneps b > 0. IlocTpoum B mps-
A | / MOYTOJIbHOM cucTeMe kKoopaueaTr xOy rpa-
\. 1/ bur GpyHEKnun y = x2. OTJIOKHUM OT Haya-
\ 1 / Jla KOODAHHAT BBEPX II0 OCH I OTPE30K
/| .' JUIHHOM b 1 yepes BeDXHUII ero KOHeIl mpo-
R / BeJlEM NpPAMYIO, DapaJIeJbLHYI0 OCH X.
-a|-1 |0 1 |a |x| Ora npaMas nepecekaer mapafoiny y = x2
| [ B AByX Toukax A u B (puc. 31).
i IIycrs abcuumcca Touku A ecTh uyme-
H Puc. 31 a0 a. Torpa abeuucca Toyku B ecTh umc-
Jo0 (—a), noToMy 4TO TOYKH A u B cuMmmer-
PUYHBI OTHOCUTENBHO ocH y. O4eBMAHO, YTO KBaApaThl uucesa a u (—a)
paBHEI b:

a? = (-a)? = b.

IIpu sroM HeT APYrux JAefiCTBHTENIBHBIX YHCEN, KBaADAT KOTOPHIX
paBHsAJCA OBI b.

KBagpaTHBEIM KOpHeM M3 JaHHOrO YHCJA HaA3hIBAIOT TAaKOe YHCIIO
(ecau oHO cymecTByeT), KBagpaT KOTOPOro paBeH HAHHOMY YUCIY.

M3 ckasaHHOro cienyer, 4TO:

1) cymiecTByeT M IPUTOM TOJIBKO ZBa KBaAPATHBIX KOPHA M3 JII060-
r'o IOJOMXHUTEeJbHOro yucia b. OHKH paBHEL 10 a6CONIOTHON BeIHUYUHE, HO
MMeT pasHble 3HAKH, T. €. OAMH M3 KOpHeHl I0JOKHTeJIbHBIH, a apy-
roil — OTPUILATeNBHEBIH (Ha pucyHKe 31: @ — MOJOMKHUTENbLHBIN KOPEHb,
(—a) — orpuuaTenbHBIN KOpeHb U3 uucja b);

2) KBagpaTHBIII KODEeHBb U3 HYJIS €IWHCTBEHHBIN, OH DaBeH HYJIO;

3) Her AelCTBUTENBHOTO UMCIa — KBAAPATHOTO KOPHA M3 OTPUIA-
TEeJIBHOTO UMCJIa.
[0 3ameuanue 1. B pomosHeHHMAX K ruase 2 OyAyT BBeJEHHI KOPHH
KBaZpaTHBIE U3 OTPUIATEJLHBIX YHCE, HO 3T0 GYAYT yie He HefiCTBH-
TeJIbHBIE UNCJAa, & TaK HasblBaeMble KOMILJIEKCHbIE UMCJa.
771 Bameuanue 2. T'oBOpAT, YTO KBaAPATHLIN KOPEHb U3 OTPHUILATENIBLHO-
ro 4YHcjia He CYIIecTByeT, HmoApasyMeBas IIOA 9THM, 4YTO HeT AeHcTBH-
TeJLHOTO UHCJA, KBaJApPaT KOTOPOIO €CTh OTPHUIATeIbHOe UYHCJTO.

IIpumep 1. Yncna 17 u —17 — xBagpaTHble KopEH us 289, moro-
My uro 172 = (-17)2 = 289.

1 1 1
IIpumep 2. Yucaa — u —— — KBaJgpaTHbIEe KOPHH H3 19’ IIOTOMY

yTo l 2: —l 2:i
7 it 49°
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. A P U TR AT T Tand b B RS ¥l P Sl = LT

P b Bes A3 AW Y = i

5 5 25
IIpumep 3. Yucnaa 3 u N KBaJpaTHbIe KOPHHU U3 ) TIIOTOMY

(3]« (4] -5
3 3 9
IIpumep 4. Yucao 0 — eaumHCTBEHHBIH KBajgpaTHEIH KopeHb us 0.
IIpumep 5. Her peiicTBUTENBHBIX KBaZPaTHBIX KopHeil ua —4.

121. a) Mosxer iu GBITH OTPUIATENLHBEIM UUCJIOM KBaApaT AeiicTBu-

TEJIHHOI0 YHcaa?
6) YTo HA3LIBAIOT KBaApaTHBIM KOPHEM M3 ZAHHOTO uucia?

122. a) CrOJBKO CYIECTBYET KBAAPATHEIX KOPHEH H3 IOJIOMKHUTEIHHO-
ro yucyaa? us Hyaa?
6) CymiecTBYIOT JIM JeiCTBUTeIbHBIE UHCJIa — KBaapaTHBIE KOD-
HU U3 OTPHUUATEJBHBIX UHUCE?

123. HaliguTe cTOpoHY KBajpara, eCJH ero ILIoINaibk paBHA:
a) 25 cm?; 6) 1 m2; B) 400 mm?; 1) 49 gm?; n) 16 km?; e) 1 ra.

124. Iloka)kure ¢ MOMOIBIO Irpaduka QYHKIUHA Yy = X2, 9TO:
a) CyILIeCTBYIOT ABa KBaJpaTHBEIX KOPHA H3 yuciaa 4;
6) cyllecTBYeT eJUHCTBEHHBIIl KBaApaTHLIH KopeHb U3 uucia 0;
B) He CYIIeCcTBYeT JAeiiCTBUTEJBHBIX UYHCeJ — KBaJpPaTHBIX KOP-
Hell U3 uymcyaa —5.

125. CyuecTByeT JM YHCJI0, KBaApaT KOTOPOTO PaBeH:
a) 4; 6) 100; B) —6; r)81; x)-0,25; e) 0; :x)0,09; 3) 1,217

126. [okazbiBaem. J[JokaXure, ITO:
a) umcrno 11 ecrb KBagpaTHbIR KopeHb M3 121;
6) umcao —13 ecTh KBaApaTHLIN KopeHb U3 169;
B) umecno 1,7 He sABJAAETCA KBaJpaTHBIM KopHeM us 2,39;
r) uncao —0,7 He sABAsieTCS KBaApaTHBHIM KopHeMm us —0,49.

127. HaliguTe KBagpaTHble KODHH M3 YMCJa:

a) 10 000; 6) 3600; ) 640 000; r) 1 000 000;
% il o 3. 5 16
G L 9’ 36’ 49°

IokakuTe IPaBUIBHOCTL PELIEHMS.

128. IlposepnTe, ABIAETCA JIU YHCJIO:
a) 42 xBagpaTHBIM KOpHeM M3 1764;
6) —19 kBagparHbIM KOopHeM u3 361.

129. Pemiure ypaBHeHHE:
a)ixs=4; 6) x2=9; B) x2 = 16; r) x? = 25;

x2=36; e) x* = 49; e
) ) ) X% = oo =7
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\ 3.2. ApudpmeTnueckuii KBAAPATHbIA KOPEHb ‘

ApudmernuyecKkHM KBaApPaTHBIM KOpPHeM H3 JAaHHOrO HEOTpHIA-
TeJBHOr0 YKcja b HA3BIBAIOT TAKOE HEOTPHLATENbHOEe YHCI0, KBAAPAT
KOTOPOro pameH b.

970 yucIo 0003HAUAIOT vb ¥ YMTAIOT «apu(MeTHUECKHII KBagpar-
HBIH KOpeHb M3 4Yucia b».

BrerumcauM HECKOJBKO apU@METHUYECKUX KBAJAPATHBLIX KOpHei:

Jo=0, y1=1, J4=2, V9 =3, V16 = 4,

oF._ }i_l /.%E:é
i, 49 | Yo  §°

IToguepkuémM, uTo apudMerHuyecKuUii

YA ! '! | - KBaJipaTHBIM KOPEeHb U3 HYJA PaBeH HYJI0,
bL-L-p-p- —/y =x°_ a apudMeTHYECKHI KBaApaTHBIA KOPEHbL
1 M3 IOJOMHUTEJBHOI'O YHEJIa — YHCJIO II0JIO-
4 KUTenbHOe. IHOTHA BMECTO CJOB «apud-

MeTHUYEeCKUI KBaZpPaTHBII KOpeHb U3 YHC-
Ja» TOBOPAT <«apud)MeruyecKoe 3HAUYEHHE
KBagpaTHOTO KODHS U3 YHCJIa» UIH «apud-
MeTHUYECKHIl KOpeHEb BTOPOH CTEHmeHH u3
upeaay.

YacTo BBIpa)KeHHe Jg paa b= 0 mer
6yeM Has3bIBATE IPOCTO KBAJPATHLIM KOp-
HeM Hu3 b, omycKas AJsi KPATKOCTH IpHJIa-
raTejJbHOe «apudMeTHUYEeCKHII», HO IIogpa-

symeBas ero. na b < 0 BelpakeHne Vb ue
HMeeT CMBbICJIA.

Cpenu ABYX KBaZpaTHBEIX KOpHel u3
IIOJIOKHUTENBHOTO uncya b oquHe apudmeT-

YeCKHUH, PaBHEBIH \/E, a Ipyroi paBeH =a/B,
: l 3aTo KBazpaTHBEIM Kopedb u3 0 TOJb-
\ T 15 %o ozum: 0 = 0.

\ by B = 3HaUUT, QIS KaKI0T0 HEOTPHLATE ) b-
\ ] HOTO yMcaa b cymecreyer, M IIPNTOM TOJIb-
\ / KO OAMH, apu(pMeTHYEeCKHIl KBaJApaTHBIH
\ f KOpPeHb.

Ha pucyske 32 uucno 0 — apudmern-
YeCKMN KBAIPATHBIH KOpPEHb M3 YHCJIa
0, 1 — apudmernyecKH# KBAAPATHBIH KO-

pess us 1, NG = apudmeTnyecKkuii KBaj-
paTHbI# KOpeHBb M3 2, 2 — apudmeTHye-
| | CKHMI KBagpaTHEBEIM KOpeHb u3 4, \/E—

apudMeTHYeCKHUH KBaJpPATHBIH KOpPEeHL M3
B Puc. 33 IIOJIOKUTENbHOr0 yucaa b.

—1ha
SF-F-F-F-F-F-F-F-F-
3

H Puc. 32

—
o
e
P

|1
L~
o~

/

:' 0)

>
2
L

(2]
=
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Ilpocreiimue Gyarunn. KpajgpaTHple KOPHH
Sl I 7 T T, R B il e T B At S Bl T T TN

Kax BumHO M3 pHCYHKA 33, [JIf HEOTPHUIATENIbHBIX YHCeN b; u b,
BEepHEI JBa YTBEDIKACHUA:

ecau by < by, To£<\/g; ecnn\/g;<\fg, T0 by < bs.

W3 cxasaHHOTO clefyeT, 4To apudMeTHUeCKHe KBaAPAaTHRIEe KOPHH
13 PABHBIX HEOTPHI[ATEJIbHBIX UMCEJ PAaBHBI, a TaK)Ke eCJN KBaApaThl
HeOTPHUIATEJHHBIX YHCeJ PaBHBI, TO 3TH YHCJIA PABHBL.

Hcnons3ys onpefiesieHre 1 efIMHCTBEHHOCT apu(PMeTHIeCKoro Kaa-
pPATHOTO KOPHS W3 HEOTPHUIATEJbHOTO YHCJIA, MOYKHO PEIINTb HEKO-
TOpble YPABHEHMS C HEM3BECTHBIM, CTOAIIMM IO 3HAKOM KODHH.

m IIpumep 1. Pemrnm ypaBHeHHE
' Jx = 3. 1)

Ilo ompegmeneHUI0 apudMETHUECKOr0 KBAAPATHOTO KODHSA IOJOKM-

TeIbHOEe YMCJI0 3 ABIAETCS KBAaZPATHBIM KOPHEM M3 4HeIa X TOrAa
U TONBKO TOTHA, KOrAa Kpaapar uucia 3 paseH x. IloaTomy Bce KOPHH
ypasHeHusd (1) ABIAIOTCSH KOPHAMU yPaBHEHMHA 32 = x, KoTopoe uMeeT
enMHCTBEHHBIN KopeHb 9. CirefoBaTeslbHO, ypaBHeHue (1) nmeer eauHCT-
BEeHHBIH KOpeHb 9.

IIpumep 2. Pemum ypaBHeHHE

J2x -8 =5. (2)

Ilo ompeneneHU0 apu(MeTHIECKOr0 KBAJPATHOTO KODHS NOJIOXMH-
TeJIbHOe YHCIO 5 SBJSETCS KBaAPATHBIM KODHEM U3 uucjaa 2Xx — 3 Torma
H TOJBKO TOria, Korja Kpaapar umcia b pasen 2x — 3. Ilosromy Bce
KOPHU ypaBHeHUdA (2) ABJIAIOTCH KOPHAMU YDABHEHUS

52 =2x — 3,

KOTOpOe MMeeT eJMHCTBEeHHEBIH KopeHb 14. CnenosarenbHO, ypaBHE-
aue (2) TaxyKe UMeeT eJUHCTBEHHBIN KOPEHb 14.

IIpumep 3. Pemum ypaBHeHUue

J3x-38=-T. (3)

Ilo ompezmesneHu:0 apu@MeTHYECKOr0 KBAAPATHOIO KODHS OTpHIA-
TenabHOE YHeao —7 He MoKeT ObITh apudMeTHUECKUM KBaApaTHBIM KOp-
HeM HU U3 Kaxoro uucia. Iloaromy ypasHeHue (3) He mMeeT KOpHeH. (@)

B

130. a) Yro Ha3BEIBAIOT apU(PMETHIECKNM KBaJAPATHEIM KOPDHEM M3 NaH-
Horo umcaa?
6) CKOJBKO CYIIeCTByeT apu(pPMeTHUeCKHX KBAAPATHBIX KOpHeit
U3 JaHHOro yucuaa?
B) Moryr au 6bITh PaBHBIMU apu@MeTHYeCKHe KBaApaTHble KOp-
HYM U3 HepaBHBIX uucen?

r) BepHo iu, 4ToO (\/5)2 =b, ectu b = 07
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131. Haiigure apudmernueckue KBaapaTHbIE KOpHH!:

a) V9, V4, V0, V1, V81, V121, V400, v144;

1 1 1 1
6) 40,49, /0,25, ,/0,04, ,/0,0016, E ‘/% \E, Hﬁd'

Breruucaunre (132—134):

132. a) 2++1; 6) 15— /36;
B) V9 + 4; r) +16 + 4/25;
£) V49 - f e) V81 — /49;

) 100 — +/36; 3) V144 - V121;
u) /0,36 + /0,49.
133. a) 2-/81; 6) %m, B) ﬁm,
r)MJé, ) /0,25 : \J4; e) /49 : /0,01;
J81; 3) ,/0,36 : J%; u) /1,69 :./0,0625.

134. a) 5-/4-3; 6) 249 + 3416; B) V13- 3.3;

r) 72— 26: 2; ) %q/52+22:2; e) 30,64 — 5.1,21.
135. VmeeT ¢ CMBICJ BBIpAXKEHHE:

a) —/25; 6) V—25; ) +0; r) y1- 52

136. Haiiaure, eciiu BOBMOKHO, YHMCJI0, apH(DMETHYECKHIT KBagpaTHBIN
KOpEeHb M3 KOTOPOTO PaBeH:
a) 7; 6) 0,2; B) —2; r) —100.

Breraucaure (137—138):

1 @ o
137. a) 22, 0) 16' B) 116’ r)

138. a) /900, V6400, +/810000, 250000, +16000000:
6) /0,64, ,/0,0064, ,/0,0009, ,/0,000016, ,/0,000004;
B) V256, V729, V196, /625, /289, +/361.

139. [lokaspiBaem. [Jokaxure, 4TO:

:;p

a)JZ>1; 6)\/§>1; B)2<‘\/g;
r) 1,4 < 4/2; 1) 1,7 < 4/3: e) 1,8 > v3:
x) 1<+/2 <2; 3) 1<+3<2.

'TIpu BrimonHeHMH 3TOrO M CHeAVIOINNX YIOpaXHeHUH yaobHO MOoJIb30-
BaThesa Tabauneil KBaJApaTos.
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140. CpaBHuTe UHCJIA:

a) 100 u +/81; 6) V100 u +121; B) V4 u 3;
r) %HJO,ZE); n) 2 n\/_ e) lPx‘/z;

A -

141. Brruucaurte:

o (B o (@5 » (B » ()"

142. HaijiguTe ABa MOCJIELOBATEIbHEIX HATYPAJIbHBIX UHCIA, MEMXKIY KO-

TOPHIMU 3aKJIOYEHO YHCJIO:
a) V13;  6) J1T; B) V/23; r) +/39.
143. PemmuTe ypaBHeHHE:
a) x =1; 6) Jx = 2; B) f3x—-11=1;
r) {bx—1=2; n) J5x—-1=0; e) {7x—38=-1.

r3.3. CeoiictBa apudmeTnuecKux KBAAPATHLIX KOPHEWH \

TeorPEMA
MNycTb a n b — nobble HeoTpuuAaTeNbHblIE YUCNA, ¢ — MONOXUTENb-
HOE 4MCNo, Torga cnpaBessivBbl PpaBeHCTBA

Jab = Jab, (1)

Ona moboro AeACTBUTENLHOIO YMCNa a BEPHO PaBeHCTBO

Ja? = |al. (3)

Noxaszarensecrno. Jleas u npasad yacTu paBeHcrsa (1) — ne-
OTpHIATeIbHBIE UKCIa, W UX KBaApaThbl PABHBI OLJHOMY M TOMY e JHC-

ny ab: (J_)z oty (JEJE)E o (5)2(@)2 = ab.

Ho Torma, Kak MbI 3HaeM M3 II. 3.2, ¥ CaMU 4ucJia PaBHBL.
PagencTBO (2) foKa3bIBaeTCs TaK e, Kak u paBeHcTso (1). Bosso-
UM B KBaJpaT ero JIeBYIO M NpPaByl0 YacTH:

e (55 - Gt
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“\@

Je
Ba (2) paBHA mpaBoOi.

KBazpar 106010 HefcTBUTENHHOTO YHMCIa HEOTPUIATEIEH, II03TOMY
B JIeBO¥1 4acTH paBeHCTBa (3) AeHCTBUTEIBHO 3alIMCaH apu(pMeTHIeCK Uit
KOpeHb M3 HEeOTPHUIATEJLHOTO UMCIA.

Ilo onpenenenuio apudmMeTHIECKOr0 KBaJpPATHOTO KOPHSA (\/a_2 ) = a2
IToxasxeMm Temeps, 4To |a[? = a2. B camom geie,

ecim a 2 0, o |a| = a, u noromy |al? = a?;

ecan a < 0, 1o |a| =-a, u moromy |al? = (-a)? = a2.

Urak, Mbl oKa3aau, 4TO KBaAPAT JEBOH yacTu paBeHcTna (3) pasen
KBaZpaTy ero mpapBoil YacTH M IOCKOJBKY 9TH YACTH HEOTPUIIATEILHEI,
TO OHHM DPABHEBEI MEMAY COOOIi.

Teopema moKasaHa.

Ormeruwm, uTo paBeHcTBo (1) O3HAUAET, YTO KOPEHb U3 npousgede-
HUA HEOMPUYAMELbHbLX LUCe/ PABCH NPOU3BEOCHUID KOPHEI U3 dMmuUX
yucen. PaBencrro (2) o3Hauaer, 4TO KOpeHb U3 YACMH020 Om OelleHus
HeOmpuyamenibH020 HUCLA HA NOLONUMENbHOE PDABCH LACMHOMY KOD-
Hell U3 amux 4uced.

3aMeTuM, 4TO B 3THX (POPMYJIMPOBKAX MBI JJIS KPATKOCTH BMECTO
CIOB «apu(ph)MeTHUYeCKHH KBaJpaTHBIH KOPEHB» HAIMCAJHM IPOCTO <«KO-
PeHBb».

Pasencrsa (1), (2) u (3) momoraimoT ynpouaTh YUCJIOBLIE BEIpayke-
HH#, cofepikaliie KBaAPATHBIE KOPHH.

Ipumep 1. v/80 = +16-5 = V16 - /5 = 445.

Ipumep 2. Jg:%:\/%.ﬁ:% 3.

IIpumep 3. V8 -4/32 = /8.32 = /162 = 16.

IIpumep 4. (2\/§+3\f5—7\/§) (m+@—4~/§) =
= (2V442 + 3V5 - 72) (V236 + V45 - 442) = (42 + 385 - 742) x
x (62 + 245 - 442) = (35 - 3+2) (2v5 +2v2) = 6 (V5 - 2) (5 ++2) =
=6((v5)*- (+v2)*) = 6(5- 2) = 18.

IIpeoGpasoBanue v16 - 5 = 4+/5 HA3BIBAIOT BEIHECEHHEM MHOMKHTENS
H3-10J 3HAaKa KOPHA, obpaTHoe mpeobpasoBanue 4+/5 = 16 - 5 naswisa-
I0T BHECEHMeM MHOKMTENs Moj 3HAK KOpPHM.

fa
Tax xak KBagpaTel YHCes ; 158 PaBHEI, TO JeBad 4acThb PaBeHCT-

IIpeo6pasoBanue e ——3& = & HAa3bIBAIOT OCBOOOIKIEHUEM OT
NN

3HAaKa KOPHS B 3HAMEHAaTeJle W1 OCBOGOKIEHNEM OT HPPAIMOHAJIBHO-
CTH B 3HaAMeHaTeJe,
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144. a) Yemy paBHO IpousBejeHNe KBAJAPATHBIX KOPHeH M3 HeOTpHIa-
TeJbHBIX dHcen?
6) Yemy paBeH «./a-z IS TTOJIOXKHUTEJBLHOTO uucyaa a?
B) Uemy paBHO YacTHOE KBaJPAaTHBIX KOPHEH U3 IOJOKHTeIbHBIX
yucesa?
r) Ilepeuucnure cBoiicTBa apU(hMETHUECKUX KBaJAPATHBIX KOpHEeH.

n) Eciu a <0, To sABIsieTCs JIM BbIpasKeHHe vJa? apudmeruye-
CKUM KBaJ[paTHBIM KOPHEM?

145. Brrunciaure:
a) V42 6) +/8,12; B) {(-1)%;
r) +(=5)%; n) 4/1,18%; e)
) /(-0,8)%; 3) (=5T,1)2.

146. Ilpu KaKHUX 3HAUEHHAX X CIPaBEAINBO paBeHcTBO!:

a) Vx% = x; 6) Vx* = |x|; 8) VJx? = —x; r) Jx? = 0?
147. YupocTuTe BBEIpAXKeHHUE:

a) x[;z?,ec.lmaEO; )\/b—g,ec.lmb<0;

B) Jm?, ecin m = 0; r) (n—-1)%,econn <1;

n) Jx+1)2,ecmmx + 1> 0; e) J(m—2)2,ecnum—220;

®) J(Ba+1)?, eciu 3a+120; 3) (p—4)%, ecmup—-4<0.

Brruucanre (148—149):

S FEN ETAS T

149. a) \/ET; 6) \/3_‘1; B) «,/2_6; r) \/3_5;
D JC2%: e JE3®; w) Jat;  a) JmS.

Vixasanue. IlogxopeHHOe BbIpa)xkeHue IpeobpasyiiTe B CTeNeHb
¢ nokasarejeM 2.

[=]]

O | =

150. YupocTuTe BhIpaKeHHe:

a) {x?+2x+1; 6) Ja® +4a +4; B) y1-2m+m?;

r) J4-4p+ p?; m +at+2a®+1; e) y9-6¢® +q*;
) Jax? —12x+9;  38) 25+ 30a +9a?.

1 Tamee Bcerpa 6yxpamu Gygem obosHauars uncna. Hamomamm, uro uymcsa
noJ 3HAKOM KOPHA HeOoTpHIaTebHBI, a 3HAMEHAaTeJ npobeit He obpararoTcs
B HYJIb.
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151. Brruucaure:
a) v4-9; 6) V9-16; B) 16-25;
r) v25-49; n) ¥25-36:.9; e) +v49.64-100.
Beirnecure MHOMUTENIb UB-1I0J 3HaKa KOpHA (152—154).
Hanpnmep:qf—z\/4-—=\/Z-\/_:\f2—2-wf§=2x/§.
152. a) V12; 6) V18; B) /20; r) V24; n) V27;
e) +/28; x) V/32; 3) V45; u) V50; k) J72.

153. a) V108; 0) +147; B) v162; r) +/245;
o) +275; e) V363; ) V396 3) V/576;
u) J676; K) v972; Ja) +b4756; M) v831744.

¥Yrasanne. B CI0MKHBIX Cay4Yasix MOJE3HO DABIOMKHUTH IIOOKOPEeH-
HOe BBIPa’KEHHE Ha IIPOCThIE MHOMKHUTENH H BBIAEIUTH KBaJApaThl
9THX MHOMHUTeJel, eclIi OHU HUMEIOTCH.

Hanpumep: /2160

2160|250 1-if criocoS. V2160 = |/22.22.32.3.5 =
1080 |2 =22 .92 .32 . 3.5 =2.2.3.15=
50120 3ot
135 | 5 2-it crroco6. V2160 = /22.22.32.3. 5 =
27|32 =J@2-2-32.15=/(2-2-3)?% - 15 =
g 3 = 124/15.
1
154. a) Va'; 6) Vad; B) Vm®;

) Jp'; x) Ja?b?; e) Jm?-4n?;
x) xty?; 3) V9p%q*; 1) /25052 ;
K) 16xy?; J) JW; M) m.

Baruncaure (155—156):

155. a) V8. 50; 6) V27-12; B) V18.50;
r) v/32-72; n) V40 55- 22; e) v21.85.15;
x) V/6-30-245; 3) v/245-27 - 60; u) 242-98.
156. a) 8- 8; 6) 3 - 75; B) /20 - /45;
r) V98 - v/50; 1) /40 - 10; e) /27000 - /30;

x) V640 -41000;  3) /25000 - +/1000.
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157.

158.

159.

160.

161.

162.

163.

BrecuTe MHOKUTENb O] 3HAK KOPHA:

a) 242; 6) —3v2;

B) 4+5; r) ~10+/5;

I) a\/Z,a?O; e) mn\/_ m=0,n=z=0;
&) 2x/6, x <0; 3) 3qu p=0,q=0;
n) 2243 k) a’J7, a = 0;

1) m?n4, n<0; M) 5c2d3J§, d=0

BrlHecHTe MHOMKUTENL U3-TI0N 3HAKA KOPHA:

a) \/_ 6) \/%; B) %; r) \/7—_2;

3

i | x
12 = 1= ; ) H
) 5 e) ) i 3) 16b2
3m3n2 25x° y 0,1x . 5m®
1) a2b %) mn’ %) 10427 ) 0,5n
Brruuncanre:
49 64 7 1 169
a) .|—; 0) .[—; 1—; 2= —.
) Va1 ) V100 2yl P44 A Va1

BriHecuTe MHOMKHUTENEL W3-IIOM 3HaAKa KOPHHA:

/1. fl. IE. E. /ﬁ.
a) E: 6) 37 B) 3’ P) 5’ vu) 7,

8 . e T3 |a. n
& Vig’ %) V6a’ ) 3x’ ) Vom K) Vo

IIpeobpasyiiTe BeIpakeHue Tak, 4TOOBI I10J] 3HAKOM KODHHA CTOAJO
IeJI0e UUCIO:

‘/ L f 2% 21, 21, >
a) 35, 0) lg, B) 25, r) 23, R) 83-
Hanpumep: 21: 5._ j10 _ 410 _ ¥10

: erTas VT

3Hasa npubIMKEHHOE 3HAYEHUE \/6 =~ 2,449, BrruncauTe npubiIu-
JKEHHO:

a) \/g; 6) \E; B) \E; r) \/%

OcsobonguTech OT 3HAKA KOPHA B 3HaMeHaTeJe:

W12 J18 x| J6x
a) ‘Jg > 6) JE Ed B) ﬁ ? F) -Jz_x’
,D;) ﬁ' e) i_f)_' H{) _‘Ji' 3) J_§.
6x bx 5’ JE
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164. CpaBHUTe UuUCIa:

a) 32 u 24/3; 6) 10420 u 20410;  B) 3./0,5 u 2./0,5;
r) 540,3 u 7‘/0,_3; ) 3410 u 4@; e) 63 u 5\@;
x) V6 u 57; 3) 2+/30 u 5+5; u) 12410 u 10412.

165. PacnonosxuTe B NOpsijiKe BO3PACTAHMUSA UYMCHA:

a) /32, 30, 33, 542, %ﬁ_z;
6) 0,2+/48, 0,943, 43, V12, 1%\/5.

166. BriHecuTe MHOMKHUTENb U3-1T0J 3HAKA KOPHSI:

a) —\/_ 6) __J_ B) 2 ﬁ; r) 3 %.

3V 8 4V 5
167. anoc'rn're BBEIparKeHHe:!
a) 242 +342; 6) 248 — 3+2;
B) [—5«./;; r) a«/;—3\/:*c—;

) 2va +3vVa - J4a;
e) J§+3J§+%«/@—6Jﬁ;
x) (8+3V5) (2-5);
3) (38 ++18 + /50 - 272) - V2
) (3-+2)(2+342);
x) (7V2 - 516 - 38 + 4420) - 342;
1) (2v6 +5v3 - 742) (V6 - 2V3 + 442);
M) (Jﬁ—l)(\/ﬁ+1);
m) (7-+3) (V3+7);
0) (v20-3) (3+25).
168. PaznoxuTe HA MHOMKUTEJH:
a) x/gﬁ-x; 6){1—-‘\/_ B) a\/§—b\f§;
r) 3va — 3b; I) xJ_ yx; e) m+n + n'm;
) \/a_3+2a; 3) Smn—m; ") xy—,/E.

169. Coxparure gpo0k:

)3J§+2J§_ 6)2+J§_ B)J5+5,
10 ’ J§ H J—5_,
)7«/_—21_ Vx4 x &) m-—\[r;_

1443 %) &
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[Ipocreiimue dyaxkunn. KpagpatHeie KOpHH
e T ——

170.

171.

172.

173.

174.

175.

Boassenure B CTeNeHb:
a) (JE+JI;)2; 0) (a—-b\/;)z; B) («/§+«/§)2;
n (V3-+2)5 m (1+342)% e (-1+443)%

OceobonuTech OT HPPAIMOHAJBLHOCTH B 3HaMeHAaTeJIe:

N 20 4 AB=1
a)JE—l’ 6)J?T~1’ B)JEH’
T)\/§+1' A g e)f—ﬁ

N S8+ 42 J5+ 43"
Brruucaure:

a) y11+47 - JT7; 6) 11— 47 — +T;
8) 16+ 647 — JT; r) 16— 647 +T;

x) {17 - 6+/8 +8; e) ¥31-8+15 +/15.

Vrxaszanue. Ynciosoe BolpaskeHne Bua A + BJC HamIo0 cTapaTrh-
csl mpeofpasoBaTh TaK, YTOOBI MOJKOPEHHOE BBIDAYKEHHE CTaJIo
MOJHBIM KBaJpaTOM,

Hanpumep:

J3-2V2=41-2/2+2=0-2)2 = |1-+2|=+2-1.
Hokazsieaem. [Jokaxure, 4TO 3HAYEHHE YUCTOBOI0 BHIPAYKEHNA:

2) J2+43 - 4243 5) JB8+45 —4/8 -5
V2 ' 2

ABJIAETCA paliuoOHAJIBHBIM YHCJIOM.

HaiiguTe sHaveHue BLIPpAXKeHUAd:
a) 4x+‘f9—x2 +|\[Q—x2 —3‘ npu x = 2,5;

6) 10x + /4 — 92 +|2- Ji—9x? | npu x = 0,1;

B) 5x+ﬁ6—3x2 +|J16—3x2 —4‘ opu x = 1,2;

r) 2x + 425 — 4a? +|5~,/25-4x2 \ npu x = 2,1.

Ilax oTpe3ok efuHUYHOMN AnuHB. C IOMOMIBIO NUDPKYJIA U JUHEH-
KU IIOCTPOMTE OTPe3oK, AJHMHA KOTOPOro paBHA:

a) V2; 6) J3; ) /5; r) v6;
) J7; e) V/8; %) 10.
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3.4. KeagpatHblii KOpeHb M3 HATYPONILHOrO 4YucAa

KBazpar marypaneHOro umcia ecTh HaTypadbHoe umcao. Ho He
BCAKOEe HATYpaJbHOE YHCJIO0 E€CTh KBaJApaT HEKOTODPOre HATYDPAIbHOTO
qycaa.

Cpenu nepsuix 20 HaTypaNbHBIX YHCEJ TOJIBKO 4 ABIAIOTCA KBajpa-
TaMH HaTypaJbHBEIX uucen: 1, 4, 9 u 16.

Cpenu nepseix 1000 HaTypansHbIX unces uMeercs 31 yucmo, KaM-
Jloe M3 KOTOPBIX ABJAETCA KBAAPATOM HATYPAJIBHOTO YWCJa, T. €. IIPH-
mepHO 3% . Bor oHu:

1, 4,9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289,
324, 361, 400, 441, 484, 529, 576, 625, 676, 729, 784, 841, 900, 961.
Ecunu e paccMoTpers HaTypaJbHbIE YHCIa, He onsmue 10 000, to

cpeau HUX umeercs: Bcero 100 uucen, r. e. 1%, apagomuxcs KBajgpara-
MM HaTypPaJIbHBIX YHCEJI, & UMEeHHO:

1%; 22383, . 100%

Mer BuguM, uTO cpean GOJBIINX HATYPAJbHBIX YHCEJ OYEHBL PEIKO
BCTPEYAaIOTCA KBapParThl HATYPAJBHBIX UMCEJ.

TeoremMn
Ecnu HatypasbHOe 4YWCI0 n He SIBASETCS KBaApaTOM HEeKOTOpOro
HaTYPaNbHOro YUC/A, TO Vi — MPPALMOHANBHOE YMCHO.

HOK&B&TBJ’IBCTBO 9TOH TeopeMBbl MbI OIIYyCKAaeM.
W3 TeopeMbl caenyer, 4To YHCIA

V2, V8, 5, ¥6, 7, V8, V10, V11, V12, ...

eCTh UPPAIlMOHAJBHBIE YUCJIA.
IIpuBeném mpumMep AOKAa3aTelbCTBA HPPALMOHAIBHOCTH OIHOTO W3
9THX 4YliceJ.
HorarkeM, 4TO YHCJIO V3 HPpalMOHAJIbLHOE.

Joxasareansctro., IIpeanosoxum npoTHBHOE, UTO V3 pamuo-
HaJIbHOE YHCJO0, T. €. 4UTO
p
V3=2, (1)

q
rge p U ¢ — HaTypajbHBEIe Uucia. Bynem cuuTaTh, 4TO ApPO6L g Heco-
KpaTHMas, MHadYe MBI IIDeIBAPUTEILHO €6 cokpaTuau 6n1. Ilocie Bo3Be-

2
neHns paBeHcTBa (1) B KBagpaT mosiyumm, 4To 3 = §2—, OTKyIa

p? =3¢ (2)
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Tax kak mpaBafg 4acTh paBeHcTBa (2) menurcsa Ha 3, TO H JeBas
yacTh — p° — TakKiKe gennTcs Ha 3. JloKakeM, uTO TOrJa YUCJO p Je-
JIHUTCSA Ha 3.

IIpeanmono:XUM INPOTHBHOE, YTO p He AeJuTca HA 3, T.e. HJIH
p=3k+ 1, unup =3k + 2, rge k — HEKOTOPOE HATYPAIbHOE YHCJIO, TO-

raa unau p? = 9k% + 6k + 1, nnu p? = 9k% + 12k + 4 — B 0boux ciayuasx
p? we gemurcs Ha 3. [Honyuwmnu nporuBopeune. Mrak, p geaurca =Ha 3,
T. e. p = 3k, Tge B — HeKOTOpoe HaTypaJbHOe uncio. Torga U3 paBeHCcT-
Ba (2) cnemyer, uro g2 = 3k%.

Paccyxgas aHanoOrmuHo, IOJYYUM, YTO ¢ AEeJIHUTCA Ha 3, HO TOrHa

Ipobb g COKpaTHMasd, a 3TO IPOTHBOPEYUT YCJIOBHIO, YTO 9Ta APOObL He-

cCoKpaTHMasd.
Taxum o0pasoM, OPeAnoJ0KeHHe, YTO a3 — pannoHanbHoe YKo,
HEeBEepHO, 3HAYUT, A3 UPPalNOHATBHOE YHCJIO.

176. MoskeT nu GBITH PALIMOHAJBHBIM YHCJIOM KBaJpPaTHBIH KOpPEeHb HU3:
4) IIPOCTOro Yucia; 0) HaTypaJbHOro yucJja?

177. a) Brinumure HaTypaJibHBIE ducia, MeHbmue 150, KoTopble sB-
JAITCA KBaZpaTaMH HATYPAaJbBHBIX YHCEJ.
6) MmeroTca JIM KBaJpaThl HATYPAJIBLHBIX YHCEJ CpelHd HaTypalb-
HBIX uyncea ot 150 go 200?

178. SlBisiercs JIu KBaZpATOM HATYDAJIBHOIO YMCIA UMCIO:
a) T; 6) 27; B) 0; r) —5;
) %; e) 100; x) —16; 3) 49?7

DoxazeiBaem (179—180).

179. [orxaxkure, 4TO He CYILIECTBYeT DaIlMOHAJBHOIO YHcCJIa, KBajgpar
KOTOpPOI'0 DaBeH: 1 1
a) 5; 6) 7; B) -2~; r) =

180. Jloxkaure, 4TO YHCJIO:

a) »fg; 0) ﬁ; B) \/1—1; r) V13

HppanHOHaJBHOe.

181. SfBasercsa JU YUCIIO:
a) V4; 6) V13; ) V16; r) V17;
1) -J9;  e)420;  x)4/25; 3)40

pallMOHANBHBIM? WPPAIMOHAIBHBIM?
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dokassiBaem (182—183).

182. JlokakuTe, UTO 3HAUEHHE JAHHOIO BHIPAYKEHMA — YMCJIO paIiuo-
HaJIBHOE!:

a) (v2-1) (V2 +1); 6) (V3-1) (V3 +1);
8) (v5-+3) (V5 ++3); r) (V6 ++/5) (V6 - V5);
n (V2+1)" +(V2-1)% e) (V3++2)" +(¥3-+2)%
x) (ﬁ—1)2+(ﬁ+1)2; 3) (\/g— J§)2+(-\/g+\/§)2;
n) (V7 - 2)° +447; x) (V8 +3)” - 6+8.
183. [loxakure, 4TO s jgioboro uucna a = 0 BeIIoJIHAETCA PABEHCTBO!
a) (Jﬁ—@)(ﬁﬁ-x@):l;
6) (Va-1)"+4va = (Va +1)%
8) (Va+2)*-8va=(Va-2)~

| 3.5*%. MpubnmxéHHoe BbIMMCIIEHUE KBOJPUTHBIX KOPHE#i |

Mger 3HAaeM, 4TO ‘JE €eCTh HMppanmHoOHaJBHOE UYMCJO. C.HE,IIOB&TE.HBHO,
€ro gecATHYHOE pasJoiKeHHe

‘\/E = Oto,(ll()!z(l;;.'. .

GecKOHEUHOe HelepHoguuecKoe.

IloxaskeM, Kak BBIUHCIAETCA YHCIO Oy ¥ KaK BEIYUCIAIOTCA IIOCye-
JOBATEJIBLHO LUMPEL O, Oy, O3, ... .

W3 pBoilHOrO HepaBeHCTBA

1l<2<4
no ceoiicrBy 7 (m. 1.1) cmemyer, uTo

ﬁc«/ﬁ<\fi, T.e.1<+/2<2.

3Hauur,
ty=1, 1. e. J2 = 1,0,050... .

ByneMm Teneps HCKAaTE (. [lja 3TOTO PAacCMOTPHUM UYMCIIA

1,0; 1,1; 1,2; 1,3; ...; 1,9; 2,
rae-To MeXIy HHIMH HaXOOUTCS YHCJIIO V2. 910681 V3HATh, MEXIY KaKH-
MH W3 HHUX, OyJgeM IIOCJeNOBaTeJHHO BO3BOAUTE UX B KBajapar:
1,02=1; 1,22 =1,44; 1,42 =1,96;
1,12 =1,21; 1,32=1,69; 1,52 = 2,925,
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b L

JI&JIBHIB BBIYHCIATHL He HAA0: Mbl BHIHUM, YTO

1,42 < 2 < 1,5%,
HINA
14«2 <1,5.

910 moKasbIBaeT, uTO ¢; = 4, T. €. V2 = 1, 40,005,
Yrobbl HAWTH ¢f,, BEIYHUCIAHUM KBajpaThl YUCE:

1,402 = 1,96; 1,41% = 1,9881; 1,422 = 2,0164.

MpI BUOUM, YTO
1,412 < 2 < 1,422,
T, e.

1,41 < 42 < 1,42.

ITosTomy o, =1, T. €. V2 = 1,410404... .
Wrak, Mbl HallUIX IEJYIO YacTh U IepBble ABe HU(PHI mOCHe 3amsd-
To# B AECATHYHOM DABJIOMKEHNM /2, MIi IPUGIMKEHHOe 3HAUEHIE J2:

V2 =141
C HEJOCTATKOM C TOYHOCTBIO OO BTOPOI'O 3HaAKA IiocJje SaIIHTOI"’I. HPOJIOJI-

JKag 9TOT IIpoliecc, MBI OYAEeM HAXOAUTL HPUONHKEHHEBIE 3HAUYSHUS Jé
¢ TeM KOJIMYeCTBOM IM(P Iocje 3alsiToil, KOTOpOe HaM INoHajgoburesd,

JIPYTUMHU CJIOBAMM, BBIYHCIHM V2 ¢ TounocTsio 10 1106010 HEOGXOAUMO-
ro HaM 3HAKAa IMocJje 3aIsaTO:

V2 =1,4142135....

STOT Ipomece MOYKHO IPUMEHUTH K NPHUOIMAKEHHOMY BBIYHCIEHUIO
apudMeTUuecKoro KBaApaTHOro KOPHA U3 J1000ro HaTypaabHOIO YHCIA,
He ABJIAIONIErocsd KBaJpaToM HATypaJIbHOI'O YHCjAa.

Ho o6pI9YHO TaxkHe BBIYMCJIEHHA He AenaiorT. CyIIecTBYIOT HOAPOO-
Hble TaGIUIBl A OPUONMIKEHHBIX 3HaUeHHH apu@dMeTHUYeCKHX KBal-
PATHBIX KOPHEeH M3 HATypaJbHBIX 4YHCEJ.,

KpoMe TOro, ¢ IOMOIIBI0 KANBKYJIATOPAa MOYKHO MOMEHTAJBHO
y3HAThL, YeMy IPHUOJIMKEHHO paBeH apu(MeTHUYECKMIl KBaZpaTHBIH KO-
peHb U3 AAHHOIO HATYpPaJbHOIO YMCJA.

B

184. [Ins xakgoro us yucexa 2, 3, 4, 5, 6, 7, 8, 9 nalnaure:
a) mauboJiplllee HATypaJbHOE YMCJO, KBaJpaT KOTOpOro He 60Jb-
e JAaHHOTO UHCJAa;
6) mauMeHbIIIee HaTypalbHOe YHCJI0, KBAAPAT KOTOPOTO HE MEHBb-
IIe JaHHOIO YHCJIA.

185. Haligure npubanxEHHOe 3HaYeHUE apuPMEeTHIeCKOT0 KBaIpATHO-

ro KOpHA u3 uuciaa ¢ rounocrsio o 0,01:
a)3; 6)5 1B 6 1r)T7 x) 8 e) 10; x) 11; 3) 12,
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186. Briuuciure ¢ TouHOCTHEIO HO 1:

a) V174, 6) v242; B) V357, r) v¥413.

187. Brruucaure ¢ Tounocrsio mo 0,1:

a) J23; 0) \/ﬁ; B) \/;E; r) V53.

188. BriunciuTe ¢ TOYHOCTHIO A0 TPETHEr0 3HAKA IIOCJE 3aTATOMH:
a) J6; 6) V8; ) V10; r) V1.
IIposepbTe pesynbTaThl 10 Tabiuile KBaAPATHBEIX KOpHeEIi.

189. Hcnonpaysa Tabaumy KBaApaTHBIX KOPHeH, BRIUMCIMTE IIPHOJIH-
JKEHHO C TOYHOCTBLIO 0 €AHHUIIBL:

a) 1/5; 6) «/g; B) J1_3; r) ﬁ;
n) V97; e) V12; %) +/28; 3) V/51;
n) 12,3; k) 43,1; 1) /840; M) /785;
1) +/1228; 0) J1840; m) +/3240; p) /431;
c) /689; ) V1578 ; y) 2578; ®) V4774,

190. ITposepbTe CIpaBeAIMBOCTh HEPABEHCTBA:
a) 6,0 < +/37 <6,1; 6) 4,3 <19 < 4,4;
B) 11,0 < 123 <11,1; r) 21,3 < 4/456 < 21,4.

191. Kaxoe ynciao aBiasercs 6ojiee TOUHBIM NPUOIHIKEHIEM Jl_lz
a) 3 wau 4; 6) 3,3 unm 3,4;
B) 3,31 uau 3,32; r) 3,316 umam 3,3177?

Dononnenus k rnase L

[ 1. MHoXecTBa |

MHo:xecTBOo — 3T0 cofpaHue Kakux-iubo IpesMeToB, Beleil, Io-
HATHI, HA3bIBaeMBIX €ro ajieMeHTaMu. B mMaTeMaTHKe 3TO MHOMKECTBa
qucea (HATYpPaJbHBIX, LEJBIX, AEeHCTBUTENBHBIX M JP.), MHOKECTBA TO-
yeK, (pUryp 1 T. II.

M=uozxecTBa 0603HaUAIOT JIATUHCKUMHU OyKkBamu A, B, C, ... . Ecau
a fABIAETCS dJIeMeHTOM MHOecTBa A, TO HHIUYT a4 € A U TOBOPAT
«a npuHagye:xxur A». Eciau b He ABNseTcs ajleMeHTOM MHOXKecTBa A, TO
numyT b ¢ A u roBopar «b He nmpuHamIeKAT A».

Ecnu n10060ii 2/1eMeHT MHOKeCTBa A ABIAETCA 3JIEMEHTOM MHOMKECT-
Ba B, T0 A Ha3eIBAIOT MOAMHO:KECTBOM MHO)kecrBa B. Ilumyr A c B
U TOBODPAT «A IOAMHOKecTBO B».

Ecniu A cocTouT TONBKO M3 OZHOIO BJIEMEHTA d, TO PA3IUYAI0T MHO-
sxecTBO A = {a} 1 diIeMeHT a MHOXKecTBa {a}.
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MHokecTBO, He cogepiialniee HU OJHOTIO 2JieMeHTa, Ha3bplBalT IIyC-
TBIM MHOJKecTBOM. Ero o6o3mauamT 3HAKOM @ n CUUTawT, 4TO IIyCTOE
MHOMECTBO fABJdAETCA IOOMHOMECTBOM Joboro MHOKECTBA.

MuoKecTBO, COCTOSAINEE N3 KOHEUHOI'0 YHcja 3JIeMeHTOB, Ha3bIBaloT
KOHEYHBIM. DJEMeHTHl KOHEUHOTO MHOY{EeCTBa, COCTOAILIero M3 n aje-
MEHTOB, MOHO 3aHYMEPOBATH:

Ais Bay @y wess Qs

MHOIKEeCTBO HAa3bIBAIOT OECKOHEYHBIM, ecJH JIJsA Ji000ro CKOJIb
yrogHo GOJIBIIOro HATYDPAJIBHOIO 71 B 9TOM MHOXKecTBe Haljeércs OoJee
uyeM 71 2JIEMEHTOB.

Hanpumep, MHOKecTBO N HATYypalbHBIX UMCEJI

1, 2, 3, 4, ...

Geckoneuno. MuoecTBO R OeliCTBHTENBHEIX UMCce] ToyKe DeCKOHeUHO.

O6benuHeHHEeM MHOKecTB A 1 B HaspIBAIOT MHOMKECTBO, COCTOA-
Iiee W3 BCEX DJJIEMEHTOB, NPUHAIJIEXKAIIAX JUO0 MHOKecTBY A, 100
MHOkecTBY B. O6bemunenue MHOMKeCTB A m B obGosmauaror A U B.
Buax U NIpOHCXOAMUT OT IIepBOoi OyKBBI JJATHHCKOTO cloBa union (00benu-
HeHHe, corod). O0beauHeHe MHOMKECTE A U B mHOrJa Ha3bIBAIOT CyM-
Moif MHOKecTB A 1 B.

IlepeceuennemM MHO:kecTB A 1 B HasbIBalOT MHOXXECTBO, COCTOAIIlEe
U3 BCeX JJIeMEHTOB, KayXABIH M3 KOTODBIX IPHHAMJIENKHT 1 MHOMKECT-
By A, u muoxecrBy B. Ilepeceuenme mHoxcecTB A u B ofosHadaior
AN B.

Hanpumep, nyers A =[0; 2], B =[1; 3]. Torga

AUB=[0; 2]U [1; 3] = [0; 3],
ANB=[0; 21N[1; 3]=[1; 2].

Pa3HoCThIO MHOMXKECTB A 1 B Ha3hIBAIOT MHOMKECTBO, COCTOfALIee U3
BCEX 3JIEMEHTOB MHOKecTBa A, He ABJIAIIINXCA 3JIeMeHTaMi MHOMeCT-
Ba B. PazuocTs MHOKecTB A u B oGosHauaror A\B.

Hanpumep, ecin A = {1, 2, 3, 4}, a B = {3, 4, 5}, 10

A\B = {1, 2},
B\A = {5}.

ToBopar, uro mHOKecTBa A W B uMe0T paBHBIE (OAMHAKOBBIE)
MOIITHOCTH, €CJIM MeKAy djieMeHTaMu @ € A u b € B MOKHO yCTAHOBHUTH
B3aUMMHO-OZHO3ZHAYHOE COOTBETCTBHE.

Hanpumep, Me:xay osiaeMeHTamMu MHo)kecrBa A = {1, 2, 3} u MHo-
skectBa B = {1, 4, 9} M0KHO yCTaHOBUTH B3AHMHO-OJHO3HAUHOE COOTBET-

CTBHE g B
[
1 4 9

OTH MHOXeCTBa UMeIOT paBHble MOIITHOCTH.
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ToBopAT, YTO MOIIHOCTL MHOKECTBA A MEHBLIIIe MOIIHOCTH MHOMKe-
cTBa B, ecnm MeMXIy sJieMEHTAMM 3TUX MHOMKECTB HeJb3sd YCTAHOBUTEH
B3aHMHO-OJHO3HAYHOE COOTBETCTBHE, HO CYIIECTBYET IIOJMHOMKECTBO
B’ c B, rakoe, uTo Mex Ay ssemMeHTaMi A u B’ MO HO yCTAHOBUTEL B3a-
MMHO-OZHO3HAYHOE COOTBETCTBHUE.

Ecnu A u B — KoOHeuUHBIe MHOM(ECTBA ¥ MHOJKECTBO A COCTOHT M3
7, 2JIEMEHTOB, & MHOKecTBO B cOCTOHT U3 1y 3JIeMeHTOB, TO, OYEBHIHO,
MOIIIHOCTH MHOKecTB A u B paBHEI, €CJIA 1y = Iy, U MOILHOCTHE MHOJKe-
cTBa A MeHBIIe MOIJHOCTH MHOMKecTBa B, ecnu n; < ns.

MomiHOCTS KOHEUHOTO MHOKECTBA A MEHBIIIe MOITHOCTH GecKOoHeu-
HOro MHOecTBa B: Bejb A €OCTOUT M3 KOHEUHOI'O UYMCJIA DJIEMEHTOR,
a B B cymecTrByer Ooablle ueM 71 3JIEMEHTOB AJs JI000r0 HATYpPAJb-
HOTO 1.

M=HosxecTBo N BceX HaTypaJbHBIX YHCEJ MMEET MONIIHOCTE OJWHA-
KOBYIO C MHOJKECTBOM BCeX UYETHBIX HATYPaAJBHBIX uMcesl. Bexnp mumeer
MECTO B3aHMMHO-OJHO3HAYHOE COOTBETCTBHE

n = 2n,
#He1,8 8, s

Ilonyumnyicsa npuMep GECKOHEUHOI'O MHOMKECTBA, MMEIOIIero OXMHAa-
KOBYIO MOIIIHOCTBH CO CBOEI YacThIO.

Bor emé npumep. MHOKECTBO BCeX HATYPAJbHBIX YMCEN U MHOMKE-
CTBO BCeX IEJIBIX HEOTPHIATEJBHBIX YHCEel HMEIOT OAMHAKOBYIO MOII-
HOCTBH. B3aMMHYIO OHOBHAYHOCTL MEMKAY JI€MEeHTAMH 3THX MHOMKECTB
MOJKHO OCYIIIECTBHUTBL TaK:

1, 2, 3, 4, 5, ...
{2 S A S
o, 1, 2, 3, 4,...

YpaBHeHue a + x = b, roe a U b — HaATypaJbHBIE YHCJA, He BCerja
paspeuIuMo, T. €. He Bcerjla UMeeT pelleHHe B MHOMECTBe HATYPAJIbHBIX
YuceJI, HO BCerjia MMeeT PellleHHe B MHOKECTBe IIeJIBIX YMCeJl.

VYpaBHeHUe @ + x = b, re a © b — OBBIKHOBEHHBIE ITOJIOMKUTEIbLHBIE
ApobH, He Bcerga paspelIMMO B MHOYKeCTBE O0OBIKHOBEHHBIX ITOJIOMKM-
TeabHBIX Apobell, HO Bcerjga MMeeT pelieHHe B MHOMKECTBE ParUoOHAJb-
HBIX YHCeJI.

Vpasuenue ax =b, rge a u b — nensie uncaa u a # 0, He Bcerga
paspelIMMO B MHOKECTBe LeJbIX YMcell, HO BCerja paspelmuMo B MHO-
JKECTBE PAIlHOHAJIBHBIX YHCEJI.

Ecnu nanHasg apudMernuyeckas onepanus (cjiokeHue, BEIYHUTAHUE,
YMHOYKEHHe, AeJieHNe) IPUMeHUMAa K JIOBIM JBYM YHcJIaM M3 JaHHO-
ro MHOJKECTBa M B De3dyabTaTre AAET YUCIO M3 ITOTO JKe MHOKECTBa, TO
TOBOPAT, YTO MHONCECMB0 3AMKHYMO OMHOCUMENbHO 3MOoil onepayuu.
B nmporuBHOM ciaydyae I'oBODAT, YTO OHO HE3AMKHYMO OMHOCUMENbHO
amotl onepayuil.
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Hanpumep, MHOXXECTBO HATYPAaJbHBIX UMCEJ 3aMKHYTO OTHOCHTEJIb-
HO CJIOXKEHHS M YMHOMEHHUS, HEe3aMKHYTO OTHOCHTEJBLHO BbBIYHUTAHUA
U OeJIeHHA; MHOMKECTBO IEJbIX YMCEeJ 3aMKHYTO OTHOCHTEJIBHO CJIOXie-
HUA, BEIYUTAHUA M YMHOMKEHUS, HE3AMKHYTO OTHOCHTEJBLHO AEJIeHH;
MHO’KECTBO PalMOHATBHEIX YMCeJ 3aMKHYTO OTHOCHUTEJIBHO BCeX apug-
MeTHUYeCKUX omepamnuil (ejeHue Ha HYJb 3alpelieHo).

Hpusnun Jupuxie. IIycte A — KOHEYHOe MHOJKECTBO M3 1 HATy-
DaNbHBIX YHCeN, Karka0e U3 KOTOPLIX He IpeBBIIIaeT uucio k, u k < n,
TOrZa B A ecTh paBHEBEIE YHCJIA.

IIpamev npoussesesnem A x B mHOoxecTB A u B Has3bIBAIOT MHO-
sKecTBO Beex map (x; y), rme x € A, y € B.

Hampumep, KOOPAMHATHYIO IUIOCKOCT: K, MOMHO paccMaTpuBATh
Kak npsMoe mpoussenenue R X R’ AByx jeficrBuTensHBIX oceil R u R/,
rne x e B, ye R.

Ecau xkoHeuHBle MHOKecTBa A m B UMeEOT m M 71 9JIEMEHTOB COOT-
BETCTBEHHO, TO MX NIPSAMOE NPOMBBeLeHMe COAEePHHUT /M - 1. 3JIEMEeHTOB,
TAaK KAk C KajXKJBIM M3 2JIeMEeHTOB MHOXecTBa A MOXHO 00pasoBaThb
7 map ¢ aJleMeHTaMM MHOXKecTBa B.

192. N, Z, @, R coOTBeTCTBEHHO MHOKECTBa HATYPAJNBHBIX, IIEJIBIX,
pPalMOHAJbHBIX M NEHCTBUTEJBHBIX YHCEI.

a) BanuminTe, MCIOJB3yfA NPUHATBIE 0003HAUYEHHUT, KAKOMy H3
STUX MHOKECTB IPHHAIJIEKNAT, 4 KAKOMY He IPHHAAIEHUT UYNCIO:

1) 3 2) -5 8 %; &' 8 2.

6) BanumiuTe, UCHOJIb3YA NPUHATEIE 0003HAUEHNUS, TIOLMHOMKECT-
BOM KakuxX usd muHOKecTB N, Z, @ u R ABnsercia MHOXECTBO:

1) N; 2) Z; 3) Q; 4) R.
B) YImpocTuTe 3alMCh:
1) NUZ; 2) NnZz; 3) ZU Q; 4) Z N Q.

193. J[aHBI MHOXKECTBAa:
A=1{1, 2,38} uB={2,3, 4, 5}.

a) M3 KaKHUX DJIEMEHTOR COCTOUT MHOYECTBO:
1) AU B; 2) AN B; 3) A x B?

6) CocraBbTe MHOKecTBO C, cOCTOsfIIEe U3 IATH DJIEMEHTOB, AJA
KOTOPOT'O BBINOJHAETCS YCJIOBUE!

ANncCc=CnBa.

B) BanuimuTe BCe MOAMHOKeCTBA MHOKecTB A u B, onpexnesnure
YHCJIO MTOAMHOMKECTB KajKaoro U3 9THX MHOMKECTB,
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194. [lasEBEI ABa MHOXKECTBA:
A=[1; 3]u B=[2; 4].
a) HM3obpasuTe HAa KOOPAMHATHOH OCH MHOJKECTBO:
1) AU B; 2) AN B.
6) HMszobpasure B cucreme xOy BCe TOUKH, KOOPAMHATEI KOTOPBIX
(x; y) ABAAIOTCA dIEMEHTaMM MHOXKecTBa A X B.

195. fokasbiBaem. [[okaskuTe, UTO:
a) mHO:ecTBa N u Z MMeT OZWHAKOBYIO MOIIHOCTE;
0) MHOKecTBa TOYEK ABYX JIIOOBIX OTPE3KOB MMEIOT OJMHAKOBYIO
MOIIJHOCTD;
B) mHokecTBa (0; 1) ¥ R uMeroT OJMHAKOBYIO MOIIIHOCTb.

196. fsiasieTcs M 3aMKHYTBIM OTHOCHUTEJIBHO OINEPAIUU CJOMKEeHU,
BBIYHUTAHHUA, YMHOMXEHHUA, NeJIeHUs MHOKECTBO!
a) YETHBIX HATYPaJbHBIX YMCEJ;
6) HeYETHBIX HATYPAJBLHBIX YMCEN;
B) 4YETHBIX IEJBIX YHCEe;
I') HEYETHBIX IeJbIX Yyuces?

197. Mwem nudopmoumio. Memonssys yue6GHUK, CIPABOUHYIO JIHTE-
patypy u MHTepHeTr, moarorossTe coobmenue o Jupuxie, o 3aga-
Yyax, pelaeMbIX C IIOMOINbI0 mpuHIKIa upuxie.

| 2. Uctopuueckue ceepeHus

Anre6pa onepupyer ¢ 6YKBeHHLIMHI BBIDAKEeHHUAMHU, ByKBa B aire6-
pe 4acTo O3HayaeT IPOMU3BOJIBLHOE YHCIO, IPHHAMJIEKAIIee HEKOTOPOMY
MHOKecTBY uuces. OTciofa HeGOJABIION IIAr K TOMY, YTOGHI Hoj OYKBOIt
B anre0pe MOHUMATHL EePeMEHHYIO0 BeJUYUHY, IPOOEramilyo HeKOTopoe
MHOKEeCTBO YHCeJ.,

Me1 yoxe ormeuanu, 4TO onpeeseHne QYHKIMM, JaHHOE B 9TOM yues-
HUKe, IDUHAJIEHKUT BEIUKOMY pycckomy mMartemarury H. U. Jlobaues-
ckomy (1792—1856) u memenxomy maremaruky II. HQupuxmie (1805—
1859).

H. U. JlobaueBckuit 6b11 mpodeccopom m pexropoMm KasaHckoro
yuuBepcurera. OH co3fal HOByI0 IeOMETPHIO, HOCAIIYIO Ternepb ero
umsa. Oxguaxo H. M. JlobaueBcKkuit HHTEPECOBAJICA HE TOJIBLKO T€OMETDPH-
eif, OH BHEC TaK)Ke CYIIECTBEHHBIII BKJAJ B MaTeMaTHUYecKHil aHAaIM3.
OrBeuas Ha BONIPOC, YTO Takoe (PYyHKIUsS, OH Aaj CJIeAyIOLee olpene-
JeHue:

«3Jro obuiee HmMoHATHE Tpedyer, UTOOBI (DYHKIHEH OT X HA3BIBATH
YHCJI0, KOTOPOe JaeTcs IJIA KasIor0 X M BMECTe C X IOCTEeNeHHO H3Me-
HAeTcA. 3HaueHHe (DYHKIUH MoKeT OBITh ZAHO AHAIUTHUECKHM BbI-
pakeHueM, WJH YCJIOBHEM, KOTOPOE NOJAET CpeIcTBA HCIBLITHEIBATDH
BCe YHCJa U BbIOMPATH OMHO M3 HUX, WM, HAKOHEI[, 3aBUCHMOCTH MO-
JKeT CYIecTBOBATh M OCTaBaThCA HeusBecTHOW. OGIIMpPHBIH BUA Teo-
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pHU JONYCKAaeT CYIIecTBOBAHWE 3aBHCHMOCTH TOJBKO B TOM CMBICJTE,
4TOOBI YHCIA, OJHO C APYrUM B CBS3U, HPUHUMATH KaK OBl JaHHBIMH
BMECTE».

CucreMa KOOPAMHAT AAéT BO3MOMKHOCTE U300pasuThk QYHKIHWIO rpa-
(uryecknm — B BuAe JuHUU. V1 HaoGopoT, MOMET OKa3aThCdA, UTO JHHUI,
u300paskEHHAdA B CHCTEME KOOPAMHAT, ecTh rpadukK HeKOoTopoH (QyHK-
nuu. Ho Torga uayuyeHne JIMHHH MOKeT ObITH CBEIEHO K U3YUYEHHIO COOT-
BercTByIomel Gyaknuu. Takum 06pasoM MBI U3yHaH IPAMYIO, mapabo-
ny, runepbosy W B fanbHellem OyaeM HM3y4daTh APYTrHE JHHHH.

Brepseie MeTo KOOPJUHAT K M3YUEHHIO reOMEeTPHUYECKHUX BOIPOCOB
npuMeHna GpaHnysckuil maremaruxk u (Guiaocod P. Iexapr (1596—
1650). D10 NpUBEJO K CO3LXAHUIO HOBOH HAYKM — aHAIUTHYECKOHN Teo-
merpuu. Hanpumep, rpaduyeckne MeTOAE! PellleHUs JUHENHBIX ypaBHe-
HHH OTHOCATCA K aHAJHUTHUYECKOH IeoMeTpHH.

CJIOBO «KOOpPAMHATHI» COCTABJEHO M3 JIBYX JaTHHCKHUX CJIOB: €O
(cum) — mpucTaBKa, 0O3HAYaloNlas «COBMECTHO», W ordinatus, 4To 3Ha-
YUT «YOOPANOYECHHBIN», «ONpeeéHHbII» . 3HAUNT, KOOPAHUHATEI — 3TO
3ajaHHBIE COBMECTHO B OIIpENIeJIEHHOM IIOpAJKe JMcJa.

Emé yuénnie Basuiaona (6osee 4000 ner Hasan) ymenw Haxo-
IUTE OPUOIMMKEHHOE 3HAYEHUE KBAAPATHOTO KODHA U3 Jwboro Hary-
panpHOro ymcia. I[IpaBusio, NpuMeHABIIeeca B BaBuione, TaKoBO: 4YTO-
6B BHIYKCJINUTE KOPEHb U3 HATYPAJbHOTO YHCIA ¢, er0 PacKIaJbIBaloT Ha
cyMmmy a®+ b (umcino a JOJKHO OBITH HamOOJBIINM, IJIss KOTODPOTO
a? < ¢), Torfa KBagpaTHBIM KOPEHb M3 ¢ NPHOJMKEHHO BHIYUCIAIOT MO

(hopmyie
Je = Ja? +b ztr.15-+-2b—a.

Hanpumep:

J1620 = /402 + 20 =~ 40 +

2 ol B B
240 4

T'pexaM ObLI M3BECTEH BABHJIOHCKUH MeTOJ NIPHOIMMKEHHOTO Ha-
XO0KIeHUA KBagpaTHoro xKopHs. Hanmpumep, y I'epoHa AsnexcaHApHii-
CKOI'0 HAOHCAHO:

16 2

160 = /144 6=~124+——=12—,
N J144 +1 e =

CymiecTByeT M TOUHBIIl CIIOCcO0 BEIYHCIEHUA KBAAPATHOTO KOPHS U3
yucia, ABJIAIONIErocsi KBajpaToM HarypanbHoro umcna. On 6b11 u3Bec-
ren B Poccuu emé Bo Bpemena JI, @. Maraunkoro (1669—1739).

PacemorpuM mofpoOHee dTOT CHOCO0 Ha npuMepe BbIYHCIEHUS
apudMeTHUECKOro KBaJpaTHOro KOpHsA u3 uuciaa 65 536.

Iudps! gaHHOrO YKCcaIa pa3odbéM Ha Hapsl (CIIpaBa HAJIEBO), IOJIYUH-
JI0CH [B€ IOJIHBIE U OJIHA HEeIIOJHAdA ITapa. OTO 03HaYaeT, UTO HCKOMOE YHC-
s0 Gymer sanucano rpems nudpamu. Haliném naubosbiiiee HATypasbHOE
yueso, KBaApaT KOTOPOTO HE IPeBOCXOAUT 6, — umcno 2. 9To meppas
nudpa HcKoMoro yucia. ducao 2 Bo3BeEM B KBaJpaT, IOJIYYeHHBIH pe-



a) 0) B)

J6'5536=2 J6'5536 = 25 J6'55'36 = 256
4 4

4
255 45| 255 45| 255
51225 5| 225
3036 506| 3036
6/ 3036
0
B Puc. 34

3yJBTAT BBIYTEM u3 uucna 6 M cHecéM cuexyiouryio mapy mnudp 55
(puc. 34, a). Caesa or uncna 255 HanuIeM YABOEHHOE YMCJIO 2 U IPH-
numeM K HeMy Takyio Hudpy, 4ToOBl IPH YMHOMKEHUH IIOJIYYeHHO-
ro ABY3HAQUHOI'O YHCJA Ha 3Ty UHQPY TOIYYUIOCH HAHOOJbIIEe uUuc-
J0, He npepocxogamee 255. ITpunuimem 5, Tak xak 45 - 5 = 225 < 255,
a 46 - 6 = 276 > 255. Bropas mudpa McKoOMOro pesyiabrara 5. Beruuc-
JuM pasHocTh 255 — 225 = 30 u cHecéMm cuaenyiomyr mapy nubp 36
(puc. 34, 6). Cnesa or uucia 3036 HanuIIeM yABOGHHOE YUCIO 25 U IpPHU-
OHuIIeM K HeMy Takyio Unudpy, 4To0bl OpH YMHOMKEHWH IOJYUEeHHO-
ro TPEX3HAYHOrO 4YHCJA HA 3Ty HudpPyY IoJydmIoch Haubonpinee Ha-
TYpaJibHOE YUCJI0, He mpesocxopdmee 3036. Ilpunumem 6, Tax Kax
506 - 6 = 3036. Tperba nudpa nckomoro peayaprara 6 (puc. 34, 8).

Oreer: /65536 = 256.
ITpeniosxenHBIN cIIOCO0 MOYKHO HPUMEHATL M A IPUGIHKEHHOTO

BBIUHMCIIEHHSA KBaJPATHBIX KOPHEH M3 HATYPAJbHBIX YHUCE] U HeCsaTHI-
HBIX Ipo0Oeii.



Mpu paboTe C mMaTepuanom rnasbl 2 BaM NpeacTouT Hay4nTecs pe-
WwaTk KBaApaTHble W paunoHanbHble ypaBHeHUs, a Takxke NpUMeHsTb |
WX K PELIEHMIO TeKCTOBbIX 3aay. OTO OCHOBHbIE BUAbI YPaBHEHWN, j
KOoTOpble ByayT MCMONb30BaTLCA NPU U3ydeHun anrebpsl, reoMeTpun |
v opyrux npegmeTos. '

~. Kesanpa

D e e o B e

1 TRpexXvUnel ‘J

MHorouJeH OTHOCHTEJIbHO X
ax®+ bx +c, (1)

roe a, b, ¢ — maHHble uucaa u a # 0, HA3HIBAIOT KBaJApPaTHBIM
rpéxunenom. UHCIO @ HA3BIBAIOT KOI(PMUIMEHTOM IIPH x2, uucyio
b — KoshPHUIHEHTOM IPH X, YHUCIO ¢ — CBODOAHBIM UJIEHOM KBajapar-
HOT'O TpPeéxXdJieHa.

Yucio D = b2 — 4ac HA3BIBAIOT JUCKPUMHHAHTOM KBaXpaTHOTO
Tpéxumaena (1).

=
L)

EOFPEMA 1

CnpaBeniMeo paBeHCTBO ”
ax2+bx+c:a(x+2£) PR (2)
a

Nowasarenncrso. BplHOCS 3a CKOOKHM umciao @ (IO YCJIOBHIO

OTJIMYHOE OT HyJIsI) W BblAedsisi B CKOOKAaxX IIOJNHBINA KBajpar, IOJydaeM

2 2
axt phese=a| @+ dmas [ 2] <[ £] #E}=
2a 2a 2a a

_allee BV Ldtadoal W 0 BN B
a 2a 4a? %2 daz |
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Ormerum, 4TO paBeHCTBO (2) eCcTh TOKIECTBO, TAK KAK OHO npeBpa-
jaeTcsa B BEePHOE YMCJI0BOE PABEHCTBO AN JI060r0 YHCI0BOTO 3HAUEHUS X.

Ha npaxTuxe o6sruno dopmymnoit (2) e IOJIB3YIOTCH, 4 B KaKAOM
KOHKDETHOM CJIyYae NOBTOPSAIOT PACCYKAEHHH, UCIOJb3yeMble MPHU J0-
KasaTeJabCTBe 3TOH (hopmMymsl.

Hanpumep:

a) 2x°+4x+34=2(x2+2 - 2-1+12-12+17) = 2[(x + 1) + 16];

6) 3x>+ 18x+27=3(x2+2-x-3+ 82~ 32+ 9)=3(x + 3)%

B) 2x2—4x—16=2(x2—2-x—1+12—12—8)=2[(x-1)2—9].

TeoreEMA 2
Ecnu puckpumunHaHT D kBagpaTtHoOro TpéxyneHa ax? + bx + ¢ nono-
XKUTENEeH, TO 3TOT KBAAPATHbIN TPEXHYIEH MOXHO Pa3noXuTe HA MHO-

xutenu:
ax®+ bx+c=a(x — x,)(x — %), (3)
g B R 2a ]

Hoxasarennctso. B reopeme 1 mokasano, 4To CIpPaBeIINBO pa-
BeHCTBO (2). Tax kak D >0, To cymecTByeT KBaZpaTHHIH KODEHbL U3
yucsaa D U BBINOJIHAETCS PABEHCTEO

D _(4DY
402 | 2¢ | °
CraenoBarenbHO,
2 2
ax2+bx+c:a[:(x+iJ —(QJ } (5)
2a 2a

B kBagpaTHBIX CKOOKaX B IPaBoi yacTH paBeHCTBa (5) 3anucana pas-
HOCTh KBaAparoB. IIpumeHus dbopmysy pasHOCTH KBAAPATOB, MOJYUIHM

ax2+bx+c=a“x+i}_@][(x+iJ+Q]:

2a 2a

-2 (2:2)

Ho Torpa, ecan 0603HAYHUTE

_ =b++D o D
2 2% Pl 2a °
nosiydyum Tpebyemoe pasnmoxkenue (3).

OrmeTHM, YTO PABEHCTBO (3) eCTh TOYKIECTBO, TAK KaK OHO mpeBpa-
IIIaeTCA B BepHOe YHCJIOBOE DABEHCTRO AJISA JII000I0 UHCI0BOTO 3HAUEHHIA X.

Xy
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Muosxurenu (x — x;) u (X — x,) Ha3bIBAIOT JHHEHHBIMM MHOMKHUTE-
JAAMH, IIO0ITOMY DA3JIONKEHHe (3) 4acTO HA3BIBAIOT PA3JIOJKEeHHeM KBaj-
PaTHOrO TPEXYJeHA HAa JMHeHHbIe MHOMKUTEH.

OrmeTuM, 4TO Tak Kaxk D > 0, To 3Ty AuHellHBIe MHOKHTEIN PasHEbIe.

Ipumep. Paznoskum Ha JuHeHHBIE MHOMHTEIN KBaAPATHBIN TPEX-
wieH
2x2 - 3x + 1. (6)
Pemenune. Tak kaxk D=(-8)2-4-2-1=1 > 0, To coriacHo Teo-
peme 2 kBajgpaTHBI TpéxuineH (6) MOXKHO DasdIOKUTBL HA JIMHEeHHEIe
MHOMKHUTEIH,
Berumenum Hucaa Xy U X!

_—b+D _ —(=3)+1 _

i 24 & 2+B L
_-b-JD _-(-3)-+1_1
270 2g 2.2 2"
CnepmoBaTesbHO, 2x% — 3x + 1 =2 (x — 1)(:5 - %)

TeorPEMA 3

Ecnv AMCKpUMUHaHT D KBagpartHoro Tpéxynexa ax? + bx + ¢ paseH
HY/O, TO OTOT KBagpaTHbIi TPEXYIEeH MOXHO pas3noxutb Ha OBa
OAMHaAKOBbIX JIMHENHBLIX MHOXWUTES.

Norxasareanctso. Kak cienyer us Teopems: 1, ecin D =0, To

2
ax2+bx+c=a[x+ﬁ-]
2a

DTo paBeHCTBO W O3HAYAET, YTO KBAAPATHBIN TPEXUIEH Da3JIOKeH
HA IBa OJMHAKOBBIX JUHEMHBIX MHOMKHUTEJA.

TeorPEMA 4

Ecnu aMckpuMMHaHT D KBagpaTtHoro TpéxdneHa ax? + bx + ¢ otpu-
uaTeneH, TO 3TOT TPEXYNEH OTAMYEH OT Hyna ana nboro 3Haye-
HUS X WU ero Henb3s PasfnoXuTb Ha IMHENHbIE MHOXUTENN.

-D
NokaszareiabcTBo. B camom zene, ecim D <0, ToO F>O’
a

2
b
1 TaK KakK (x+ -é—a =0 HAJLsL aoboro x, To BhIpaXKeHne B KBaJgpaTHBIX

ckobKax B paBeHcTBe (2) DOJOMKUTENBHO AJsA J00oro x:

e [ 2D
(I"FE&] +(4a2]>0.
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YMHOXXHM 3TO HepaBEHCTBO HA YHCI0 a (a # 0) u, HCIOJE3Y s paBeH-
CcTBO (2), moJayYuM AJg JA1000r0 X:

ax?+bx+c¢>0, ecntu a >0,
u
ax®+ bx + ¢ <0, ecnu a < 0.
ITepBoe yTBep:KaeHuEe TeopeMBl 4 NOKAa3aHO.
Bropoe yrBep:xieHne [oKaxkeM OT IPOTHBHOTO. ;
Ilycrs AMCKPHMHMHAHT KBajpATHOTO TpéxuieHa ax? + bx + ¢ OTpH-
naresned (D < 0) m aT0T TPEXUIEH MOXKHO 3aNucaTh B BHAE IIPOU3BEIe-
HuA a(x — x,)(x — x,), rie x; U x, — JeiicTBuTeNBHBIe umcna. Torma
OpyH X =X; U IPH X = X, 9TO NPOU3BeIeHHEe DaBHO HYJIO, a 3HAYHT,
U caM TPEXUIEH PaBeH HYJIO, YTO IIPOTHBOPEYUT DaHEe AOKA3AHHOMY.
CrenosarensHo, npu yenosun D < 0 KBaApPATHBIN TPEXUJIEH HETb3s pas-
JIOJKHUTH HA JIUHEHHbIE MHOMUTEIH.
Hrak, kBagpaTHBIi TpéXUIeH:

I
| 1) npu D > 0 pasnaraercd Ha [Ba PABHBIX JUHEHHLIX MHO-
| JKHTENT;
2) npu D = 0 pasyaraercsi Ha ABa OZUHAKOBBIX JIHHEHHBIX
MHOMKHUTEJ;
ﬁ 3) npu D < 0 He paanaraerca Ha JUHEHHBIE MHOMUTEIIH.

198. Yro HAa3BIBAIOT KBAJAPATHLIM TPEXWIeHOM? AHUCKPUMUHAHTOM
KBaJpPaTHOro TpéxuiaeHa?

199. IlpuBeauTe nmpuMep KBaJpaTHOTO TPEXUJEHA, OUCKPHMMHHAHT KO-

TOPOro:

a) GoJsbine HYJIA; 6) paBeH HYJIIO; B) MEHBIIE HYyJd.
200. HaszoBure roabhdunuenTs! @, b, cBOGOAHBIH WileH ¢ KBaJApaTHOI'O

TpEéXYJseHa:

a) 3x? -+ 4dx + 5; 6) 2x2—-bx-T; B) —bx? + 3x — 1;

r) 6x% + x — 2; o x2-x+7; e) —x?+4+ x + 1.

201. CocraBbTe KBajpaTHbIH TpéxuneH ax?+ bx + ¢, ecan IDaHBI €ro
Koa(hpuiuerTH 1 cBOOOAHBIN UJeH:
a) a=38,b=4, ¢c=5; 6) a=5,b=-2, ¢c=6;
B)a=1,b=-1,¢=2; ry a=-1,b=38, ¢=-2.

202. BpryucauTe IUCKPUMUHAHT KBAADPATHOTO TpEéxuseHa:

a) 2x2+ 5x + 3; 0) 2x2 - bHx + 3 B) 2x2 + Hx — 3;

r) 2x% - 5x—8: n) x2-—4x+5; e) x2+ 6x + 9;

K) x%+ 2x + 1; 38) —3x? + bx — 2; u) x2+ 2x + 2.
203. Brigenure IOJMHBIA KBajpar:

a) x2+4x+ 5; 6) 2x2 - 6x + 5; B) x? - 8x + 17;

r) x2+4 4x + 4; o) x?+ bx — 6; e) x% - 3x + 2;
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204.

205.

206.

207.

208.

209.

210.

) 2x2 - 8x+ T; 3) —4x? + 4x — 8; u) 3x2-2x + 1;
K) 3x%2—-6x+ 1; a) —2x% — 8x + 10; M) 5x2 - 10x — 1.
Hanpumep:

-4 +b6=x2-2 - 2-2+22-22+5=(x—-2)%2+ 13

2x%2 4+ 6x — 5 =2(x%2+ 8x — 2,5) =

Y 3 (3)_(3) o 2
=2|% +2-x-~2—+ o | - 2,5 =2((x+1,5)°* — 4,79).

Pazjparaerca iu KBaapaTHBIH TPEXUJIeH Ha JIMHEHHBIE MHOMKHTE-
JIA, eCJAN ero HJUCKPUMUHAHT:
a) TOJIOKUTEJIeH; 6) paBeH HYJIIO; B) oTpHIATeNieH?

Kakum pgosoxeH ObITH AHUCKPHMHHAHT KBaJpPaTHOTO TpPEXUIEHA,
uyToOBI OH pasjarajcs Ha JHHeilHble MHOMHUTEJH:
a) pasHbIe; 0) oaMHAKOBEIE?

BrisicHuTe, pasjaraercs JM Ha JUHEHHbIe MHOMHUTEIH KBaipar-
HBIH TPEXYJIeH:

a) x2 —4x + 3; 6) x% —4x + 4; B) x2 - 4x + 5;

r) 8x2—4x + 1; n) 5x2 — 6x + 1; e) 4x? + dx + 2.
Pasno:xure HA JUHEHHBIE MHOKHUTENH KBAJIPATHBINA TPEXYJIEH!
a) 2x2 - 5x + 3; 0) 3x%+ bx — 2; B) Hx? - 2x — 3;
r) x2—T7x + 6; x) x2+ 6x—T; e) x2+x— 2.

Yrazanue. Bocnojb3yiTech paBeHCTBOM
ax?+bx+c=a(x - x)(x - x,),
—b++D _=b-+D
Bgq . e = 2a
Pasnoxxure KBaApaTHBIH TpEexdujieH Ha JHHEHHBIE MHOMUTENH,

€CJIM 5TO BO3MOKHO (€CiH HeT, TO YKAMKUTEe IIPUUYMHY):
a) x2+ 8x + 15; 0) 4x% —4x + 1; B) 2x2 - 3x + 4.

Doxazbisaem (209—210).

Hoxaxure, yTo npu JOOBIX 3HAYEHUAX X OTIHYHBI OT HYJA 3HA-
YyeHHA KBAJAPATHOIO TPEXUJIeHA:

rae x; =

a) x2+x+ 3; 6) —x% + 4x - 5; B) x%+ 2x + 2;
r) 3x%—x+1; n) —bx?+ 2x — 10; e) —x2+ 2x — 2;
w) —x2+ bx—T; 3) x2+ 6x + 10; u) 4x2? + 4x + 3.

Hanpumep:
2 +2x+3=x24+2x+1+2=(x+ 1)2+ 2 >0 npu J00BIX X;
—x2-4x-5=—(x?+4x+4+1)=—((x + 2)% + 1) < 0 npm m100BIX X.

Toxax<ure, 4To HAHAETCA TaKoOe 3HAYUEHHEe X, IPH KOTOPOM 3Haye-
HHe KBaZpaTHoOro rpéxuiena x2 — 7x + 6:
a) IIOJIOMKUTENBHO; 6) oTpHIlaTeJBHO; B) PaBHO HYJIIO.
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| 4.2. MousTve KBAAPATHOTO ypPaEHEHHs |

KpagpaTHsiM ypaBHeHHEM ¢ HEM3BECTHBIM X HA3LIBAIOT YPABHEHHE,
JeBasg 4YacTh KOTOPOTO €CTh KBaJPATHBINA TPEXUYJeH OTHOCUTEIBHO X,
a mpaBas — HYJb.

KBazparsoe ypaBHeHHe Ha3bIBAIOT TaKiKe ypaBHEHHEeM BTOPOIi cTe-
eHu.

Crnexpyroliye ypaBHeHUA

2x2-8x—-T7=0, 2x2-3=0, x2-4x=0,
-x24+11=0, -5x2+3x+5=0
CIAYyKaT OPUMepaMH KBaAPATHLIX YPaBHEHUH ¢ HEHU3BECTHBIM X.

PaccmoTpum KBagpaTHOe YpaBHEHNE ¢ HEHM3BECTHRIM X, 3allHCAHHOE

B oOIIeM BHIe:

ax?+ bx+c¢=0, (1)
rae a, b u ¢ — pannble uncaa ¥ a # 0. Uuncno a HassIBaOT KoadduiueH-
TOM IIpH X2, yncyuo b — Ko3(POUUMEHTOM IPH X, YHUCJIO ¢ — CBOBGOXHBIM
uyneHoM ypasHeHud (1). Boipaskeuusa ax2, bx U ¢ Ha3BIBAIOTCA YICHAMHU
ypasrenud (1). Yucno D = b2 — 4gc¢ HA3BIBAIOT JHCKPMMHHAHTOM KBaJ-
patHoro ypaBHeHus (1).

Tak, B ypaBHeHHUH

2x2-83x-T7=0
2 — xosbdunuent npu x2, -3 — xoadPuUIHedT OPU X, —7 — cBOGOI-
Hbli wieH, D=(-8)2-4.2.(-7) =65 — ero JUCKPUMHHAHT; B ypaB-
HEHNU

x2-3=0

1 — xoaddunuent npu x2, 0 — roadPuuueHT npu x, —3 — cBOOGOZHBIH
uyner, D=02-4.1-(-8) =12 — ero AUCKPUMUHAHT.

HanomuauM, 4TO KOpHeM (MJIM pellleHNeM) YPABHEHHMS C HEH3BECT-
HBIM X HA3BIBAIOT YHCJIO, IIPH IOJCTAHOBKE KOTOPOr0O B YypaBHEHHUE BMe-
CTO X IOJYYHTCS BEPHOE YMHCJIOBOE PABEHCTBO.

Hanpumep, uucio 0 saBiaserca KOpHeM ypaBHEHUS

2x2 - T7x =0,
n6o ecau moacraBuTh 0 BMeECTO X, TO MOJY4YUM BEPHOE UHCJIOBOE pa-

BEHCTBO
2:02-7.0=0.

Pemruts ypagHeHHEe — 3TO 3HAYUT HAHTH BCe ero KOPHU MJIH MOKA-
3aTh, YTO HX HeT. B crenyomux nyakrax Oyzer IoKasaHo, KaK Haxo pe-
miaTh KBajpaTHoe ypaBHeHHe, T. €. KaK HaXOJAUTb €ro KOpHH.

B pomonneHusax K raase 2 OyayT BBeJEHBI TaK Ha3bIBAEMBIE KOM-
nJieKCHBIE YHCJa, TOTJa MBI YBUANM, UTO YPABHEHU:A, KOTOPbIE MBI pac-
CcMAaTPHUBAaeM, BCerja UMeIoT KOpHHU. B ofHUX cIy4yadaX OHU ABIAIOTCS Aei-
CTBHTEIBHBIMHU UMCIAMH, B Apyrux — KomiiekcHeIMH. Ho ceiiuac peun
0 KOMILJJEKCHBIX 4YHCIIaX He HIEeT, ¥ Mbl DyJeM TOBODPHTH, YTO JaHHOE
ypaBHEHIe He UMEeeT KODHEeH, ecJIi OHO He uMeeT AeHCTBHTENbLHBIX KOPHEH,
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IIpu pemreHNH ypaBHeHUH NPUXOIUTCA YMHOMKATH UM HEJHTH obe
YacTH YpaBHEHHs Ha HEe paBHOE HYJIO YMCJIO, a TaKi)Ke NEepPeHOCUTh YJjle-
Hbl YPaBHEHHUSA U3 OJHOM ero yacTu B Apyrywo. B pesyabrare 0yaer momay-
4yaThCA ypDaBHEHHE, PABHOCWIIBHOE MPEXKHEMY, T. €. YpaBHEHHe, UMelo-
mee Te ¥ TOJABKO Te KOPHU, UTO U TIPEXKHee ypaBHeHue. J[[oKa3aTenabCcTBO
9THX YTBEPXKAEHHI Takoe *Ke, KaK U 1A JUHeHHBIX ypaBHeHHWH.

.

211.

212.

213.

214.

215.

216.

217.

a) Kakoe ypaBHeHHe HA3BIBAIOT KBaJPATHBIM ypaBHeHHEeM?

6) Yro HA3BIBAIOT JUCKPUMHHAHTOM KBaJpPATHOTO YypaBHEHHHA?
B) VKa)uTe cpefy CJeAVIOUINX YpaBHeHHUIl KBagpaTHbIE UJIU PaB-
HOCHJIbHBIE KBaJpPATHBIM:

1) 3x2-2x+1=0; 2) 4=x%
3) 2x — 8 =0; 4) x(x—1)=3;
5)%-2:0; 6) x2+ 3x = 0;

7) -0,5x +/3x2 - 7 = 0; 8) 12x — 3x3+ 5 = 0.

Hnsi xBagpaTHeIX ypaBHeHUU B 3aganui 211, B) onpezenure xo-
addunuesTs a, b 1 cBOOOAHEBIN UJIeH c.

HasoBute uyjieHBl KBaAPATHOTO YpaBHEHHA U KO0I(Q(PUIHNEHTHI
npu x2, npu X ¥ CBOGOAHBIN YJIeH:

a) 2x2+3x—-5=0; 6) x2-5x+1=0;

B) x2-9=0; r) x2—-9x =0,

CocraBbTe KBajpaTHOe ypaBHeHue ax?+ bx + ¢ =0, ecau HaHbl
ero Koa(@PUIMeHTH 11 CBODOIHBIN UjeH:

a) a=2,b=3, c=4; 6) a=3,b=-3,c=1;
B]a=—1,b=0,5,6=%; 1) a=5,b=2, c=0;
ny .a=1; b=0,¢=T: e)az—%,bzﬂ,c':—&
BrluncinuTe JUCKPEMHHAHT KBaAPATHOTO YPaBHEHHUA:

a) 2x2—-3x—-5=0; 6) x2+5x+1=0;

B) 9x2 - 6x+ 1 =0; r) x2+x+1=0.
IIpoBepbTe, ABnAeTcA Jjiu yuciao 0 KOpHEM ypaBHEHUA!
a) x2— 5x =0; 6) x2+1=0;

B) bx2—-6x+1=0; r) x2-5=0;

) xt+x=0; e) x2+10x+0,1=0,

IIpoBepbTe, ABNAeTCA AU XoTA OBI OfHO M3 ymucen 1 miam —1 xKop-
HeM YpaBHEHUS:

a) x2+x=0; 6) x2-bx+4=0;

B) x2—4x+4=0; r) x¥e xisi0;

n) x24+6x+5=0; e) x2-1=0.



218. Bribepute u3 umces —1, —%, 0, 1, 2 xopHHU ypaBHEHUS:

a) x2—x—-2=0; 6) x2+ x=0;

B) 3x?2 = —x; r) 3x%+ 5x=2;

n) 4x — 5 =-6 — 3x% e) 2x + x2=-2 — x.
219. IloxGepure xoTA OBl OJUH KOPEHbL YDABHEHMS:

a) x2—4=0; 6) x?—4x=0;

B) 8x2-2x-1=0; r) 5x2—x-6=0.

220. Haxwme ypaBHEHUSA HA3HIBAIOT PABHOCHUJILHLIMHU?

221. PaBHOCUIILHBI JIM YPABHEHUS:
a) 2x%2=5x u 2x%2 - bx = 0;
6) Tx2=28 m x2=4;
B) x2—-8x+8=8x2-8mu x?+4x - 8=0;
N (x-D(x+5)=2(x-1)umx+5=2;
1 x2+3x—-5=x2+4u3x—-5=4;
e) (x—2)x=xux-2=17

Fil Lo ] L0 perr " y »

KBeagpaTHOe ypaBHeHHe
ax? +bx+c=0 (a#0)

Ha3BIBAIOT HEIIOJHEIM, ecI YV Hero uu b =0, unn e =0, nunmu b=¢ = 0.
B sTOM nyHKTE paccMaTpUBAETCH DPENIeHWe HEeMOJHBIX KBaJAPATHBIX
YpaBHEHHH.

IIpumep 1. Pemrum ypaBHeHHe

%2'=.0, (1)
CymecTByeT TOoMbKO ogHO uncao O, KBagpar KOTODOTO paBeH 0. Cue-

loBaTeNbHO, ypaBHeHHe (1) MMeeT eJHMHCTBEHHBIH KopeHb Xx,= 0.
HenosiHoe KBagpaTHOE ypaBHEHHE, ¥ KoToporo b = ¢ = 0, T. e. ypas-

HeHUe 5 = 0 (G %:0)
PaBHOCHJIbLHO ypaBHeHHIO (1) 1, cinepoBarensHO, TAKIKE MMeEeT eIUHCT-
BEHHBIH KOpeHb X, = 0.
IIpumep 2. Pemum ypaBHeHUe
-5=0. (2)
9To ypaBHeHHEe DABHOCHJBHO YPABHEHHIO
22 =5,
CrenoBaTesbHO, HAM HAJ0 HAWTH BCe YymcJia, KBAAPATHl KOTOPBIX PaBHEI
ypcay 5. Takux uuces TOJLKO ABA: V5 u —+/5.

Taxum oOpasom, ypaBHeHuUe (2) nMeeT ABA KOPHA: X; = J5u Xy = -5
¥ IpYyrux KOpHeil He mMeer,



7 KeagpaTHsie 1 PALHOHAJBHBIE YPaBHEHM
e el =

Ho MOKHO paccyskaaTh uHauye. YpaBHeHHe (2) MOXHO 3amucark
B BHJE
2
x? — (\/g) =0

(5= 4B)(x+ ) = 0

OTKYJAa BHIHO, YTO UHCIA X, = J5 u X, = —/5 ABAAIOTCA KOPHAMH ypas-
genua (2). JIpyrux KopHeil ypaBHeHHe (2) He MMeeT, TaK KaK eclu
B HEro BMECTO X IIOACTABUTH Joboe UHCI0, OTIHUYHOE OT V5 u —«/5, TO
neBas yacTs ypaBHeHus (2) 6yzer oryimuHa ot 0.

IIpumep 3. Pemum ypaBHeHHE
x2+ 7=0. (3)

OueBHIHO, UTO 9TO ypaBHEHME He MMeeT KopHeil. Beab kBagpar jaio-
6oro meiiCTBUTENIBLHOrO Yucia X, HeOTpUIaTeJeH, W, CJIeJ0BaTeIbHO,
x3 + 7 ecTh IOJOKUTENBbHOE YUCIO. [IpyruMu cjoBaMu, HUKaKOe IencT-
BUTEJBHOE YHCIO X, He MOKeT ObITh KOpHeM ypaBHenus (3). Mel perru-
su ypaBHeHue (3), a UMEHHO IOKA3aJH, YTO OHO He UMeeT AeHCTBUTeNb-
HBIX KODHEH.

HenosHoe KBajpaTHoe ypaBHeHHe, y Koroporo b =0, umeer BuA

UJIH B BHIE

ax?+¢=0 (a#0). 4)
9To0 ypaBHeHUEe PAaBHOCHUIBHO YPAaBHEHUIO
x2 + ﬁ- = 0. (5)

[
flcHo, UTO €CM — eCcTh YMCIIO TOJIOMUTENBHO., TO, KAK U B npumepe 3,

ypasuenue (5), a 3HAUUT, U ypaBHeHue (4) He MMEIOT KOPHEM.
c
ITycre Temeps — €CTh YHCJIO OTPUIATEeIbHOE. Ypasuenue (5) paBHO-

CHJIBHO YPaBHEHUIO

a

x? — [-i] =0, (6)
Tax Kag 4YHCIO (—-:—] OJIOKUTENbHO, TO ypasHerue (6), a szauur,
1 ypasHeHue (4) paBHOCUJILHBI YPABHEHHIO
- (e )
KOTOpOe uMeeT [Ba KOPHA:

x, = ¢ ux,= 2
L a & a

U Apyrux KOpHeH He MMeer.
IIpu ¢ = 0 ypaBueHue (4), KaK Mbl 3HaeM, UMeeT eIUHCTBEHHBIH KO-
peHs X, = 0.
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IIpumep 4. Pemnm ypaBHeHHe

x2 - 3x=0. (7)
Ilepenumem ypasuernue (7) B Bume
x(x - 38)=0. (8)

9T0 ypaBHEHHE HMeeT, OUeBHHO, KOPHHU xy =0 u x, = 3. [Ipyrux xop-
Hell OHO He MMeeT, U60 ec/ii B Hero IOJCTABHUTH BMECTO X JI06oe YHCJO,
ornuyHoe oT 0 u 3, To B JIeBOil yacTH ypaBHeHUA (8) HOJYUHTCS YHCIIO,
He paBHoe 0.

Henonnoe KBagpaTHOe ypaBHeHHe, ¥ KoToporo ¢ =0, b # 0, umeer
BUT

ax®+bx=0 (a=0, b+#0). 9)
IT0 ypaBHEHHe PABHOCMJILHO ypaBHEHMIO
22+lz=o0. (10)

Tak »ke, Kak U B IpuMepe 4, IOKAa3bIBAETCA, UTO ypaBHEHUE (10), a 3ua-
YUT, U ypaBHeHHue (9) umeior ABa KOpHS:

b
x;=0 u =

U APYrUX KOpHEIl He MMeIoT.

ITpuBenénnsie MpUMepE! MOKA3BIBAIOT, UTO KBAaAPATHOE ypaBHEHHE
MOKeT HMeTh OJAMH HMJIM JBa KOPHA, 4 MOYKeT W He UMeTh KOpHeil.

B cregyromem nyHKTe MBI YBUAUM, 4TO J060e KBajpaTHOE ypaBHe-
Hue uMeeT Jubo ABa KOPHA, Jubo OAMH, 1100 HE NMeeT KOpHEH.

222. Kakoe ypaBHeHNe Ha3bIBAIOT HEIIOJIHBIM KBaIpaTHBIM ypaBHeHHEM?

223. CKOJBKO KOPHeIl MOKeT UMeTh HemoJHOoe KBaApaTHOe VDPaBHeHue:
a) ax2+c¢=0(a#0, c#0); 6) ax?+bx =0 (a#0, b=0)?

Pemrure ypasuenue (224—228):

224. a) x2=0; 6) 2x2=0;
B) x(x—1)=0; r) (x+3)x=0;
a) x(x+2)=0; e) 0,5x(2 + x)=0:;
#®) 3x(x — 0,5) =0; 3) (x=7(7+x)=0;
u) 3(x-5)(5+x)=0; k) 0,8(x+1)(1 - x)=0.
225. a) x2—-4x =0; 6) x?+ 6x=0; B) 3x2+4+ x=0;
r) x2-0,5x=0; o) 2x + 3x2=0; e) x2-2x=0;
) Ta? = 5a; 3) 3x = 11x% 1) %x2 _3x=0.
226. a) x2-1=0; 0) x2-9=0; B) x2— 25 =0;

r) 16 — x2 = 0; n) 49 — x2 = 0; e) 8+ x2=0;



79

227.

228.

229.

231.

232.

x) 4 - 2x2=0; 3) 8-12x%2=0; u) 7= 28x%
1. 2=0 5_2 o
fc)4+x 0; a) x 9 0.

Hanpumep:
x¥—1,5=10,

b {[Ga) sl
(- \I5) (x+4T8) =0,
% = 1,5, x, = —L5.
OTger: —\/1,_5; m

a) 22— 8 =0; 6) x2—5=0; B) %x""—l:O;
r) %x2~10=0; 1) 4x2 — 3 = 0; e) 5x2+ 2 = 0;
) x? = 2304; 3) x2-— 31,36 = 0; u) 0,001x2 = 40.
a) 4x%+ 6x = Tx% — 12x; 6) 1,2x — 0,5x2 = 4x% - 0,8x;
) 0,76x2 + 1,4x = 0; r) 0,6x% +/3x = 0;

o) 0,07x%—50=2,1x — 50; e) 9x%2 — 10x = Tx? — 15x;

x) —0,5x2 + V5x = 0; 3) %xg = B

Bamumure o0IKMHA BUA KBaJAPATHOTO YDPABHEHUS:

a) OIMH KOPEHb KOTOPOI'O pPaBeH HYJIO, a APYroil He paBeH HYJIO;
6) KOpHM KOTODPOTO PaBHBI IO abCOJIOTHON BeJIWYHWHE, HO NPOTHU-
BOIIOJIOMKHEI II0 3HAKY.

Kak pelaeTcs KasKJoe U3 9THX ypaBHeHMI?

3anuinuTe KBaJgpaTHOe ypaBHeHHe, KODHH KOTOpOTO:

a) 0 u 2; 6) 0 u 4; B) Ou 7;
r) 0 u -8; n) -5 u 5; e) —7 u JT;
K) —3 u 3; 3) -1 m1; n) -2 m 2.

PemuTe ypaBHeHHeE!:

a) (x—-12+(x+1)2=2;

6) (x—TN(x+3)+(x—-1)(x+5)+26=0;

B) (3x — 8)%2 — (4x — 6)% + (5x — 2)(x + 2) = 24;

r) (2x—-5)3x—-4)-(Bx+4)(x - 2)—-10x - 28 =0;
o) (x+ 2)(x+3)=2x(x+ 6) + 6.

Pemure ypaBHeHHe:

a) (x-12-1=0; 6) (x+2)2-4=0;

5) 4x2—1_3x2+8:1. ) 5x*— 48 33 - 2«*
3 5 ¢ 8 6

5]
:35;
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) [x-l-EJ (x EJ_ T e) (3x + 1,5)(3x — 1,5) = 54;
o 3xZ—4x _ B5x*-x 3) 2%~ 82 Met-ax P
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233. a) Ilpu KaKuX YMCIOBBIX 3HAYEHHAX M CYIIeCTBYIOT KOPHH ypaB-
HeHua x2+ m = 0?
0) Ilpu xaxom umcIOBOM 3HauYeHuu k ypassHenue 10x2+4x - k=0
umeer Kopeusp 07?7

234. a) Kpazpar HATYypaJbHOrO YHCJa DPAaBEH YTPOEHHOMY JTOMY e
yucay. Haligure Takoe umcio.
6) KBazpar umcna B 2 pasa mMeHblue camoro umciaa. Haiigure a1o

YHCJIO.
viccnegvem (235———236).
235. Pemure ypaBHeHHEe OTHOCHTENBHO X (M M n — paHHBIE YHCa):
a) méx? — n2=0; 6) m2x?—4=0;
2 1 2 m2
B) mxc——=0; r nx®— —=0.
m n

236. Haiipure Bce sHAUEHUA @, IPH KaXJOM M3 KOTODBLIX ypaBHEHHe:
a)ax?—(a+ 1)x=0; 0) ax?+(a-1)x=0
UMeeT eJUHCTBEHHBIH KOpeHb.

buijero Buga \

B aTtom IODYHKTE Mbl PACCMOTPHM pellIeHHe KBaJpaTHOI'O YpPaBHEHMHA,
3aIlMCaHHOI'O B oﬁm;eM BEHOe:
ax?+bx+c=0 (a=0). (1)
TeoreEMa 1
Ecnn auckpumuHaHT KBaapaTtHoOro ypasHeHWs (1) nonoxurenex, To
OHO WMEET OBa PasfinyHbIX KOPHS:

TR —b + 4Jb% — dac oy —b — /b2 — dac 2)

TR 2a T 2a

U OpYyrux KOpHen He uMmeer.

HJowasarenscrno. Kak nokasano B m, 4.1 (treopema 2), ecin
D >0, to gnsa 11060T0 X cHpaBeAJUBO PABEHCTBO
ax? +bx + ¢ = a(x - %) (x — x,),
rge 4ucia Xx; U X, oupemessoTcs paBeHcTBamu (2). ITosromy ypaBHe-
Hue (1) Mo)KHO 3amHCcaTL B BUAE
a(x - x;)(x - x,) =0 (a # 0). (3)
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y OueBUAHO, YTO ypaBHeHue (3) uMeeT KOPHHU X; U Xy U APYTHUX KOD-
Heil He mMeeT, IIOTOMY YTO €CJIM IIOACTABUTH B €T0 JIEBYIO YaCTh BMECTO X
m1060e YuCNo, OTIUYHOE OT X; M Xy, TO IIOJYYUTCS YHUCJIO, OTJHYHOE OT
mynsa. Teopema JoKazaHa.

TeEoPEMA 2
Ecnu OUCKPYMMHAHT KBaApaTHOro ypasHeHus (1) paBeH Hynio, TO

OHO UMEET Ee[MHCTBEHHbLIV KOPEeHb Xg = ——2b N OPYrux KOpHen He
a
UMeer.

Noxasatenbcrso. Kak nmoxasano B 1. 4.1 (reopema 3), ecnu
D =0, To gxsa mdoboro x cCupaselIiBO PABEHCTBO

5 ax? + bx + ¢ = a(x — xg)?,
e xXg = s TTosromy ypasHeHHe (1) MOKHO 3amucaTh B BHJeE

a(x —x5)2=0 (a#0). 4)

OueBHAHO, 4TO ypaBHeHUe (4) HMeeT KOPEHb Xy I APYTUX KOpHel He

uMeeT, IOTOMY YTO €CJIU TOCTABUTH B €ro JIeBYIO YacTh BMECTO X Jioboe

YYCI0, OTIHYHOE OT X, TO TIOJYYHTCS YHCJIO, OTIUYHOE OT Hyas. Teope-
Ma HOKasaHa.

Ecnv QUCKPUMUHAHT KBaapaTHOro ypasHewus (1) oTpuuaTtened, 1o
OHO He MMeeT KOPHEeW.

Noxasareanscrso. Kak noxasano B m. 4.1 (reopema 4), ecnu
D < 0, To gng 11000r0 X BBIOJHSETCA OJHO U3 HEePaBEHCTB!

ax®+bx+c>0, eciz a > 0,
WK
ax?+bx+c<0, eciu a < 0.

Dro o3gauaer, uro ecau D < 0, To He CyLIECTBYET AeHCTBUTEILHOI'O
ypesa, obpallaioliero Jepyio dacTh ypaBHeHus (1) B HyJb, T. €. IpH
D < 0 ypasuenue (1) He mMeeT NeiiCTBUTEJBHBIX xKopue#i. Teopema no-
KasaHa.

Wrak, xBajgpaTHoe ypasHenue ax® + bx + ¢ =0 (a # 0):

1) mMeer ABa PA3IMYHBIX KOPHS, €CJIH ero THCKPHMMHHAHT
OoJbIIe HYJIA;

2) MMeeT eJHHCTBEHHBI KOPeHb, eCJIM ero JHCKPUMHHAHT
paBeH HYJIO;

3) He MMeeT KOpHeH, ecaH ero JHUCKPHMHMHAHT MeHBblIe
HY .
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' Bameuaunune 1. Ecin AUCKPUMUHAHT ypaBHeHHsA (1) mosoKuTeseH,
TO (hopmyasl (2) Aasg KOpHEW 5TOro ypaBHEHWS YACTO 3aIIMCHLIBAIOT
B BUJe OOHOH (DOPMY.JIBI

2 e (d)

MOHMMAs e€ KaK YNPOIEHHYIO GOPMY 3amucH ABYX (DOPMYJI (2).
| 3amevyanume 2. Eciu D = 0, To hpopmysna (5) ocraéres cnpaseaiuBoii.

B arom ciyuae oHa gaér eAMHCTBEHHEIN KODEHB
b

x —
9 2a’

HJIH, KaK TOBOPAT, HBA COBIAmAIOIINX HOPHA!
b

x1=x2='"%.

B panpueifiimem npu pemeHuM KBagpaTHBIX YPABHEHWI MbI He oy-
[leM IOBTOPSATH IPUBEJEHHOE BEIIIE PACCYsKJeHUe, a OyIeM MoJb30RaATE-
ca dopmyioit (5).

Bor HecKoJIBKO IpuUMepoOB.

IIpumep 1. Pemmum ypaBHeHue
3x2+2x -2=0. (6)
Beruucaum AMCKPUMHUHAHT ypaBHeHUA (6):
D=0b>-4ac=22-4.3.(-2)=28>0.
CienoBarenbHo, ypaBuenue (6) mmeer gBa KOPHA, KOTOPEIE BLIUHMCIAIOT-

csa 1o opmyie
_-b+VD _-2+428 _ -—2+2T  -1+7
Ba ' .. 8:8 2.3 g T

T. €. ypaBHeHHe (6) uMeer gBa KOpHS:
e —1-:-3\/7 e —1~3ﬁ_
IIpumep 2. Pemum ypaBHeHHE
25x% - 30x + 9=0. (7
Boruuceaum AUCKPUMHUHAHT ypasHeHus (7):
D=0b?-4ac=(-30)2-4.25.9=0.

CrnenosaresnbHO, ypaBHeHUE (7) HMeeT eANHCTBEHHBIH KOpeHb, KOTOPBIN
MOY{HO BBIYHCJIUTEL IO hOpMYysIe
-b+t+D _ 300 _ 80

= oal T = ’6)
2a 2.25 50 0

e
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T. e. ypaBHeune (7) umeer equHCTBEHHBIN KopeHb 0,6, umau, Kak roeo-
PAT, ABA COBIAJAIOUIUX KODHHA:

x; = x5 =0,6.
IIpumep 3. Pemum ypaBHeHHe
2x2 - 4x+3=0. (8)
Brruneaum JUCKPUMHUHAHT ypaBHeHHUA (8):
D=b2-4ac=(-4)%*-4-2-3=-8<0.

CiemoBaTenbHO, ypaBHeHUe (8) He MMeeT KODHEH.

. Bameuanue. Kopru kBaapaTHoro ypasHenus ax? + bx + ¢ = 0 HasbI-
BAIOT TaKyKe KOPHAMH KBaJApaTHOro TpéxuieHa ax? + bx + c.

237. CKoJBKO KOpHeH uMeeT KBaJpaTHOE ypaBHEHHUE, eCIIH ero JUCKDH-

MUIHAHT:
a) IOoJOXKHUTEJIeH;

238. Ilo xakoil (opmMyJsie MOKHO HalTH KOPHH KBaJpaTHOIO ypaBHe-
HHUS, eclIU ero TUCKPUMHUHAHT HeOTpUIlaTeseH?

0) paBeH HYJIO; B) orpunaregen?

239. Brruuenure JUCKPUMHUHAHT U YKaXKHUTE YHCJIO KOPDHeil ypaBHEHUs:

a) x2—10x + 21 = 0; 6) x2-2x+2=0;
B) 2x2-3x-5=0; r) —2x%+ Tx — 3 = 0;
o) 4x —x2-1=0; e) 8+ 2x%2-Tx=0;
x—z-’r' =13 a)x—2—35—2x'
}I{) 3 x = 2 2 E] £l 3
H):c2=%—1; K) 4 -4x+ x2=0.
240. Pemure ypaBHeEHUE:
a) x2—-6x+8=0; 6) x2+ 5x+6=0;
B) ¥2—x—-2=0; r) x2+x—-6=0;

) x2+4x +15=0;
xK) Bx?+ 8x — 9=0;
u) 3x2-5x—-2=0;

e) x2+4x +4=0;
3) 4x2-8x +3=0;
K) 5x2—-6x+1=0.,

241. PemuTe ypaBHeHHE, IIpeJBAPUTEIbLHO NpuBens KoO3(POUIIHEHTHI
ypaBHEHUA K LIEeJIOUHCJIeHHOMY BHUAY, YMHOMKHEB JIeBYIO U IPaBYIO
yacTH YpPaBHEHHA Ha OLHO M TO JKe UHCJO:

a) x?-—%xw%:o;
B) 2 -8-2=0;

3
) x2-2,5x+1=0;

Sl
0) x 4x+8—0,

r) x2+§—50=o;

e) x2—5%x+1: 0.
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Pemure ypaBuenue (242—246):

242.

243.

244.

245.

246.

247.

248.

a) 2x%2=5+ 3x; 0) —x2+ 14x — 48 = 0;
B) —Tx? + 2x = -329; r) x2+x—-5=0;
n) 2x2-17x—-9=0: e) Tx2+13x -3 =0;
) 9x2 — 20 = 24x; 3) 4x%—4x =15,
a) (x + 8)(x — 9) = —52; 6) (x—1)(2x+3)=T;
B) (x + 1)(x + 2) = (2x — 1)(2x - 10);
r) (x—1)(x-2)=(B8x + 1)(x - 2);
¥ _2x _x+5, 5:°-1) _x
N L A el -k
)ﬁ_2_x=3x—10. 5 x—3+2x+3_x2—11
6 3 Hy 3™ 4 § s 12t
a) (x+3)(x—2)+ (x+ 2)2=3x + 10;
6) (x—5)2+(B—x)2-4(x+5)(3—x)—48 = (x + 1)2;
B) (x —1)(x-3)+ (x+3)(x— 5) + 2x = 4;
r) 82 +11+ % = 1‘75"; n) 1,2x% - 0,8x — 3,1 = 0.
a) x2+6x+8=0; 6) x2—-10x+ 9 = 0;
B) ¥ —8x=1,75: r) x2+ x=2;
o) x2—6x+6=0; e) x2+ 8x + 2 =0;
#) x2—-3x+1=0; 8) 2 -5x-1=0;
u) x2+ 8x + 15 =0; K) x24+ 5x-6=0.
a) 3x2—4x -4 =0; 0) 2x% - 8x — 20 = 0;
B) 4x2 + 6x + 9 = 0; r) 4x2+ 12x + 9 =0;
x) 16x2+ 21x — 22 =0; e) 18x%2 - x—1=0;
w) Tx2—x-1=0; 3) 14x2 + 11x - 3 =0.
dokazpieaem. [lokaxkuTe, 9To KOPHU ypaBHEHHA ax2 + bx + ¢ = 0

(@ # 0) npu D = 0 MOXHO BBIYMCIATL 0 QOPMY.JIe

b, D )
2 4 D (bJ
— ac.

T = L i |

4 2
Pemure mmo aroit opmyne ypaBaeHMe:
a) x2-8x+ 7=0; 6) x2+ 2x - 8=0;
B) x2+ 2x —-3=0; r) 3x2—-10x + 8 =0;
n) 8x% - 10x+ 3 =0; e) 24x2 - 10x + 1 = 0;
#) 3x?2—-8x+5=0; 3) 5x2+ 8x +3=0.

Wccnepyem (248—251).

Haiifure BCe 3HAYEHHA m, NPH KaXKIOM U3 KOTOPHIX ypaBHEHHE:
a) x2+ mx + 3 =0; 6) 2x% - mx — 2 = 0;
B) 3x2—-2x+m = 0; T) xX2=mx+m

HMeeT JBa COBIAJAIOIUX KOPHS.
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249. PemuTe ypaBHEHHUE:
a) ax?— 2x + 1= 0, ecnu 4uciao @ TaKoBO, 4To a < 1 n a # 0;
6) x2— 4x + 4a = 0, eciu YUCIO @ TAKOBO, 4T0 @ < 1

250. IIpu Kakux sHAYeHWAX a ypaBHeHue x> + 2x +a = 0:
a) WMeeT JBa PasiauYHBIX KODHS;
6) MMeeT eSUHCTBEHHBIN KOPEHB;
B) He uMeeT KOpHei?

251. PemuTte ypaBHeHHe AJs KarKIOT0 AeiCTBUTEJIHLHOIO YHCIA a:
a) x2 - 3ax + 2a% = 0; 6) ax?—-2x+1=0;
B) x2 —4x + 4a = 0; r) x2-2x+a=0.
Pemure ypaBuernue (252—254):
252. a) |x2-b5x+2|=2;
6) |x2—4dx—-1|=4;
B) |x2 — 4x + 1| =|x%2 - 3x - 10};
r) |x% - Tx + 2|=|x2 - 2x - 13|
253. a) Jx2-2x-3=0; 6) Jx?2—-6x+9=0;
B) J4x? +4x+1 = 0; r) +2x2-38x+9=0.

254. a) x> +3x-3=1; 6) x2—4x—-1=2;

B) Jx2—-6x+18 = 3; r) x%+ 5x+ 22 = 4;

o) JJx? —6x+ 21 = —4; e) {x2-10x—- 2= -3.

LF, MpusepénHoe KBagparHoe ypm&wemwe\

KBagpaTHoe ypasHenue ¢ Koddduumentom 1 npn x? HaA3HIBAIOT
NPUBEIEHHBIM KBaJPAaTHBIM YpaBHEHHEM.
Caenyomiue ypaBHEHHA
x2-2x47=0, «x2=0,
x2—-5=0, x2-3x=0
coIysKaT IpUMepaMM IIPUBEJEHHBIX KBAJAPATHBIX yDaBHEHWIL.
IIpuBeaéHHOE KBaJpaTHOE ypaBHeHUe B 00uieM BuJe 00OBIYHO 3amu-
CHLIBAIOT TaK:
x*+px+q=0, (1)
rage p U ¢ — AaHHBIE YHCIA. Yueno p — KoaQHUIMEHT OPH X, & ¢ —
cBOOOAHEIN UYJIEeH,
Taxkum obpaszoMm, ypaBHeHHe (1) MOMKHO paccMaTpHUBATH KaK YacT-
HEBIH cayuail KBagpaTHOTO ypaBHeHus o0Iiero suna

ax?+bx+c=0, 2)
rnea=1,b=p, c=q.
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HuckpuMusanT ypasHesus (1) paBeH:
D = b2 - 4ac = p? - 4q. (3)
IIyers D > 0, Torga ypasuenue (1) umeer nBsa KOpPHSA, BEIYHUCJIAEMBbIE I10
opmye

(4)

Ilycrs Teneps D = 0, Torpa ypasuerue (1) uMeeT efUHCTBEHHBIH KO-
PeHpb, WJIH, KAK IOBOPAT, JBa COBIAJAalONINX KOPHS:

r=x,= -2 (5)

Ecimm e D <0, To ypaBHeHue (1) He HMeeT NEHCTBHUTEIBHBIX
KOpHeIi.
Yacro B cayyae nmpuBeféHHOro ypasHenus (1) BmecTo IUCKDPUMHU-
2

D
nanra D paccmarpuBaerca Buipaskenue — = | £ | — g. TIpu srom dhopmy-

4 2
Jy KOpHeli NPUBeNEHHOI0 KBaApaTHOIO ypaBHeHusA (4) 3alUChIBAIOT TaK:

D
ra=-2% 2. (6)

D
Tax xax BbIpa’keHHEe — MMEET TOT ke 3HaK, 4To u D, To:

2
1) ecan [g} —q >0, 1o ypaBEHeHHe (1) uMeeT ABa KOPHSA, BEIUMC-

Jgsemseie o gopmyse (6);

2
2) ecnu [5} — g =0, To ypasHenue (1) uMeer ABa COBIANAIOIIUX

KOpH#, BBIUUCIAEMBIe 110 TOH e Qopmyne (6) waM, 4T0 BCE paBHO, O
dopmye (5);
2
3) ecan (g) — ¢ <0, To ypaBHeHHe (1) He MMeeT KopHeil.
IIpumep. Pemum ypasHenue x% — 8x + 7 = 0.
Brruncaum Z:

2
={§J —g=(-4*-7=9>0.

YpaBHeHHe UMeeT Ba KOPHS:

x]‘g.—_*—»gigz‘ii‘\/g:‘lis; xlil, x2:7'
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255. Kakxoe ypaBHeHIe HA3BIBAIOT NPUBEAEHHLIM KBaJpPaTHBIM ypaBHE-
Huem?

256. Ilo xakoil JopMyJie MOMKHO HAWTH KOPHHU IIPHUBEAEHHOTO KBaJgpar-
HOI'O ypaBHEHUs, eCJU ero AUCKPUMMHHAHT HEOTPHILATEJeH?

Pemure ypasaerue (257—259):

257. a) x2 - 6x + 8 =0; 6) x2—-2x-15=0;
B) x2+ 6x + 8=0; r) x2+ 2x-15=0;
n) x%+ 20x + 51 =0; e) x2—-22x - 23=0;
x) x2 - 20x - 69 =0; 3) x2+ 22x + 21 =0.

258. a) x?—-4x+4=0; 6) x2—8x + 20 = 0;
B) x2—-2x+1=0; r) x2+4x+3=0;
n) x2+ 16x + 48 = 0; e) x2—-9x —22=0;
w) x2+8x+ 71 =0; 3) x2+ 12x +40=0.

259. a) x2-x—-2=0; 6) x2—bHx—24=0;
B) x2-3x+ 2 =0; r) x2-13x+42=0;
n) x2+x—2=0; e) x2—x—6=0;
w) x2+ 13x + 22 = 0; 3) x2+ 17x + 66 = 0.

260. Jokassiaem. Hoxaxkure, uyro ecau ¢ <0, To ypaBHeHHE
x?2 4+ px +q =0 umMeeT gBa PasIHUYHBIX KOPHA.

[4.6. Teopema Buera |

Ilycts maHO IpHUBeNEHHOE KBaJpaTHOE ypaBHEHHE
x2+px+qg=0. 1)

Teorema BreTn
Ecnu npuBefEHHOE KBagpaTHOE YypaBHe-
Hue (1) MeeT HeoTpUUaTENbHbIN ANCKPU-
MWHAHT, TO CYMMa KOPHEeW 3TOro ypasHe-
HWUSA paBHa KO3 @UUUEHTY NpU x, BIATOMY
C NPOTMBOMOJIOXHLIM 3HAKOM, a Nnpou3se-
JeHne KopHei paBHO CBODOAHOMY YIIEHY.

HMNuade roBops, ecjm X; U X, — KOPHH
ypasuenus (1), To
X, + X9 =—p, (2)
xlxz =4d.
®opmyssl (2) HaseiBaioT (hopmyaamu Bue-
Ta B YecTh (hpaHIydckoro maremaTuka @. Bue-
Ta (1540—1603).




3ameuanue 1. IToguepruém, uro 3xecs npu D = 0 mogpasyMeBaeTcs,
4To ypaBHeHue (1) umeer JBa COBIAZAIOIINX KODHA.

Hdowasarenscrso. Kopan ypaBHenus (1) npu HeoTpHIATeNb-
HOM JUCKPHMHHAHTE BBIUHUCIAIOTCA II0 (POPMYJIaM

2
et £
A (3)
x2=-E— '—'4—"-(}

CrnoxxuB paBeHcTBa (3), HOAYyIUM

2 g
nen= (2Bt [-2- [E-q)- s

ITepemuosxus paseHcTBa (3) u nmpuMeHHB (GOPMYJy PasHOCTH KBajgpa-
TOB, HOJYYUM

p 2 2
e (4o V504 )-

2 2 2 2 2
2 LB ] P ] P B e
""( zJ [ 4 ] s g TITT

Teopema Buera jmoxasana.
CnpaBepgiuBa Tak»Ke Teopema, obpaTHas Teopeme Buerta.

Ecom pna uucen x;, x, p, g cnpaeeanussl dopmynsl (2), TO
X; N x; — KOPHW ypasHeHua (1).

HeitcTBUTENBEHO, MONB3ysch (Gopmyaamu (2), mpeobpasyeMm BbIpa-
JKeHHe
- - — T .
(x—x)(x — x3) = 2% — (x; + X)X + ;%5 = X2 + px + q.
Teneps BupHO, YTO uyMCIa X; U X, 00pAIalOT B HYJb BEIPa’KeHUE
x% + px + ¢, CIefOBATENBHO, X; U X; — KOPHM ypPaBHEHUS
2+ px+qg=0.
3ameuanue 2. Teopemy Buera MoxHO chOpMYIUPOBATE U AJA KBAI-
paTHOrO ypaBHeHUsA ob6IIero Buiua
ax?+bx+e¢=0 (a#0), (4)
HCIIOJNBE3YA €ro PaBHOCHJIBHOCTE IIPHUBEAEHHOMY VPaBHEHHIO
b c
x4+ —x+—=0.
a a

Ecau keadpammuoe ypasnenue obuiezo suda (4) umeem neompuya-
meJibHblil OUCKPUMUHARM U ecau X, U Xy — KOPHU ypasnenus (4), mo

b
x1+x2= —E, xlx2= ‘a—.
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Teopema Buera u Teopema, obparHas e, 4acTO NPUMEHSIOTCH IIPU
pellleHu¥ PasJIWYHBLIX 3ajad.

IIpumep 1. Hanuinmem npuBeféHHOe KBaJpaTHOE ypaBHEHHE, KOp-
HAMHA KOTOPOTO ABIAOTCA uucaa 1 m —3.
HWaave ropops, HaljgéMm uMceiaa p U (¢, Takue, 4ToObBl ypaBHeHUeE
x? + px + g = 0 umMesio KopHU x; =1 u x, = —3.
ITo opmysnam Buera
—p=xy + x5 =2,
q=x;%,=-3.
CrnemoBaTeIbHO, HCKOMOE YpPaBHEHHE MMEET BH/I
x2+2x—-3=0.
IIpumep 2. He pemras ypaBHeHU:A
x? — 364x + 497 =0, (3)

onpenesuM 3HAKH ero KOpHeli.
JUCKPUMUHAHT 3TOTO YPaBHEHUS IIOJIOKUTEJEH, TAK KaK

—‘3: 1822 — 497 > 0.

3HauuT, ypaBHEeHHNe HUMeeT JBa KOPHA: X; U X,. Ilo Teopeme Buera
x,x, =497, 1. e. IpousBeeHNe KOPHEH IMOJIOKUTEIbHO. KopHU MMeloT
OOMHAKOBBEIE 3HAKU: Mu00 x; >0 1 x; > 0, gubo x; <0 u x, < 0.

Ho mmo Teopeme Buera x; + x, = 364, T. e. cymMMa KOpPHEH TaKie IIO-
Jgoxxurensua. CiaemoBaTelbHO, ypaBHeHUe (5) UMeeT JBA IOJOXKHUTENb-
HBIX KOPHJ.

1 IIpumep 3. BeruuciuM sHAUEHUE BBIDAKEHHS X7 + X5, TIhe x;
| M X, — KOPHH YypaBHEHW

x2—-8x+1=0. (6)

Beruncaum guckpumusasaT D = b2 — 4dac =9 — 4 = 5. Ypasuenue (6)

JeHdCTBUTEIBHO UMEEeT 1Ba KOPHSA, HO BRIYHUCIATE WX IJIA PEHIeHUs 3a7a-
uu He HyHO. [Ipeo6pasyeM BbIpaskeHHe

#f +2E =K F 20K, +XF — 2R X = (F + )P~ By,
Tak KakKk xX; + Xy, = —p, XX, = ¢, TO
x2+x2=(pP2-2¢=32-2-1=9-2=7. 0

i

261. Chpopmyaupyiire:
a) reopemy Buera; 6) Teopemy, obpaTtuHyio Teopeme Buera.

262. 3anumure Gopmyasl Buera,

263. [Joxassieoem. [Iid HenpuBeIEHHOIO0 KBaApaTHOI'O YpPaBHEHUs
IOKAaXKuTe:
a) teopemy Buera;
6) Teopemy, obparHyio Teopeme Buera.
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264.

265.

266.

267.

268.

269.

270.

271.

OHPBHEJIHTE, HMeeT JJU KOPHM ypaBHEeHHe:

a) X2 -x+1=0; 6) 22+ x+3=0;
B) x2+3x-2=0; r) x2-3x+2=0;
n) x2-2x+1=0; e) x2+4x+4=0.

Eciu mmeer, TO yKaKuUTe UX CYMMY W IIPDOM3BEIEHUE.

CocTarbTe NpUBELEHHOE KBAaJpATHOE YpPaBHEHWE, €CJH H3BEeCTHEI
cymma L u npousBenesHue K ero KopHei:

a) L=3, K =-28; 6) L=-3, K=-18;

8) L=-8,5, K =2,5; r)L=%,K=~é—;

I L=0, K=-9; e) L=4, K =4,

CocTaBhTe TPUBENEHHOE KBAJDATHOE YDaBHEHME, €CJIH M3BECTHEI
ero KOpHH:

a) 1 ub; 0) -2 u 3; B) 4 u 6; r) -3 u —6;

) 0,5 u 4; e) 1,2 u -5; ) 1 m-1; 3) 5 u 5.

Hanpumep: x; =2, x, = 3.
p=—-(2+3)=-5,q=2.3=6,

T. e. UICKOMOe ypaBHeHue x2 — 5x + 6 = 0.

CocrasbTe KBaJpaTHoOe YpaBHeHHe, eCJH H3BECTHEI €r0 KOPDHH:

a) 2 u3; 6) V3 u 5; 8) V7 u —T;
r) 0u5; 1) 1—- 2 unl+4/2; e) 2— 5 u2+45.

He peniasg ypaBHEHHA, OIIpedeyiTe 3HaKH €ero ROPHEI:‘I.

a) x2—-T7x+12=0; 6) x2+ Tx+ 12 =0;
B) x2+ bx — 14 = 0; r) x2—-5x—14=0;
m) x2+1,27x-1,46=0; ) xz—gx—[},{):ﬂ;
x) x2 — 56x + 768 = 0; 3) x2 - 20x — 684 = 0;
u) x%=-37T7x — 31 242; K) x2+ 272x =49 104.

Yrakure cyMMy M IPOM3BeZleHHe KOPHEH KBaJpPaTHOTO ypaBHe-
HUs (eCJaM OHM CYILECTBYIOT):

a) 2x2-3x+1=0; 6) 3x2+x+4=0;
5) %x2+%x—3=0; r) 1,4x2-—3x+$=0;
m 0,1x2 - 8x + 4,2 =0; e) 3x2+1,1x—-0,4=0.

CocraBbTe TIPUBENEHHOE KBAaJpaTHOE ypaBHEHNe, MMelolee OBa
COBIIAHAIOIIUX KODPHA, paBHbIE 3.

OxuH ¥M3 KopHel ypaBHeHus paBen 2. Hailinure BTOPON KOpPEHB
ypaBHEHHWs, He pelllasg ero:
a) x2+ bx — 14 = 0; 0) x2—13x + 22 = 0;

2

B) x2-2,6x+1=0; r)xz-lgx_g:o_
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272. O0BaACHUTE, IOYEMY ypaBHEHHUE:
a) 5x% — 8x — 284 = 0 He UMeeT KOPHeH OXHOIO 3HAKA;
6) 17x%— Tx + 354 = 0 He uMeeT KOpHeil Pa3HBIX 3HAKOB.

273. HUszBecTHO, UTO X; — KOpPEHb ypPABHEHU:
a) 222+ 16x+a=0, 2, =8
0) 3x2+ax—T2=0, x; =8.
OmnpenpenuTe BTOPON KOPEeHL YPaBHEHUS U YHCIO Q.

274. CocraBbTe KBaJpaTHOE ypaBHEHHE, KOPDHH KOTOPOIO:
4) paBHBI COOTBETCTBEHHO CYyMMe M IPOM3BEJEHUIO KOpHEeN ypas-
Henusa 3x2 + 2x — 15 = 0;
0) Oosnpmie xopHeil ypaBHeHuss 3x2— 1lx + 2 =0 Ha eguHUIY;
B) MeHbIle KOpHeHn ypaBHenus 2x2 — 13x + 3 = 0 B gBa pasa.

275. Yuena x; U X; — KOpHH ypaBHeHHa x2 — 2000x + 1999 = 0. Co-
cTaBbTe KBaJpaTHOE ypaBHEHHE, KOPHH KOTOPOIO —X; H —Xs.

276. Pemnre ycTHO KBaJgpaTHOE ypaBHEHUE:

a) x2+ 2000x — 2001 = 0; 6) x2— 2000x — 2001 = 0;
B) x2 - 2001x + 2000 = 0; r) x%+ 2001x + 2000 = 0.

277. VpasuHeHue x2 + 3x — 1 = 0 umeer 1Ba KOPHA X; U X,. Beruucjure:
a) Xy + X5 0) x; -« xy; B) (x; + x3)%
p) & +h; m) x} +x3; &) (xy — ).

278. VYpasueHue x? — 2x — 5 = 0 uMeeT ABa KOPHS X; U X,. Beruucaure:
a) Xy +Xy; 6) xy * Xy; B) (x; +x5)%
r) X7 +x%; n) xd+x3; e) (x; — x5)2.

279. Nwem nndopmaumnto. HMenonbsys yueOHUK, CIIPABOYHYIO JIATE-
patypy u HMEuTepHeTr, noATroTOBETE coobmienue o P@. Buere u ero
(opmynax and KopHeil ypaBHeHWII BTOPOM W TPeThEH CTemeHei.

K peuueumo 3agau

3amauya 1. Cymma KBaAparToB [BYX IOCJENOBATEJNBHBIX HATYPAJh-
HBIX uHces OOJbllle IIPOM3BeNeHHA 3THX umcedl Ha 57. Hafizure stn
yucJa.

Pemenue. O603HAUYUM MeHBIIEE M3 HMCKOMBIX UHCeJ uyepes X,
rorga Oosbinee Oyzer (x + 1). Ilo ycaoBuio 3azauu

2+ (x+1)2—x(x+1)=5T7. (1)

Takum 0OpazoM, MCKOMOE UHCJO X AOJIKHO OBITH KOPHEM ypaBHe-
Husd (1). IlepeHecs Bce usieHH ypaBHeHUs (1) B JIeBy10 yacTh, IMocje mIpe-
06pa30BaHUI MOJYyYUM YpaBHEHHE

x2+x—-56=0, (2)
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paBHOocuibHOe ypaBHeHHIO (1). Tak Kaxk JUCKPHUMHHAHT YypaBHEHHA
D=1-4.(-56)=225> 0, To KOpHI KBaJpaTHOrO ypaBHeHUd (2) BbI-
yucasoTesa mo Gopmyie
y o -ly225 _ -1+15
it 2 2
CrnemoBarenbHo, ypaBHeHue (2) m paBHocuibHOe emy ypaBHeHue (1)
HMeIOT KOPHU

x1 =17, x,=-8. (3)
Tak Kak HAM HAJ0 HAWTH HAMYPAJbHOE YHCIO X, YAOBIETBOPAIOIIEE
ypaBHeHHIO (1), TO H3 3THX ABYX KOPHEHM YCJIOBHIO 3aa4l YIOBJIETBODSA-
er JUIb X; = 7.
Hrag, x=7, x+1=8.
Oreer. 7 1 8.

[ Bapgaua 2. IIpegmer nepBoravaabsHOo cTouy 25 p. ITocse Toro Kak ne-
Ha OblJIa CHHUJKEHA OBAMAbl, OH cTajg ctouTsk 18 p. ITpu aToMm npouesT
CHUKEHHS BO BTOPOM pa3s ObLI B ABa pasa foJbllle, UueM B IIePBLIi pas.
Ha cKoJBKO IPOIEHTOB CHIMYKAJIACE IIEHA KaMIbIH pa3?
Pemenue. IlycTe B HepBBI pas IleHa IpeAMETa CHHU3UJIACH HA

x % . OTO 3HAUWUT, YTO MOCJIE IEPBOr0 CHMMKEHUS IEHBLI IIpeIMeT CTall

CTOUTH

P = BB [ e
25——25-E-6—25 (1 100]p.

Bo BTOpOIT pas leHa mnpeamMera cHuduiach Ha 2x % . 9To 3HAYHUT,
YTO HOCJEe BTOPOTO CHUIKEHUSA IEeHBI IPEeJMeT CTAaJ CTOUTH

b 2x
25|1—- —||1- —|p.
( 100]( 100) .
ITo ycaoBHIO 3aJady IIOCJE ABYX CHHYKEHUII IIeH IIpeIMEeT CTaJ CTOHUTH
18 p. CrenoBaTenbHO, HCKOMOE UHCJIO HOJMKHO OBITH KOPHEM YpaBHEHHUS

x .
25(1—ﬁ](1—ﬁ)~—18. (4)

ITepenecs Bce uJjieHBl ypaBHeHHA (4) B JIeBYIO 4acTh, YMHOXKHB 3TO
ypasuenue Ha 200 1 packpbslB CKOOKM, IIOJyYUM ypaBHEHUE

x? — 150x + 1400 = 0. (5)

Pemmus ypasuenue (5), mangém ero kopuu x; = 10 u x, = 140. Tax kax
ypaBHeHusA (D) u (4) paBHOCHJIBHEI, TO YpaBHeHHe (4) UMeeT Te Ke KOp-
HU x; = 10 u x, = 140.

ITocKoABKY CHMBUTEL LeHy npeamera Ha 140 % wennssa, To yeiaoBuio
dagadyl yAOBJETBOPSAET JUINL KopeHb x; = 10,

Hrag, x = 10, 2x = 20.

Orser: neny cuEusuau Ha 10 %, sarem ma 20 % . ©
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280.

281.

283.

284.

286.

a) Pasmosxure umcno 10 mHa gBa ciaraeMbIX TakK, 4ToObI IPOU3BE-
IeHNe 9THX cjaraeMbix Op11o paBHO 21.

0) Pasmoxxurte ducao 14 Ha nBa ciaraeMbIX Tax, 4TODBI IIDOM3Be-
JeHHe BTHX cjaraemMslx ObLIO paBHO 36,75.

a) IIpousBemeHMe ABYX IOCJIEAOBATEJBLHBIX HATYPAJIBLHBIX YHCEJ
pasuo 110. Haiigure aru umcia.
6) IIpousBejneHUe ABYX MOCIEAOBATENBLHBIX HATYDPAJIbHBIX UHCE]
pasuo 210. HalimuTre aTH ymca.

a) IIpousBeneHue ABYX HATypaJbHBEIX UHCEJI, OJHO 3 KOTOPEIX HA
7 Goasuie apyroro, pasuo 44. Haiigure sTH ynciaa.

0) IlpouseBemeHHe ABYX HATYPAJbHBIX YHCEJ, OZHO M3 KOTOPBIX
Ha 12 mensbine apyroro, paBsao 448, Hailigure sty uucia.

a) Halipure gBa umcna, cymma KoTopeIx paBHa 20, a cymma ux
KBagpaToB paBHa 218,

0) Halizure ppa umcna, cymMMa KOTOPBIX paBHa —2, a cyMMa HX
KBaapaToB paBHa 34.

a) Ogma us mudp ABysHauHOro uumcaal ma 2 Goablre APYIoi,
a cyMMa KBaJpaToB 3TOr0 YHCJA W YHCJIa, NOJYYEHHOrO OT Iepe-
cTaHOBKHK ero unudp, pasua 4034. Haligure sT0 4nCiIO.

06) Hailigure ABy3HAYHOE YHCJIO, eCaH Ludpa eIUHUIL 3TOTO YHCaa
Ha 4 MeHbIIE TUQPH €I'0 AeCATKOB U MTPOU3BEIEHHNE UHUCTIA HA CYM-
my ero nudp pasuo 306.

a) Ecnu nmepumerp KBaapara yMeHbIINTE Ha 40, To ero mniomans

7
YMEHBIITUTCA B 1 g Pasa. Onpegennre mepuMeETDP IePBOHAYAIBHOTO

KBajpara.
6) IlpamMoyroJbHHK, OAHa CTOpPOHa KoToporo Ha 11 m Goiblue
Apyroii, mpeoOpa3soBaH B PABHOBEJIUKHN (T. €. MMEIOIIHHA TAKYIO
Jce IIOIIalhb) MPAMOYIOJIBHUK, ¥ KOTOpOro OoJibIIas cTOPOHA CTa-
aa pasHou 10 M, a MeHBIIag CTOPOHA yBeJauuuigack Ha 2 M. Onpe-
JeJIATe IJIOIaah U CTOPOHBI IIPAMOYIOJbLHUKA.

B) BoaMoskeH i TAKOH NPAMOYIOJBHBIN TPEYIOJbHUK, CTOPOHEI
KOTOPOT'O BHIPAYKAIOTCHA TPEMs IOCIeAOBATEJbHBIMH HATYPAaJbHBI-
MU uucIaMu? TpeMs II0CJeJ0BATeJbHBIMUA YETHBIMH YHCIAMH?
TPeMs MMOCJeL0BATEIEHLIMI HEUETHBIMY YHCIAMU?

r) B KakoMm BBIIYKJIOM MHOIOVIOJBHHKE YHCJIO CTOPOH PABHO
YpCcJIy ero guaroHaeit?

a) BrInyCKHUKM OJHOT'O KJIACCA DPEIIHJIM IOCJe OKOHUYAHUA IIKO-
JBI 00MeHAThCA GoTorpa@uaMi — Kasablil ¢ KaxasiM. CKOJIBKO
BBINYCKHUKOB OBLIO B Kjacce, ecJU Bcero obuio posgano 930 do-
Torpaguii?

l,ﬂnySHalIHoe YHCJIO IPUHATO 0003HAYATH ab=10a + b (a # 0). Aganoruu-
"o abe = 100a + 10b + ¢, abed = 1000a + 100b + 10¢ + d u 1. #. (a # 0).
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0) HecxosabKo 4YeoBeK IIpH BCTpeude IIPHBETCTBOBAJU JAPYT Apyra
pykonoxxaTuaMu. CKOJIBKO UeJIOBEK BCTPETHIINCH, €CJIM BCErO pPy-
Komoxatuil 6ermo 217

287. a) Bnicora mpaMoyroJlsHHKA coOcTaBiasier 75% ero OCHOBAHUA.
Haiigure mepuMeTp 9TOr0 IPSAMOYIOJBHHKA, €CJIH ero IJoniainb
pasHa 48 M2,
©) Ot ;mucra sxecTH, uMeroero hopMy KBazpaTa, 0OTpe3aju I10JI0-
cy IIMPUHOA 3 CM, ICCJE Yero ILIONIals OCTaBIIeNCsa YacTy JIMCTA
crana pasHoi 10 cm?. Omnpenenure mepBOHAYAJbHBIE pasMephl
JICTA JKEeCTH.

288. OmnTosbii cKiax nokymnaer Toeap no 800 p. u npogaéT ero, MOBLICUB
IIeHY Ha HEKOTOPOEe YMCJIO IPOIeHTOB. Marasus moKyIaer ToT e
TOBAP HA ONTOBOM CKJAaje ¥ Npoaaér ero, NOBBLICURB LIeHY Ha YHCJO
IIPOLEHTOB, B 1,5 pasa Gomabliiee, ueM ONTOBBIH cKkiIan. B peaynsra-
Te LeHa TOBapa B Marasuee cocrtasiaser 1248 p. Ha ckonbpKo mpo-
IIEHTOB YBEJIHWYMBAET IeHy ONTOBBIH ckyuaxn? marasu?

289. Ilena Torapa cocraBasana 500 p. ITocye gBYX MOBBIIIEHUI IIeHEI TO-
Bap croua 546 p. MseecTHO, 4TO BO BTOPOH pas IeHa YBEJIHYHJIACE
Ha YHCJO NPOILEHTOB, MeHbIlee Ha 1, uem B nepBblil pa3. Ha croub-
KO IPOILIEHTOB YBEIMUYMJIACH IIeHA B IIepBhI¥ pas? Bo BTOpoil pas?

§=9, PaunonaneHbie ypasHeHus

[ 5.1. MousiTMe PAUMOHANBHOTO yPUBHEHMS |

YpaBHeHue, JieBas U MIpPaBas YacTH KOTOPOrO ecTh PallOHAJIBHEBIE
BBIpAKEeHNs OTHOCHTEJBHO X, HA3HIBAIOT PAIIHOHAJbHBIM ypaBHEHHEM
C HEH3BEeCTHBIM X.

Hanpumep, ypaBHeHNHA

3 _ Bes 8
5x5—9x5+4x2—~3x+1=0,x 1 3x*—2x+1 5x°—-2

—=14ux, =
x4+ 1 x -1 x*+ 8

ABJISKTCA PAIlMOHAJIBHBIMH.
BripakeHue, SABIAIONIEECsS CJAaraeMbIM IIPABOM HJHM JIeBOH YacTH

ypaBHEeHWs, Ha3bIBAIOT YJIEHOM ypaBHEHHS.
2

x—3
+x— 2= "—— ABIAKTCA

x
Hanpumep, 4jeHaMH ypaBHeHUA ———
P b P 2+ 1 xd—-1

5x2 9 X- 3

BhIpAKEeHHUHA m, Xy —d, m
HamomHMM, UTO KOpHEM (KJIPI pemeHHeM) VYPaBHEHHA ¢ HEH3BECT-
HBIM X HA3BIBAIOT YHUCJIO, IPH IIOACTAHOBKE KOTODPOrO B ypaBHEeHHE BMe-
CTO X IIoJydYaeTcs BepHOe YMCJIO0BOE PaBeHCTBO. Pemuts YpaBHeHHe —

3HAYUT HAWUTH BCE ero KOpHH HJH IOKas3aTh, YWTO HX HET.
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Keanparn

HeHHus

o o= a0

[Tpu pemeEMM palMOHAJBLHBIX YDPABHEHWI HMPUXOMHTCA YMHOMKATH
MY JeNHuTh 00e YacTH ypaBHEHU Ha He PABHOE HYJIIO YUCJIO0, HePEeHOCHTD
YIeHbl YPABHEHUs U3 OJHOH ero 4acTH B APYTYIO (C IMPOTHUBOIOJIOMKHBIM
3HAKOM), IPHMEHATH IPaBHJIa CI0MKEHUA U BRIYNTAHNA ajlredpanmdecKmux
Apobeii. B pesynprare OyaeT nosy4arsCsa ypasHeHNe, PABHOCUIBHOE TIPe-
IIeCTBYIOIEMY, T. €. YPABHEHHE, UMeIolllee Te 3Ke KOPHU U TOJABKO HX.

B sTrom maparpade Gyzer paccMOTPEHO HECKOJIBKO THUIIOB PaILHO-
HaJIbHBIX YDAaBHEHN, pellleHue KOTOPHIX CBOAUTCA K PEIeHUI0 ypaBHe-
HHH DepBOH M BTOPOH CTEIEHWU.

B

290. a) Kakoe ypaBHeHHe HA3BIBAIOT pAIlUMOHAJBHBIM C HEH3BECT-

HBEIM X7

0) YTo HA3BIBAIOT KOPHEM ypPaBHEHHS C HEMB3BECTHBIM X7
B) YUTo 3HAYUT PEIINUTHL ypaBHeHHE?
r) Kaxume ypaBHeHUs HA3BIBAIOT PABHOCHJILHBIMU?

291. fApasercs JM palMOHANABHBLIM ypaBHEHHE:
a) 1 - 3x=0; 6) %x-(s—x)-o,2=4x—%4;
2
B) 3x2="7; r) 12-%:(1-.1:};:;
x°—-6 _ a 3 fa i
e LE il e v
x) Jx = 2; 3) Vx—8 = 24;
1 x
u) VIx+8=[12=; K) ——— 2x2 = 147
) 123 i
292. fApisercd JM yKasaHHOE UHCJIO KOPHEM ypDaBHEHUA:
) 2;3x—xT_5=x+5; 6) —0,1; 3(x—8)=4— 2(x— 1);
1t x 13 + 2x
; X%+ 4x — 28 = 0; =3 e b
B) 3; x? + 4dx 8=0 r)4x_31 10
3x2“‘x3 = 4 3
) —2;——5———= 6+2(x+1); e) —10; x5+ 3x*= Tx3+ T700;
i g e TN
) l’x—l_xul’ 3) 1’.9c+1_.9c+1
293. PaBHOCHJIBHEI JIU YPaBHEHUT:

a) x+2=3ux+5=6;

12x=7wu 1,2x=0,7;

B) 2x =4 u 24x — 7 =41; r) x—1=3mn i
2 Rl

n)x+x=0}1’x+1:0; e) X l:OKx+1=0;
x—1 x - X1

#) 3x—1+bx=x-12

u Tx=-11;

g) 112 v 2s B0 7 a0, The+ B =07

3

xhoep - B
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| 5.2. BukBagparHoe ypasHeHue

YpaBHeHHE
ax*+bx%2+c=0, 1)
rae a, b u ¢ — ganHbIe uncaa u a # (0, HazpIBa¥OT GHKBAJPATHBIM ypaB-

HeHHeM C HeM3BeCTHBIM X.
Uro6el pemuTs ypaBHeHUe (1), gesarT 3aMeHy HEM3BECTHOIO

y=x2 (2)
Torza ypasHenue (1) nmpesBpaljaercs B KBaApaTHOe ypaBHeHNeE
ay? + by +c¢=0 (3)

¢ HEM3BECTHEIM J.

Ecau ypasaenue (3) He mMeeT KOpHe#, ToO U ZaHHOe ypasHeHHe (1)
He UMeeT KODHeH.

Ecnu ke ypaBHeHue (3) uMeeT KOPHH, TO, IIOACTABUB KAMABIN U3
HUX B paBeHCTBO (2) BMeCTO Y, HOJNYYMM YPaBHEHHMA OTHOCHTEIBHO X.
Penresus MoJy4yeHHBIX YPaBHEHHW, €CJIH OHU CYLIECTBYIOT, U ABJISIIOTCS
pemeHusiMu ypaBHeHud (1). Ipyrux pemenuil ypasHenue (1) He umeer.

IIpumep 1. Pemum yparHeHHE
—-4x?2+3=0. (4)
VpaBaenue (4) mocje 3aMeHbl HEM3BECTHOrO y = X2 mpespalnaercs
B KBajipaTHOe ypaBHenue y? — 4y + 3 =0.

2
Tax xkak %:(-‘g) —qg=4-3>0, To OHO HMeeT [gBa KODHMA:

P
y1,2=—2i\[: 21, r.e.y;=1numy,=3.

ITomcTaBUB 9TH YHCJIAa BMECTO Y B PABEHCTBO Y = X2, MOJYYUM ypas-
HEHUsI OTHOCHTEJBHO X:

l=x*n B=u%
PemiuB ux, HaAWAEM deThIpe KOpPHSA ypaBHem«m (4):
=1, xy=-1, x5 = 3 X, = f
Jpyrux xopHeil ypaBHeHue (4) He uMeerT.
IIpumep 2. Pemum ypaBHeHUE
1-2x2-2=0. (5)
Vpasruenue (5) mociie 3aMeHbl HEM3BECTHOrO Yy = X2 mpeBpamiaercs

B KBaJ[paTHOE ypaBHEHUE
-2y -2=0.

2
Tax rar (%J —qg=3>0, To OHO UMeeT ABa KOpPHA: Y, = 1+4/3

,=1-43.
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IMogcTaBUB Y; B PABEHCTBO Y = X2 BMeECTO Yy, IOAYYUM ypaBHEHUE
1++/3 = «2,

OTKYJa HAWIEM ABA KOpHA ypaBHeHUs (5):

x, = V1 +4/3, X, = —V1+4/3.

IToxmcraBuB Yy, B PABEHCTBO Y = X2 BMECTO Y, TMOJIY4UM yDaBHEHWE
1- /3 = x2,

He UMelllee KOpHeH, moromMy uto 1 — J§ < 0.
Taxum obpasoMm, ypaBHeHue (5) nMeeT ABa HaHAEeHHBIX BBINIE KODHA
X; ¥ X, U OAPYI'UX KODHEH He MMeeT.

IIpumep 3. Pemum ypaBHeHHE
2x*—3x2+5=0. (6)

VpaBeenue (6) rociie 3aMeHbl HEM3BECTHOIO Y = X mpeBpallaeTcs
B KBaJpaTHOE YpPABHEHHE
2y2 -3y +5=0.

Ero guckpumunagr D = b2 — 4ac=9 — 40 =-31 < 0, u, ciiegoBaTeyib-

HO, OHO He UMeeT KODHeil.
Ho rorma ypasuenue (6) Taxk:ke He UMeeT KOpHeH.

IIpumep 4. Pemrum ypaBHeHHe
9xt — 6x2+ 1 =0. (7

Vpasuernue (7) mocJjie 3aMeHbl HEM3BECTHOTO Y = X2 mpeBpamiaeTcs
p y

B KBAaJpaATHOE ypaBHEHUE
9y?2-6y+1=0

¢ puckpumMuHagToM D = b2 — 4ac = 36 — 36 = 0. OO UMeeT eTUHCTBEH-

HBIH KOPEeHb
_6+0_6 _ 1

2T ig . IR B

PemuB ypaBHeHHE % = x?, maliém aBa KOpHA ypaBHeHus (7):

1 1

e R R
T B

IIpyrux xopHeil ypaBHeHue (7) He mMeerT.

Ilpumep 5. Pemum ypasBHeHue
x* + 10x2 + 25 = 0. (8)

VpasueHnue (8) mocje 3aMeHBI HEH3BECTHOIO Yy = X2 IpeBpaljaeTcs

B KBaJpaTHOE YpPaBHEHUE
y?+ 10y + 25 =0,
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2
D

AT KOTOPOro —- = g —q=25-25= 0. Oso umeer, TaKUM 00pasomM,
eIUHCTBEHHEIN KOpeHb Yy, =-5 £ 0 = -5.

ITopcraBuUB Y, BMECTO Yy B PABEHCTBO Y = X2, MOJNYUUM ypaBHEHUE
x2=-5,

KOTOpOe He HMeeT KOpHel. 3HauuT, ypaBHeHHEe (8) TaKike He MMeeT KOpHe.

Ormerum, uto ypaBHeHue x* = 0 umeer ofgun KopeHs x, = 0, a ypas-

Henue x* — x? = 0 umeer Tpu KopHA: x; =0, x, =1, x3=-1.

| Bameuanue. I3 paccMOTpeHHEBIX IPHMEPOB BUAHO, YTO GUKBazpar-
HOe ypaBHeHHe MOKeT WMETh YeThIpe, TPH, ABa HJIN OAHNH KOpPeHb, HO
MOXKeT M He UMeTh KOpHeii.

-
294. a) Kaxoe ypaBHeHHe HAa3bIBAIOT OHKBAAPATHHIM YpPaBHEHUEM?

Kar pemaror 6uKBazpaTHOoe ypaBHEeHHE?
6) CronbpKO KOpHeil MOKeT uMeTh OMKBAAPATHOE ypaBHeHHE?

295. IlpeacrarbTe BHIpAXKEHUE B BHAE KBajapaTa:
a) x% 0) a5 B) % r) m'o.

296. Kakyo 3aMeHY HEH3BECTHOIO HEOOXOOUMO BBIMOJHUTH, UYTOOBI
ypaBHEHUE CTAJO KBaJPATHBIM:
a) x*+ 2x2+1=0; 6) m*—3+2m2=0;
B) 4y% - Ty*=0; r) 15 — x* + 2x2% = 0;
n) x8—3x%+ 2 =0; e) y® —4=0?

Pemure ypasuenue (297—299):

297. a) xt—-3x2+2=0; 6) x*—10x2+ 9=0;
B) x%—5x2+4=0; r) x*- 26x2+ 25 =0;
n) x*—20x%2+64=0; e) x*+ 20x2 + 64 = 0;
k) x*—5x2+ 6 =0; 3) 4x* —41x%2+ 100 = 0;
u) 3x*—5Hx%+2=0; K) 25x* - 25x2+6=0.

298. a) a*+ 2a%2-8=0; 6) y*+ 9y? = 400;
B) k*=12F? + 64; r) mt=21m2+ 100;
) nt—2n2+1=0; e) 9x* - 24x2+ 16 = 0;
k) 6¢t — 35 =11c?%; 3) 10p* - 21 = p2.

299. a) x*+ 6x%2+9=0; 6) x*—14x2-15=0;
B) 25x% + 30x%+ 9 =0; r) 7x*-9x2+3=0;
o) 9xt=9x2%2-1; e) x?=30x2 - 36;
x) 4xt=5x2+6; 8) x1—-—x2-4=0;

u) §—2x=11x% K) 3x*+ 21 = 4x2.
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| 5:3. Pacnapaioweecs ypasnene |

Ilpumep 1. Pemum ypaBHeHHe
(x2 -=b6x+6)(x2+x—-2)=0 t1)

Ecnn uucino x, ectb KopeHs ypaBHeHus (1), To, moxcTaBias x, BMe-
cTO X B ypaBHeHHe (1), moxy4ynm BepHOe YUCIOBOE PABEHCTBO

(x§ = Bxg + 6)(xf + x0 — 2) = 0. (2)

Ho npousBenenue IByX 4ucen PABHO HYJIIO TOrAAa M TOJIBKO TOTAA, KOTHa
x0T 6Bl OOUH U3 COMHO}I{HTEJ‘IEH DaBeH HyJIo, I03TOMY BEPHO XOTs Obl
OJHO W3 YMCJIOBBIX PABEHCTB X§ — 5xy + 6 = 0 mum x2 + x5 — 2 = 0. Cre-
JIOBATEJIbHO, YHUCJIO X, €CTh KOPEeHb XOTA OBl OJHOTO M3 ypaBHEHUIH

2 _5x+6=0 (3)
x2+x-2=0. (4)

C npyroit croponsl, m060i1 KOpeHs Jo6oro u3 ypasHenuii (3) u (4)
ABJIAETCA KOpHeM ypaBHeHH (1).

Taxum oOpaszoM, MHOMKECTBO BCeX KOpHeW ypaBHenus (1) cocrout
13 BCeX KopHell ypaBHeHUA (3) M BceX KopHell ypaBHeHus (4).

YpaBrenue (3) uMeeT KOPHH x; = 2 U x, = 3, a ypaBHeHue (4) umeer
KOpHM X3 =-2 u x, = 1. CregoBarenbHo, ypasHenue (1) umeer KopHHU
x;=2, x5=3, x3=-2, x,=1 1 ADYyrux KopHeil He HMeeT.

Ypasuenue Buga A (x) - B(x) =0, roe A(x) u B(x) — MHOTOUYJIEHBI
OTHOCHTEJbHO X, Ha3bIBAIOT pacnagariiuMca ypaBHeHHeM.

B ITpumepe 1 ypasuenue (1) pacnagaercs Ha ABa ypaBaeHus (3) u (4).

HIH

Yrobs! pemuTh pacnajgariieecd ypaBHerue A (x) - B(x)=0
rae A (x) u B(x) — MHOrOuYJ€HbI, HALO PEIINUTH Kaoe u3
ypaBHeHu#l A (x) =0 u B(x) = 0 u 00beAUHUTEL BCe HAlNeH-
HBIE KOPHH.

IIpumep 2. Pemum ypasHenue
3-1=0. (5)
PasnoxuM JeBy:0 4acTk YpPaBHEHUA (D) Ha MHOYKUTEIU, UCIIOJb3YH
(GopMysy pasHOCTH KyOOB:
(x—-1)(x2+x+1)=0
Vpasuenue (5) pacnagaercd Ha [Ba ypaBHEHUA:
x—1=0 (6)
x2+x+1=0. (7)
VYpasrenue (6) umeer eTUHCTBEHHBIH KOpeHb x; = 1, ypasrenue (7)

He uMeeT KopHei#. CienoBaTenbHO, YPaBHeHUE (5) MMeeT eJUHCTBEeHHBIH
KOpeHsb x; = 1.
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IIpumep 3. Pemum ypasHenue
x6—-1=0. (8)
PasnokuM JIeBYI0 YacTh YpaBHEHWUA HA MHOMCHUTEIH:
x6—1=(x2-1)(x*+ x2 + 1).
VYpaeHenue (8) paBHOCHIIBHO YPaBHEHHIO
(2= 1)(x*+x2+1)=0,
KOTOpOe pacmajgaeTcd Ha JBa ypaBHeHHA:
x2-1=0 9)
xt+x24+1=0. (10)

Ypasuenue (9) umeer ABa KOpHA: x; = 1 1 x, = —1.

Ypasuenue xe (10) He umeeT KopHeil. B camowm gene, ypasaenue (10)
OukBaJgpaTHOe. 3aMeHA HEM3BECTHOIO § = X2 mpeBpaimiaeTr ero B KBajpar-
HOe ypaBHeHHe

H

y¥+y+1=0,

He MMelolllee KopHel, Tak Kak D = b2 — 4ac =-3 < 0.
3HauuT, ypaBHeHue (8) mmeer gBa KOpHA: xX; =1 u x, = —1.

IIpumep 4. Peuium ypasBHeHHEe
x3 — 2x2 - 3x=0. 11
Tar xax x3 — 2x%? — 3x = x (x2 — 2x — 3), To ypaBuenue (11) pacua-
JaeTcsa Ha JBa YpaBHEHUA:
x2-2x-3=0ux=0.

ITepBoe u3 HUX UMeeT ABa KOPHA: x; = —1 U x, = 3, HO TOr/la ypaB-
Henue (11) umeer Tpu KopHdA: x; =—1, x, =3, x; = 0.

300. a) IlpuBeguTe mpUMep pacHafalollerocs ypaBHEHUS W OO0BLACHU-

Te, KAK ero PelIluTh.
0) Yro sHauuT «ypaBHEHHE paclafjaercsA Ha JABA YPaBHEHUS» ?

301. a) na kaxux map yucen a u b Bepuo paseHcrso ab = 0?
6) Bepno siu, uTO ecyu uHcaa a U b rakossl, uto ab =0, To a = 0?
B) PaBHOCHIBHBI Tu ypaBHeHHs x° —x=0wu x—1=0?
r) fABasgerca nu umeno 0 kopHem ypaBHeHus 3x* — x% + 5x2 = 0?

302. Pemure ypaBHEHUe:

a) (x—-1)(x—-2)=0; 6) (x—3)(x+4)=0;
B) (x —7)*=0; r) (x +4)(x - 6)=0;
n) x(x—-2)=0; e) (x+3)x=0;

w) 3x2=0; 3) —x%(3 + x)=0.
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KpagpaTHble H PAIJHOHAJIbBHEL
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ypanHeHH s

303. IlpeacraBbTe JIEBYIO YaCTh YPABHEHHUSA B BHJe IIPOM3BEAESHHA MHO-

TFOYJIEHOB U PElINTe YPaBHEHUEe:
a) 2x% — 3x = 0; 6) Tx2+ 5x=0; B) x3—x=0;

r) x? 4 x%=0; n) 1—%2=0; e) 1+ x3=0;
w) x3-8=0; g) 125 =af =0 u x*-1=0.
Pemute ypaBuerue (304—305):
304. a) x3 + 5x2 + 6x = 0; 6) x3 —4x2+ 8x = 0;
B) x?=2x3+ 3x%; r) 10x2 = x* + 3x%;
o) x3—4x%=x; 8) %%+ x= 2x%
x) x5+ x3=x4 3) (x—-8)2x=0.
305. a) (2x + 3)(2x + 5) = 0; 6) (3x — 7)(4 — 3x) = 0;
B) (6-x)(8x+ 2)=0; r) (7-x)(6 - 9x)=0;

n) (2x - 3)(x2+ 3x + 2) =0; e) (x2-5x+6)(3x—-2)=0;

) (x2+ 1)(x%2+ H5x +6)=0; 3) x(x?-6x+9)=0;

u) (x2+ 2x+ 1)(x2-5x+7)=0;
0;
0;

L

)
k) (x2—8x + 1)(x? — 4x + 4)
a) (x2-8x+ 1)(x%2+4x-3)=
M) (x2+5x + 1)(x2 - x +6)=0;
H) (x2+ 1)(x%2-2x+T7)=0;
0) (x2-38)(x?—4x+4)=0.
306. Viccnepyem. Haiigure Bce 3HAUEHUSA @, IPK KaXJOM U3 KOTOPBIX
ypaBHEHHE
(x-1)(x2-6x+a)=0
HMeeT POBHO ABa KOPHM.

5.4. YpaBHeHue, OAHU 4ACTb KOTOPOro
anrebpanyeckas gpobb, a gpyras — Hysb

IIpumep 1. Pemnm ypaBHeHUE
x2+ 4x - 21
x2—x-3
Mgl 3HAeM, UYTO KOpPHEM YpaBHEHHMA OTHOCHTEILHO HEHU3BECTHOTO X
HASBIBAETCS YHCJIO Xg, P IIOACTAaHOBKE KOTOPOT'O0 BMECTO X IIOJIyYaeTCs
BepHOE uMcJI0BOe paBeHCTBO. IloaToMy eciu X, eCThb KOpPEeHb ypaBHe-
x3+4x,— 21
auda (1), To BEIpaXKeHHe —5—————
xo o xo = 3
mymo. Ho Torga 3HaMeHAaTeb 9TOTO BBIPAYKEHUs HE JOJIKEeH PaBHATHCA
HYJII0, & YHCINTeNb HOJJKEeH PaBHATBCA HYJIO.
TaxuMm 06pasoM, 4ToObl peIIUTEH ypaBHeHue (1), MBI JOMKHBI HAUTH
KOpHH ypaBHEHUSHA

= 0. (1)

eCTh UYMCJIOBOE BEIpaxKeHHe, paBHOE

x24+4x - 21=0. (2)
3aTeM MOACTABUTH KaXKALIM U3 HUX B 3HAMEHATeJb JIeBOM YacTH ypaBHe-
Hua (1).
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Kopau ypaBHeHusa (2), Koropble 00pAIAOT 3HAMEHATENE JpPOOU
B YICJIO, He PABHOE HYJIIO, ABIAIOTCA KOpHAMU ypaBHeHus (1). Ipyrux
KopHe# ypasHeHue (1) He mmeer.

JucKpHMUHAHT KBAZPATHOrO ypaBHeHHUsi (2) MOJOMKUTEJIbHBIH, H,
CJIE€JOBATE/ILHO, OHO MMEEeT ABA KOPHA: X; =3 H Xy =—7.

ITogcTaBuUB aTH YHClIa B 3HAMEHATeNb JIeBOM uacTu ypaBHeHusa (1),
OOJIY4YHM

2 -x,-3=9-383-3=8=20,
x5 —x,-3=49+7-3=53=0.

ITO IOKAa3bIBaeT, YTO YHUCJA X; =3 U Xy, = —7 ABIAIOTCA KOPHAMH

ypaBuenud (1) u ADYrUX KOPHEH 5TO ypaBHeHHE He HUMeeT.

IIpumep 2. Pemum ypaBHeHHE
2
- -2 0. (3)

x2 - 2x2% - 8x
CrauaJjia pemuM ypaBHeHUe
¥ -x-2=0.

OHO uMMeeT ABa KOPHA: X; =2 u x, = —1.
ITopcraBuUM MX B 3HaAMeHATeJb JIEBOM YacTH ypaBHeHHus (3):

2} - 22 —8x,=28-2-22-3.2=-6%0,
x§ - 2x5 — 3x,=(-1)3-2(-1)2 - 3(-1) = 0.
CnenoBarenbHO, ypaBHeHUe (3) MMeeT eOUHCTBEHHBIH KOpeHb X, = 2.

IIpumep 3. Pemum ypaBHeHHe

2x - 3
=0 4
4xt 4+ 4x% - 1522+ 2x - 3 0 (4)

Crauana pemum ypaBHeHue 2x — 3 = 0. OHO uMeeT e JUHCTBEHHBII
3
KOPeHb %y = 3 Tak rak

dxt +4x} — 15x% + 2x, - 3=

N 3 3)° 3)? g
=4 (E) +4 (EJ -15-[§J + 2 : 3=0,
TO ypaBHeHue (4) He UMeeT KOpHEH.

IIpumep 4. Pemum ypasHeHUe
x4+l — 0. (5)
x—3
VpaBaenue (5) He UMeeT KOpHEH, IOTOMY UTO YDaBHEHHE
x2+x+1=0
He uMeeT KOopHeil.
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307.

309.

310.

311.

Taxum obpasom, uTo0Obl PEIIUTE YpPaBHEHHE

=) (6)

Q(x)
rae P(x) u @(x) — MHOTOUJIEHBI, HAJM0O HAWTH KOPHU ypaB-
HeHusa P(x) = 0 ¥ moAcTaBUTE KaKIBI M3 HUX B 3HAMEHA-
Tesb @ (x) seBo# wacTu ypaBHeHHd (6). Te u3 HUX, KOTOPBIE
obpaiaioT 3HaMeHaTenabs @ (x) B UHCIO0, HE PaBHOe HYJIIO,
SABJIAIOTCA KOPHAMH ypaBHeHHd (6); Apyrux KopHeHl ypas-
Hernue (6) He UMeerT.

Kax MOKHO peIlnTh ypaBHEHHEe, OJHA 4YacTh KOTODPOTO HYJb,
a gpyras — ajarebpauueckas Apobn?

a
a) Ina Kakux map 4uuces @ u b BepHO paBeHCTBO o 0?
a
6) BepHo su, 4TO ecnu ymesaa @ ¥ b TaKOBEI, YTO T 0, Toa=0?

a
B) Bepno su, yto ecau yucyo a = 0, To == 0 gna so6oro uucaa b?

2_

r) fAsasierca aHM KOpPHEM YpaBHEHHUS # =0 umecno 17

yuenao 57 3

n) fsinsierca M 4yHcJIo 3 KOpHEM ypaBHEHHUA z:; = 0?

IIpu KaxoM 3HAYEHUH X DABHA HYJIIO Ap0OB:

a) x, 6) x+3, 83 X +8) ) x
5’ 6 ’ z ™ x-4’
o d x+ 3 x(x —3) x*-1

: ; Bl ?

A 21 ) x—8" ) x =3 3) x-1

3amumuTe ABe anredpamuyecKkune Apobu, paBHbIE HYJIIO IPH:

a) x=-2; 6) x=0; B) x = 3; r) x=-2,5.

Pemure ypaBHeHue (311—314):
a2t X o 3x2-7x

ey = Slimaray =4

(x — 7)(1,5 + x) (-2 — x)(x — 8,5)
== 0; = U,

B) x2-3x+ 4 ) (x = 3)(x+ 4
x>—8x+ 7T 4x?-4x -3
—_— * _— = 0;

7) x-3 L e) x+2
4x? - 12x - 27 4x*+ 4x — 35 _

O e e S ey s
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2 _ 2
312. a) Lot 8 0; 6) M:O;
x—-17 x+ 8
5 x2—2x+3=0_ ) e e T
x2—Tx+5 ! x2+8x-1
et my2 e,
g EDiEe) o o ErDAE-9 _ o
x-1 x—4
2 = 2 g
313. a) ﬁx_ﬁzo; 6) x_x_22=0;
x+ 3 x—-5
x+ 7 x-9
L —l i B
x3— 4x%— 5x x3+ 3x% - 18«
314. - - T =0 P o S -3 R
2) x?-3 0; %) x?+ 4 0;
2x% — Tx? + 6x 8x3+ 5x%+ 2x _
= 2x% - 3x =1 r) 2x + 3x2 =il
9x?— 6x + 1 25x%+ 10x +1 _
ST = e R

315. Miccnepyem. Haiigure Bce 3HAYEHUA d, IIPU KaKJAOM M3 KOTOPBIX
2
x“—4dx +a

T = 0 UMeeT eIMHCTBEHHBINA KODEHbB.
X

YpaBHEeHHe

[ 5.5. PeweHne paymuoHanbHbIX ypaBHEHU

IIpumep 1. Pemum ypasHeHUe
9_% + 1 = 0. (1)

x—-1

ITpumeruM K JeBOM yacTu ypaBHeHus (1) IpaBMIO BHIYUTAHUSA
anre6panyeckux Apobeii:

2__Jc+1_ 2x-D—-(x+1) =x-3

x-1" x—1 PR T

(2)

[ns noboro umena x, # 1 paBHBI YKHCJIOBBIe 3HAUEHUS JIEBOH U IIPAaBOI
yacTeil papeHcTBa (2).

B uwacrHOCTH, eciiu A HEKOTOPOro Hucja X, ofpallaercs B HYIb
oZlHa 4acTh paBeHCTBa (2), To AJ1A Hero obpaijaeTcsa B HyJIb U APYTras ero
gacTh. A 9TO O3HaydaeT, YTO ypapHeHue (1) PaBHOCUIBHO ypABHEHUIO

x—-3
1 (3)

PemuM cHauajia ypaBHeHUe
x—3=0.
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OHO HMMeeT eIUMHCTBEHHBIN KOpeHb X, = 3. IIpu srom 4ucio x, =3 He
ofpalraeT B HYJIb 3HAMEHATEIb JPOOH JIEBOH YacTH ypaBHeHHA (3):
Xg—1=3-1=2=#0.
IToaTomy ypaBHenue (3) mMeeT eJUHCTBEHHBIN KOPEHb X, = 3.
SHauuT, U HcxonHoe ypaBHenue (1) uMeeT eZUHCTBEHHEBIN KOpPeHb
xu = 3.
IIpumep 2. Pemum ypaBHEHHE
x=1 ®-4
x+ 2 x-—3

-1 (4)

Ilepenecém Bce 4JyieHBI ypaBHeHus (4) BjIeBO, MOJYYUM yPaBHEHHE
B Lokt i, (5)

x+ 2 x—3

paBHOCHJIbHOE ypaBHeHUo (4).
IIpuMenuM K JieBOI YacTu ypaBHeHHd (5) OpaBHJia CIOMKEHUA U BbI-
yuTaHua anredpandyecKux apobeii:

x—1 x-4

x+2 x-3
_(x-Dx-3) - (x-H(x+ 2+ (x +2)(x - 3) _ x*—-38x+5

+1=

(x + 2)(x — 3) (x4 2)(x-3)°
Paccyxpasa, Kkak B npumepe 1, monyuaeM ypaBHeHHe
x2-8x+5
=0, 6
(x + 2)(x - 3) (6)

paBHOCHJIbHOE ypaBHeHHI0 (5).
IOna peumrenus ypaBHenus (6) Hamo cHavajga pemiuTb ypaBHeEHHE

x2-3x+5=0.
ITocKONBKY €ro IUCKPUMHUHAHT
D=b2-4ac=(-3)2?-4-1-5=-11<0,
TO OHO HE UMeeT KOopHeil.

CrnepoBaTeJIbHO, MCXOJHOE ypaBHeHHe (4) He MMeeT KOpHeI.
W3 npuBeqéHHBIX IIPUMEPOB CJielyeT IIPaBUJIO:

yTo6BI PelINTh PAIMOHAJIEHOE yDaBHEHHE, HaJ0 NepeHeCcTH
BCe ero 4JeHbI B JIEBYIO YacTh, 3aTeM, IIPHMEHA IpaBuja
CIOJKEeHHSI W BRIUYMTAHHA aaredpamdyeckKux apobeil, 3amu-
caTh JeBYI0 UaCTh Kak axre0pandecKyio Apo0db ¥ pelluTh
noJy4deHHOe ypaBHeHHe.

3ameyaHue. OTKJIOHEHNE OT BLICKA3aHHOIO IPaBUJIa MOXKET IIPHBeC-
TH K IIOTepe KOPHel WM K NPUoOpeTeHNI0 NOCTOPOHHUX KOpHeH JaHHO-
ro ypaBHeHHA.
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316. ITo xaxkomMy IpaBHJy pelIalOT paluoOHajNbHBIe ypaBHeHusa? Yro
MOXKeT IIPOM30HTH IPU OTKJIOHEHUM OT 3TOTro IpaBuia?

317. PaBHOCHJIBHEI M YpPaBHEHUI!

a)l=31xl-—3:0; 0) 2x—_4=01{x_2=0;
% x x -5 x—9
x 4x — 3 2x 2
B) x—-1 5 x—-1 r) x—-1 xnx—l
Pemure ypasuenue (318—324):
318. a) x——1+2=0; 6) 1- 2x =0 2} k+3=4;
x-1 k
y 3 m 4 P
2=—; —_—— = =3
B y—>5 ) m 3 J x-1 5
) x— > = 0; 8) 2 _p=0; w y+i=1
x b y
x? x+ 6 6x—5 8x+3
. = =1 = ;
319. 8] i3 nH—8 9 4x — 3 2x + 5
5 da—T7 2+ 5a, ) 1_1—m_2m+2
a4l @a-2" m m-1"
y+1 y dn-1 4dn+1
20. a) L-— -9 4 .. 6 = .
3 a) y—il y+1 ) n+3 n-3
3c-2 2¢-5 %ot D x2
B) k2 Bari” e ol i
5—2a 2a-5 3x—-1 1-2x
. =0; 6 =0;
a%1. u) 8a t 10a ) 4x s 2x
4
+ = 0; + = 0.
B) a i r) a =i 0
1 1 x x—8
- =2; = O
322..8) 55 8 "5 o By
Bj selo8 L Bl e T, wa
b2-3h~4 b2-p-2" x+3 x+7T 3
) 1 4 _ 3, &) 1 2 4 3
" x—1 x+2 = - L
7 6 2 10 1+ 2a
3. = = [ 6= o= :
223 8) 2+ x+12 x24+2x-8 ) a a*-2a a-2
12 3k+5 1 3m 2 2m + 5
- =05 FE— = ;
S g D) el n ik
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88 4, Mb="d8 53’ & T eIy il €
b2-11b 11-b b’ a®-Ta (T-a? a-7

2p -2 p—2 p-1

)

™) 736 P-6p pr6p
x—40 x-39 39 40
324. + = + 4
24 8) 55 A0 % =0  x-80
6) x—49+x—50: 49 50 .
50 49 x—50  x-— 49

5.6. PewweHue 3apauy npu nNomoLuU
PAUMOHANbHBIX YPABHEHUN

3anaua 1. Tenysoxoa, OTYAJIHMB OT OPHCTAHK A, COYCTHJICA BHHU3 IO
TedeHUIo peKu Ha 60 KM /10 YCThS BIIAAATOIIET0 B PEKY IPHUTOKA W IIOJHAI-
¢ BBEpX I1o MpuToKy (nporus Teuenus) Ha 20 kM go npucrasu B. Becs
nyTs oT A 5o B rerroxon npomén 3a 7 u. CKOpPOCTh TEUEeHUSA PEKH U CKO-
pocTh TeyeHHs MpUTOKA paBHbI 1 kM/4. HaliTu cOGCTBEHHYIO CKOPOCTD
Temaroxona (co6cTBeHHAA CKOPOCThE — CKOPOCTH B HEHOJBMIKHOM BOJe),

Pemenue. Ob0o3uauuM uepes X KM/d coOCTBEHHYIO CKOPOCTD TeIll-
goxoma. Torma BHHU3 IO TeUEHHIO PEKM TeIJIOXOJ IMEJ CO CKOPOCTBIO

0
(x + 1) kM/4 B 3aTpaTHJ Ha OYTh IO YCThA IPHUTOKA g v,
X

+1
Ilo HpHUTOKY TENJIOXOJ LIEJ CO CKOPocThio (x — 1) KM/4 U 3aTpaTHUI

20
Ha IYyTh IO IPHTOKY 1 y. Ha Bech myTh TeIJIOXOJ 3aTpaTwWa 7 4.
x_

3HaAyHT,

60 i 20
okl x=1

Taxum oGpaszomM, MCKOMOE UHMCIO X AOJIKHO OBITH KODHEM paImuo-
HanbHOro ypasHenus (1). Pemum ero.

ITepeHecs Bce ero 4jeHBI B JIEBYIO YACTH M IIPUMEHUB K JIEBOH YacTH
HOJIYUEHHOr0 YPaBHEeHUA IPaBHJIa CJIOYKEeHHS U BRIUNTAaHNA anrebpaude-
cKux apobel, moJyduM ypaBHeHNe

Tx%— 80x + 33 _

(x+D(x-1

paBHOCUJIbHOE ypaBHeHHUIO (1).
Vpasuenune 7x? — 80x + 33 = 0 umeeT KOpHHU
3
x]_ = 11, xg = ‘7—.
Kascpeiii u3 Hux He ofpalljaer B HYJb 3HAMEHATENb JIEBOH YaCTH
ypaBHeHus (2), ¥ HO3TOMY BTH KODHH HABIAIOTCA KOPHAMM ypaBHe-
HudA (2), a sgaunT, U ypaBHeHus (1).

=T, 1)

(2)
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Wrax, ypasHeHue (1) uMeer ABa KOpHA: X; = 11 u x, = g

OpHaKO IO YCJIOBHIO 3aJauy CKOPOCTH TEIUIOXOXA He MOMKeT OBITh
MeHbllle 1 KM/U, TAK KaK TEIJIOXOJ ABUTAJICA [0 IIPUTOKY IIPOTHR Teue-
HHs, CKOPOCTHE KOTOporo paBHa 1 KM/4.

CinepoBaTrenbHO, YCIOBHIO 3aa4Yi YAOBJETBOPAET JUIIL X = 11.

Orser: cobecrBeHHass CKOpPOCTh Temmoxoxa 11 km/u.

3anaua 2. Ileppasa Gpuraja MOKET BBIIIOJHUTE 3aganue Ha 10 gHeit
OpicTpee, YeM BTODAas, & BMECTe OHHU BBIINOJIHAT 3TO 3ajaHue 3a 12 nuei.
3a CKOJNBKO JHel MOJKeT BBINOJHHUTE TO }Ke 3ajaHue KaxKaasa Opurapma,
paGoTas oTAEeabHO?

Pemenue. Ilyers mepsas Opuraga MoKeT BBIIIOJHUTL 3aJaHue 3a
X OHel, T?ma BTOpas — 3a (x + 10) gueii. IlepBasa Opuraza B AeHBL BEI-

IIOJIHAET = JacTh 3ajaHUsA, a4 BTOpasd — —-i-a HacThE 3aJaHUA. BwmecTe
x4

1
OHH BHIIIOJHAIT B AeHb1:12 = (7 yacTh 3aganusa. CocTaBMM ypaBHEHUE

1 1 1

x x+10:ﬁ'

ITepenocsa Bce ujeHbl ypaBHeHUs (3) B JeBYIO0 4YacTh U IPUMEHSAHA
K JIeBOM 4dacTH IIOJIYHEHHOI'O YPaBHEHHA IIDaBMJIa CHAOMEeHNA M BBIUHUTA-
HUsa anrebpauyeckux apobeli, mojiyyaeM paBHOCHJILHOE eMy YpaBHEHUE
2
x°— 14x — 120
———=0. 4)
12x(x + 10)

(3)

Vpasuenne x2— 14x — 120 =0 wumeer kopHH x; =20 um x, = -6.
Kaxnprit 3 aux He obpalaer B HYJb 3HAMEHATEb JIEBOH UACTH ypAaB-
HeHus (4), cjiegoBATeNBHO, OHU SABISIOTCA KOPHAMH ypaBHeHus (4),
a BHAYMT, ¥ paBHOCHUJbLHOrO eMmy ypaBHenwus (3). Ho mo cmeicay 3agaun
HCKOMOE YICJIO MOJIOMKUTENHHO, HO3TOMY YCJIOBHUIO YIOBJIETEOPALT JUIIE
x, = 20. Torma x + 10 = 30.

OrTeeT: mepBasg GpuUraZa MOYKeT BBIMOJHUTHL 3agaHue 3a 20 mueit,
a Bropasg — 3a 30 pueii.

.

325. a) Yucaurens gpodu Ha 2 Oosabllie 3HaMeHaTead. Keay YucaIuTe D
YMHOXKHTE Ha 2, a K 3HaMeHaTea10 nIpubaBUTh 3, TO HOJYUYHTCS

2 A
YHCJIO 1§' Haiigure npobs.
0) 3HaMeHaTegk Apobu Ha 2 OoJablle YHCAUTeNndA. Eeam yucau-
TeJb YBEIWYUTH Ha 15, a 3HaMeHaTeNlb — HA 3, TO HOJYUUTCH
yucygo 1 5 Hatigure npobn.
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326.

327.

328.

329.

330.

a) Yucaurens apobu Ha 1 MeHbIIe 3HaMeHaTeNsd. Ecin unpciau-
Tenb YMHOMKHTH Ha 3, a 3HaMeHaTelab — Ha 2, TO MOJYIUTCH

qyucio 1 7 Haitgure apobs.

6) YwucauTeasb Apodu Ha 6 MeHBIIe 3HAMEHATeJd. Ecniu 3HaMeHa-
TeJib YBEJIUYHUTH Ha 5, a YMCIANTENb YMHOMKHUTDL HA 15, TO DOJIYUYNT-
ca umeno 1,25. Haitnure npodsb.

B) YmcauTesns Apodu Ha 2 MeHBIIe 3HAMEHATENH. Ecnu cIoXuTh

aTy ApoOb ¢ 06paTHOl K He# Apo0hIo, TO MOJYYHUTCA HHCIO 2%.

HaiinuTe a1y ApPoOh.

a) PaccrosHue MEXAY ABYyMHA maceséuHbpIMU MyHKTaMu 50 kM. W3
STUX MYHKTOB OAHOBPEMEHHO HABCTPEYY APYT APYTY BbIEXAIH MO-
ronukaucT u peaocuneguct. CKopocTh MOTOUIUKIKNCTA Ha 30 xm/ua
foJbIIe CKOPOCTH BeJIOCHUIIenucTa. BeTpeTHanck OHU HA paccrod-
mun 10 KM OT OZHOTO M3 HACEJEHHBIX INYyHKTOB. KakKoBa CKOpPOCTh
peJocuIegucra?

6) Mcnonbays ycjIoBHE U pellleHue npeABIAyIell 3aga4u, onpesne-
JATe, uepe3 CKOJBKO MHUHYT IIOCJe BCTPEYM MOTOIMKJIMCT JOTO-
HUT BEJIOCUIIeJUCTa, €CJM OHM IIPOAOJIKAT [ABHMKEHHE TIIocae
BCTPEYM U MOTOLMKJMCT, 0eXaB 0 HaCeJIEHHOro NYyHKTAa, Passep-
HéTCHA ¥ cpasy ke moeleT B 00paTHOM HamlpaBJIEHHH.

Paccrosauue Mexxay ropogamu A u B 60 xm. W3 ropoma A B ro-
pox B BbIe3KaioT OJHOBPEMEHHO J(Bé aBTOMAIUMHEL. CropocTh
mepeoit Ha 20 KM/4 60JblIe CKOPOCTH propoit. I oHa npuOBIBaeT
B ropoj B ma mosuaca pampine. Onpepenure CKOPOCTBH KamoH
aBTOMAIIHUHEI,

a) BesocumegucT mpoexan 5 KM IIO JecHoOH mopore M T KM IO
HIocce, 3aTpaTUB Ha Bech nyTh 1 4. ITo miocce oH exXaJy CO CKOPO-
cThIo, HA 4 KM/u Gosbulel, YeM WO Jiecy. C xaxoil CKOpPOCTBHIO Be-
JOCUIIeAMCT exaJs o JiecHO# popore?

6) TypucT npomiés o mrocce 3 KM, a IO NPOCEJIOUHON Jopore
6 1M, saTpaTuB Ha Bech nyTh 2 4. C KakKoil CKOPOCTHIO &N Ty-
pPHCT IO MPOCEJOYHOI Jopore, €ClU H3BECTHO, UTO IO IIOCCE OH
I8 €O CKOPOCTBIO, Ha 2 KM /4 Gojpineil, 4eM II0 MPOCETOUHOH J0-
pore?

a) Ha 06paboTKy OAHON feTajy NepBhIil pabounil 3aTpaduBaeT Ha
1 MuH MeHbIIe, yeM Bropoii. CKOJIBKO meTae obpaboTaeT Kak-
Apli s Hux 3a 4 4, ecau IepBBIN pabGouuit o6pabaTbiBaeT 3a 9TO
BpeMsa Ha 8 neTaseit 6ojblIe, YeM BTOPOM?

6) JlBe pabOTHHIIBI AOJKHBI OBLIN obpaborars nmo 120 neraneii 3a
ompenenérHoe BpeMd. OnHa M3 HUX BBINOJIHHIJIA 3aflaHue Ha 54
paHbllle, TaKk Kak B dac OHA obpabareiBana Ha 2 AeTanu OoJblie
apyroii. CKONBKO AeTajeit B Hac obpabareiBasia Kaxaasa pabor-
Hua?
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331.

332.

333.

334.

335.

336.

337.

a) JIBe MalIMHUCTKY JOJKHBI OBIIN HamedaTaTsb mo 120 CTPaHMUIL.
IlepBas MamMHHCTKA BBIIOJIHUIA paboTy Ha 1 JeHD paHBIle BTO-
poii, Tak Kak meuyarasa Ha 10 cTpaHHUIL B AeHb Ooabmre. CKOIBKO
CTPaHHI] B AeHb IlevaTaja KaykJasd MaIIHHICTKA?

6) Ha paccrosirum 175 M mepesiHee KoJieCO CTApUHHOTO SKHIIAMKA
Aenasno Ha 20 oboporoB GoJsble, yeM 3agHEe KOJECO, OIUHA
OKDYYHOCTH KOTOPOro Ha 1 M GoJbIlle JIMHEI OKPYKHOCTH IIepes-
Hero. Haiigure MIHHY OKDPY;KHOCTH KaKIoro Kojeca.

a) Ha y6opxe yposkas ¢ KasKZoro ua ABYX YYACTKOB OBLIO cobpa-
Ho 110 500 1 mmrenwnuel. ITomans mepBoro yuactka Ha 5 ra MeHb-
1re IJIOIaAH BTOPOro ydyacTka. CKOJIBKO IEHTHEPOB IMIIeHHIIBI CO-
Opano ¢ 1 ra Ha KaKJOM ydyacTKe, eclIy ypoKail MIIeHUILI Ha
nepBoM y4actie ¢ 1 ra 611 Ha 5 1y 6oJbilie, ueM Ha BTOPOM?

6) Asromamuua JosKHA Oblia mpoittu 840 kM. B cepeaune IyTH
BOJUTENb OCTAHOBMJICH HA 00ed, a uepes Yac NPOJOJIIKUI IIYTh.
Hro6bI NPpUOEITE BOBPEMA B IIYHKT HA3HAYEHUA, IPUILIOCEH YBeJIu-
9UTh cKopocTh Ha 10 kM/4. CKOJIBKO BpeMEHH 3aHAJ BeChb IIyTh,
BKJIOUYas BPeMd HA OCTAHOBKY?

B) M3 nyskToB A m B, paccTosHHe MeXAy KOTOpEIMH 32 KM,
OHOBPEMEHHO HABCTPEYY APYr APYrY OTIPAaBUIMCH IIEeIIeXO]
u Besiocuneauct. Yepes 2 u oHM BeTpeTuIuch. Ilocte BeTpeun me-
mexox Npubell B OyHKT B Ha 5 u 20 MHH IO3Ke, YeM BeJOoCHIIe-
nuct B nyHKT A. Hafizure cKopocTH memrexofia 1 BeJIOCUIIEIHCTA.

ITepBeiil memexon MoKeT HPONTHM PACCTOSHUE MEXAY ABYMS
OYHKTaMHu Ha 5 4 GhICTpee, 4eM BTODOIi. Eciau memexomsl BBIHAYT
13 9TUX IIYHKTOB OJJHOBPEMEHHO HaBCTPeuy APYT APYTY, TO BCTpe-
TATCA Yeped 6 4. 3a CKOJBKO YaCOB KasKAbIH M3 HUX MOXKET IIPOii-
TH 3TO paccrosinme?

IBa sKcraBaTOpa BBIDBLIM KOTJIOBAH 3a 48 nueii. IlepBrIil 3KCKa-
BaTop, paboras OTAeIbHO, MOT GBI BBIIOJHUTE 3Ty PaboTy B 3 pasa
6bIcTpee, YeM BTOPOil. 3a CKOJILKO JHEeH IepBhIil 9KCKAaBaTop, pa-
Gorast oT/1eTbHO, MOT' OBl BBEIIOJHHUTH 3Ty pabory?

JBa BeJOCHIIEANCTA BBIEXANN OAHOBPEMEHHO HABCTPEUY APYT IDY-
ry u3 roposoB A u B. IlepBbiil npoesykaeT B yac HA 2 KM 6OJIbIIe
BTOPOTO M Ipue3KaeT B B Ha 1 4 paHblle, ueM BTOpoii B A. Pac-
crofguue or A no B 24 xm. Onpeznenure CKOPOCTH IEPBOrO BEJIOCH-
negucTa.

JBoe paGouux BHIIOJHUIN HEKOTOPYIO paGory 3a 8 u. IlepBbril ua
HUX, paboTas OTAeNbHO, MOJKET BEIIOJHHUTE TY 3Ke pabory Ha 12 u
ObIcTpee BTOPOro, ecan Tor Oyaer paboTaTh OTHAENBHO. 3a CKOIBKO
9acoB BTOPOHM pabouuil OfMH MOXKET BBHIIOJHHTE Ty Ke pabory?

3adaua Besy. Hexro xymni jomajs u CIyCcTs HEKOTOPOE BPEMS
npogan eé 3a 24 nucrons. Ilpu sroit mpogae OH TePSET CTOABKO
NPOLEHTOB, CKOJBKO cTOoMJIa eMy Jomans. CopamuBaercs: 3a Ka-
KyI0 CyMMY OH €€ Kymnuja?
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YPaBHenua

e

338. Toprosel NOKyIaeT KHUTI'M IO OIITOBOH IeHe, a npoxaér 3a 11 p.
OH mojxcymTAa), YTO JOXOJ OT IPOJaKH OJHOH KHHUI'M B IIPOLEH-
Tax paBeH OIITOBOM IeHe KHUIM B pyOasax. Kakosa omnroBas meHa
KHUATH?

| 5.7*. Pewienue pauMOHANBHBIX YPABHEHWU
| NP¥ MOMOLUM 30MEHbI HEeU3BECTHOro

Ilpumep 1. Pemmum ypaBHeHHE

(x2-b5x+T7)P2-2(x*>-5x+T7)-3=0. (1)
ChenaeM 3aMeHY HeH3BECTHOTO:
yi=x% -~ 5+ 1. (2)
Torpa ypasHerue (1) mpespalimaeTcss B KBaJpaTHOe ypaBHEHUeE
y>-2y—-3=0 3)

c Hem3BecTHBIM Y. Tak Kak

2

TO ypaBHeHue (3) mMeer gBa KOPHA: Y, = 3 H Yy = —1.

TlogcTaBuE BTH YMCJIA BMECTO § B PaBEHCTBO (2), mOJYy4HM ypaBHe-
HUS OTHOCHTENBHO x: x2 — bx + 7=3 u x% — bx + 7 =-1. PemruM cHaua-
Jna nepBoe U3 HuX. OHO PaBHOCHJIBHO YPaBHEHHIO

x2—-5x+4=0, 4)
AUCKPUMHUHAHT KoToporo D = b2 — 4ac =9 > 0.

CrnenoBaTelbHO, ypaBHeHue (4) umeer gBa KOpPHA: X3 =4 u X, = 1.
Teneps pemum BTOpoe ypaBHeHue. OHO PAaBHOCUJIBHO YPABHEHHIO

x2-5x+8=0, ()
AUCKPUMUHAHT KoToporo D = b? — dac =-T7 < 0.
CnenmoBaTebHO, ypaBHeHUe (5) He UMeeT KODHeMH.

Taxum obpasom, ypaBHeHHe (1) uMeer ABa HalileHHBIX BhIIIEe KOPHA
X, U X, ¥ OPYTUX KOpHell He UMeer.

2
_={£J —g=1+3=4>0,

IIpumep 2. Pemum ypaBHeHUe

(x*+x2-3)(xt+x2-1)+2=0. (6)
C,EeJIaeM 3aMeHy HEeH3BEeCTHOI'O:
y=xt+x%-38, (7N

Torma ypasHeHue (6) npeBpaTUTCA B KBaJAPaTHOE ypaBHEHUE C HEM3BECT-
HBIM U:
y?+2y+2=0, (8)
nuCKpUMUHAHT Koroporo D = b2 — 4ac =4 -8 < 0.
CiemoBaTenbHo, ypaBHenue (8) xopHelt He umeer. Ho rorga u ypas-
Henue (6) He MMeeT KOpDHEH.
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IIpumep 3. Pemum ypaBHeHHe
abiigar 15 55 Vo, (9)

x?+ 4x

CpenaeM 3aMeHy HEH3BECTHOIO:
y=x2+4x. (10)

Torpa ypasrenue (9) npeBpaiaercs B paluoHAIbLHOEe YDABHEHHUE ¢ HEMU3-
BECTHBIM J/:

gt =i, (11)

ITpuseném sneByio uacTe ypaBHenus (11) x ofmeMy 3HaMeHATEIO,
IIOJIYUYUM YpaBHEHUE
y¥-2y-15 _
Yy

paBHOCHJEHOE ypaBHeHHIo (11). Ilns pemenus ypaBHenus (12) pemrum
CHayaja KBajpaTHoe ypaBHeHHe y? — 2y — 15 = 0. 910 ypaBHEHHE UMeeT
ABa KODHA: Y; =5 U Yy = —3.

Tax Kax HM OJHO M3 9THX UMCeJ He ofpallaeT B HYJb 3HAMEHATEIb
JIeBO# yacTu ypasHeHud (12), To ypaBuenue (12), a 3HaunuT, U paBHO-
CuibpHOe eMy ypaBHeHue (11) mmeroT gBa KOpHA: Yy, =5 u y, =—3. Te-
nepek A pelleHus ypasHeHusA (9) ocraércs pemIuTh ABa ypaBHEHHUA
C HEHBBECTHBIM X:

0, (12)

x2+4x=5mu x2+ 4x =-3.
ITH ypaBHEHHMA PAaBHOCHJIBHBI COOTBETCTBEHHO VPABHEHHAM
x2+4x-5=0wu x2+4x+3=0.

Kamnoe u3 9TUX KBagpaTHBIX ypPaBHEHHH HMMeeT IO ABA KOPHA:
x, =1, xo, =—b — KOpPHH IIePBOr0 ypaBHEHHS;
x3=-1, x4y = -3 — KOPHM BTOPOTO ypaBHEHUS.
Crenosarensro, ypasaenue (9) umeer yersipe Kopua: 1, -5, -1, —3.

IIpumep 4. Pemum ypaBHeHUe
12
(x - 2)(x-3)
3amerus, uTo (x — 2)(x — 3) = x? — bx + 6, cmenaeM saMeHy HeW3-
BECTHOTIO:

22— Bx+T= (13)

y=x%2-5x+6. (14)
Torpa ypaBrenue (13) npespamjaercs B ypaBHEHHE C HEH3BECTHEIM V:
y+l=22, (15)
Y
VpaBHenue (15) paBHOCHJIBHO YPABHEHHUIO
Zqpy—12
M sl R )] (16)

¥
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KragparHoe ypaBHeHUe

y?+y-12=0
uMeeT ABA KODHS: ¥, = 3 U Y, = —4.

Tax xax HY OSHO M3 3TUX yuceJ He obpalaeT B HYJIb 3HaAMeHAaTeNb
neBoit wactu ypasHenud (16), To ypasHenue (16), a 3HAYUT, U PaBHO-
cuabHOe emy ypaBHeHme (15) uMeioT o ABa KOPHA: Yy = 3 U Y, = —4.

Temepsb s pelreHus: ypasHenud (13) ocraércs pelIuTe IXBa ypas-
HeHWUs ¢ HeM3BeCTHBIM X:

x2—bx+6=83ux?-5x+6=-4.
5+ 413
oy

— 41
IlepBoe M3 HHUX HMeeT JABa KOPHA! X, = i 5_2—3,

a BTOpPOE KODHEH He HMeerT. 54+ 13 5- 13
CnemoBaTenbHO, ypaBHeHue (13) nMeeT ABa KOPHA! 5 2 o

E

Pemure ypasHenue (339—342):

339. a) (x+2)2=2(x+ 2)+ 3;
6) (x2+ 3x—25)%2 - 2(x? + 3x - 25) =-T;
B) (xf+ 224+ 1)(x*+ 22 + 2) =12;
r) (x2-5x+T7)02-2(x-2)(x-3)=1;
o) (x%+5x—T)(2x%+ 10x—-11)+1=0.

2
340. a) (2"—;1) i 2(2"“; 1} =8 6) s+ 2xx+ 1_ o
1

x4+3x2+2;
-1 13
=0; Loy =
+4 e) x_1+ = 5

B) 2x2 -3x+2- 0; r) x*+8x%=

2x°—8x+1
x2+x-5 3x
x 2+ x-5
ks R o,
10 — x x
341. a) x(x + 2)(x + 3)(x +5)=T72;
6) x(x+ 2)(x + 4)(x + 6)=105;
B) x2—-9x+13+ 0;

)

x)

2—9x+15
il e
x2 - 10x + 17
5 3 6 T
(x+Dix+4 (x+2)(x+3)
9 4 7 _
(x+2)(x+5) (x+ 1(x+6)
x2—x+3 x*-x+4 2+ x+2 x2+x+6
= 5; T) =

x2—x+1 x2-x+2 x2+x+1 x224+x+3

r) x2—-10x+15+

342. a)

6)
B)

?
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| 5.8*. Ypaeuenue-cnepcraue |

Peumienune ypaBHeHUI BUIA
P(x)
R(x)

rae P(x) u @ (x) — MHOTOYJIEHBI, MOMKHO o)OPMHUTE HHAYUE, UYeM B II. 5.4:
C MOMOII[BIO HOBOI'O MOHATHSA «ypPaBHEHHE-CJIEICTBHE .

Ilyers manbl aBa ypaBHeHus. Ecau 060t KOpEeHb IIepBOT0 ypaBHEe-
HHUA ABJIAETCA KOPHEM BTOPOTO YpaBHEHU, TO BTOPOE YPABHEHUE HAZEI-
BAIOT CAeACTBHEM IePBOI0 YPABHEHHA.

Hanpuwmep, crexcrsuem ypaBHenus (1) sBiasercs ypaBHeHHe

P(x) = 0. (2)

Ormerum, 4TO eciu CleACTBHE ypaBHEHMS HE MMEET HeiiCTBUTEIb-
HBIX KOPHEH, TO X caMO ypaBHEHUe He MeeT AeHCTBUTENbHAIX KODHEi.

Ilepexox ot ypasrenus (1) K ypaBHeHUO (2) HA3BIBAIOT OCBOGOKTE-
HueM ypaBHenus (1) or smamenatens. IlosTomy, ocBOGOXKIAACE B ypag-
HEHUU OT 3HAMEHATeN]d, I0JlydyaeM ypPaBHEHUE, SBJIAIOINEECH CIeHCTBU-
eM HCXOZHOTO YpaBHEHUS.

YpaBHeHUe-CIe[ICTBIE MOMKET UMeThb KODHM, He ABIIAIOIINECS Kop-
HAMHI NCXOAHOTO YPaBHEHMA (MX eIl Ha3hIBAIOT «IIOCTOPOHHUMH» KOP-
"Hamu). Hanpumep, ypaBaeBue x2 — 1 =0 MMeeT Ba KOPHA! -1 ul, sro

=0, (1)

X
ypaBHEHHe ABJAETCA CJIeJCTBHEM YpaBHEHHA —+ 1
X

efIMHCTBEHHBIH KopeHb 1. ITosToMy ecsiu mpm pelieHUH YPAaBHEHUSA BBI-
TIOJIHEH Mepexoll K ypaBHEHHIO-CJIe[CTBHIO, TO IPOBEPKAa KOPHEH ypas-
HEeHM A-CIeICTBUA ABJACTCH 003aTeIHHOM YACTHI0 PENIeHU ST HCXOIHOTO
YPABHEHMA.

B uwacrrmocTH, mocne oceoboxmenus YPaBHEHMA OT 3HAMEHATels
Heo0X0AMMa NpPOoBepKa KOPHEi NOJIy4eHHOro ypaBHeHUS-CIeNCTBH.

= 0, xoTopoe uMeer

Ilpumep 1. Pemum ypaBHeHue
x2+x-6 =
x+3

(3)

OcsoGosxnasn ypasHenue (3) oT 3HaAMeHaTess, MOJYYNM ypDABHEHHUE
x2+x-6=0, 4)
ABJAIOLIeecsa creAcTBueM ypasHeHus (3). Ksazpartnoe ypasmenme (4)
HMeeT Ba KODHA: X; = 2 U x, = -3,
IIpoBepum, ABJAAIOTCA M OHM KOPHAMM ypaBHeHHA (3).
; x2+x,—6
Tak xag x; +3 =5, x{ +x;, -6=0, 7o ——— = (, T. e. YuCIO
x + 3
X, ABJIAETCHA KOPHEM ypaBHeHus (3).
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ot 3 i Fe 2 ==7

2+ x,— 6

Tak Kak X, + 8 =0, x3 + x, — 6 = 0, To BeIpaKeHHe —————— He

Xy + 3
umMeer cMpicia. II09TOMY YHCIIO X, HE ABJASETCH KOpHEM ypaBHeHUA (3).

CrnemoBaTelbHO, ypaBHeHHE (3) MMeeT eIUHCTBEHHBIH KOPeHb 2.

ITepexos OT AAHHOTO YpaBHEHHA K YPaBHEHHIO-CJIEACTBHIO MOXKHO
OpUMEHATH IPX PELIeHNH YPABHEHMIT, COAEPKAITUX OJUHAKOBEIE YIEHBI.

Ecnu npy peuleHMM YypaBHEHHS BBINOJHEHA 3aMeHa pPa3HOCTH
f(x) — f(x) myném (rae Boipaxkenue f(x) ompeneseHo HE AJA BCEX X), TO
rmoJy4yaeM ypaBHEHHe-CJIeJCTBHE MCXONHOTO ypaBHEHUA.

Hanpumep, ypaBHeHue x? = 4, uMerolee [Ba KOPHA 2 U —2, ABJIAET-
csA CJAeACTBUEM ypaBHeHU X + «E =4+ J:?, UMEIOINero eIMHCTBeHHBIMH
KOpeHb 2.

Bameny paszHocTH f(x) — f(x) HyJIéM 4acTO HAa3BIBAIOT NIPUBEJeHHeM
IMOMOOHBIX YJICHOB.

Ecau TnpH pelleHNH yPABHEHHsI BBIIOJHEHO NPUBEIEeHHE II0J00-
HBIX 4YJEHOE, TO Heo0XoauMa IIpOBEepPKa KOpHell NOoJIiydeHHOr0 ypaBHe-
HHUA-CIeICTBUS.

IIpumep 2. Pemum ypaBHeHUe
1
D it 2 S
== 9x + - ()

IlepeHecs Bce ciaraeMble ypaBHeHHA (5) B JieByI0 YacTh ¥ 3aMEHUB

pPasHOCThb % - -i—: HYJIEM, TIOJYUUM ypPaBHEHHE
x® - 9x =0, (6)

ABIAIONeecs cieacTBueM ypasHeHus (5). Ypasuenue (6) mmeer nBa
KopHA: x; =9, x, = 0.
IIpoBepuM, ABIAIOTCH JU OHU KOPHAMU ypaBHeHUd (D).
1
Tak KaK x5 + 4 zgid, 9x, + L4 g l, TO YHCJIO X, ABIAETCA KOP-
x 9 x 9
HeM ypaBHeHUsa (5).

1 1
Tak KaK BHIDAYKEHHA X§ + — U 9x, + — He UMeIOT CMBICIA, TO YHC-
X, X.

2 2
710 X, He ABJIAETCA KODHEM ypaBHeHH (D).
CrenoBaTenbHO, ypaBHeHue (5) UMeeT eJMHCTBEHHBIN KopeHs 9.
Ilepexon OT JaHHOTO ypaBHEHHS K YPABHEHHIO-CJIEJCTBHIO MOXMKHO
OpPUMMEHATHL IIPU PelleHHNN YPABHEHUWM, He SBJSIONIUXCH PalMoOHa bHBI-
MM, HalpuMep YpaBHEHMIl, B KOTOPBIX HEN3BECTHOE HAXOAUTCHA IO 3HA-
KOM KOPHS MJIH MOZAYJISA.

Ilpumep 3. Pemum ypaBHeHHe

x2+1 . 2
l?_—ﬂ+f-\/?c+m. (7
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ITepenecs Bce uneHs! ypaBHeHud (7) B JIEBYIO YACTh U 3aMEHUB pas-
HoCTh Vx — Vx HYJEM, TOIYYNM ypaBHEHHE

x2=-1

— =0, 8
e (®)

ABJAKINeeca caeAcTBueM ypasuenus (7). OcBobonus ypaBuenue (8) or
3HaMeHaTeJd, NOJYyUNM ypaBHEHUE

x2-1=0, (9)

ABJAIOLIeecs clejcTBUeM ypaBHeHuA (8), a sHauyur, u ypasHenus (7).
Ypasuenue (9) umeer ABa KOpHs: X, = 1, x, = -1,

IIposepum, aBnsAOTCA MM OHM KOpHAME ypaBHeHus (7). Tax Kax
xf+1
2= 11 T 1
YHCJIO X, He ABIAETCA KOPDHeM ypaBHeHHd (7). Tax Kak BeIpa)keHue @

He MMeeT CMBICJA, TO YHCJIO Xy, He ABIAeTCA KOpHeM ypaBHeHHA (7).

CrenoparenbHo, ypaBHeHHe (7) He MMeeT KOpHEH.

K ypaBHeHUIO-CIEACTBUIO IPUBOAUT TAKIKE IPUBEASHHOE HIIKe Ipe-
obpazoBaHue ypaBHEHNd,

ITycts maso ypaBHenue. Eciu samucars HOBOe ypaBHEHHE, Kajaas
U3 YacTed KOTOPOI'0 eCTh KBAaZpaT COOTBETCTBYIONIEH YACTH IIEPBOTO
YPaBHEHHUSA, TO TOBOPAT, UYTO MCXO/JHOE ypPaBHeHHe BO3BEJU B KBaJpaT;
HOBO€ ypaBHEHHe ABJIAETCS CHeACTBMEM HMCXOIHOTO.

Hanpumep, paccMOTpHM ypaBHEHHE X = 2, OHO MMEET eINHCTBEeH-
HBIA KOpeHb 2. Bo3sens 5To ypaBHeHUe B KBaJpar, HOJIYyYUM HOBOE ypaB-
HeHne x° = 4, umeroniee Aea KopH#a: 2 u —2. HoBoe ypaBHeHUe sBIseTCA
CJIeZICTBMEM UCXOJHOI'0, TAK KaK KOPeHE 2 MCXOAHOI0 YPABHEHHA ABJIAET-
Cs KOpHeM HOBOro ypaBHeHua. Ho BTOpOil KOpeHb ypaBHEHUA-CIIENCT-
BUA — YHCJI0 —2 — He ABJIAETCA KOPHEM HCXOJHOI0 YPABHEHUS.

W B npyrux ciayyasax NpH BO3BEJEHHH YDABHEHUs B KBAADPAT MOTLYT
IOABUTHCA KOPHU, «IIOCTOPOHHME» IJIA MCXOAHOTO ypaBHeHHA. 1103TO-
My Iociie BO3BEJEHHS YPABHEHHS B KBaJpaT HeoOXOoQuMa IIpoBepKa
KOPHEN MOJyYeHHOr'0 YPaBHEeHHNA-CJeJCTBIA.

|x; = 1| = 0, To BEIpaXKeHUH Heé UMEIOT CMBICJIa, IIO3TOMY

IIpumep 4. Pemnum ypaBHeHHe
x2 - 2x+10 = 2x+1. (10)

Bossenst ypasaenue (10) B kBagpar, IOJyYuM ypaBHEHHE
22— 2x + 10 = (2x + 1)?, (11)

sBJIAONIeecsd caeacrBueM ypasHenud (10). Ypasuenue (11) umeer asa
KopHA: X1 = 1 u X, = —3. [IpoBepuM, ABIAIOTCS M OHU KODHAMHU ypaB-
Henua (10).

Tak KaK /%% — 22, +10 =/0=8,2x, +1=3u 3 =3, TO YMCJIO X,
ABIfAeTCA KOpHeM ypaBHeHus (10).
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Tak Kak |/x2 — 2x, +10 = J25 = 5, 2x,+1=-5u b # -5, T0 Unc-

70 X, He ABJIseTcH KopHeM ypasHernus (10).
CrnemosarenbHo, ypauerue (10) uMeer eJUHCTBEHHBIH KOPeHb 1.

IIpumep 5. Pemum ypaBHeHHe

J3x—8=2x+1. (12)
Boseena ypasHenue (12) B KBagparT, IOJYyUYUM ypaBHEHHE
3x—-3=2x+1, (13)

sBJsIonieeca caeacTeuem ypasHenud (12). Ypasuenue (13) umeer efuH-
CTBeHHBIN KopeHb x; = 4. [IpoBepum, fABJIseTCA JH OH KODHEM ypaBHe-
Husa (12).

Tax Kak /3x;, — 3 = 8, {/2x; +1 =3 u 3 =3, TO YHCIO X; ABAAETCH
KopHeM ypaBHeHHdA (12).

CienoBaTenbHO, ypaBHenue (12) nmeer eIMHCTBEHHEBIH KOpeHb 4.

IIpumep 6. Pemum ypaBHeHUE

|x2 — 8x + 1| = 22 — 4x + 2. (14)
Bossens ypasuenue (14) B kBazgpatT, IOJYYUM ypaBHEHHE
(x2 — 3x + 1)2 = (x2 — 4x + 2)?, (15)

SIBJASAIONIEECs CJeACTBMEM ypaBHeHus (14).
ITepenecs Bce 4ieHBl ypaBHeHus (15) B JeByI0 4acTh M IPUMEHHB
GopMyJIy Pa3HOCTH KBaJpAaTOB, Iepenumem ypaBHenue (15) B Buze

(x - 1)(2x%2 - Tx + 3)=0. (16)
TonbKO KOPHU ABYX YDABHEHHII:
1y #x—=1=0 n 2)2x*—=Yax+3=0
ABIAAIOTCA KOPHAMHM ypaHeHus (16). YpasHenune 1) mMeer eJHHCTBEH-
HbIf KOpeHb X; = 1, a ypaBHeHHe 2) UMeeT ABa KOPHA: X, = % u x;=3.
I[Hoaromy ypaBHenue (16) mmeer Tpu KOpHs: x; =1, X = % u x5 = 3.

IIpoBepuM, ABAAIOTCS JU OHM KODHAMHU ypaBHenus (14).

Tak rak |x2 — 8x;+1|=|-1| =1, 27 — 4x, + 2= -1, 1 # —1, TO YMmC-
70 X, He ABJsAETCH KOpHeM ypapHeHus (14).
1 . 1.2 1
Tax Kak |x2 — 8x, + 1| = _Z‘z Z,x§m4x2+2:1,1= 2 TO YHUC-
70 X, ABJAsieTcs KopHeM ypaBHeHms (14).
Tak xak |x2 — 8x; +1|=|1| =1, x§ — 42, + 2= -1, 1 # -1, To unc-

JI0 X5 He SIBJAAETCSA KOPHEM ypaBHeHus (14). "
CrnenoBaTesbHO, ypaBHeHue (14) mmeer eZMHCTBEHHBIN KOpeHb 3
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B

Pemure ypaBHeHue (343—345):
x4+ 2x - 15 i

-343. a) 3 0;
x2— x =2
B) e 3x+3
2 _
) x*—-5x+6 0

x3—09x2+ 27x — 27

344. a)x® —x+Jx-1=6+Jx-1;

1

2 - — R P

B) bx e & 30x -~

1 1 ol

2434 &) — x+D(x+2) 4’
5) . =

(x=3)(x-2) (x-2)(x-1

1 1

2x* - x-10 _

6) x+ 2 0
f=Sxd o
Ve g
2 —
&) x“+2x - 8 gL

x%— 622+ 12x — 8

B)x2+x+Vx+2=6+x+2;
1
x-1

0 s i e e P
x-1

-2
1

g e DT .

(x + 2)(x + 8)

Yraszanue. B sananuu a) samenure apo6u

= -1,5.
(x+ 3)(x+ 4)

1
x(x+ 1) H(x+1}(x+2}

1

5.
pasHoCcTAMU Hapobeii — —

x x+1

- COOTBETCTBEHHO.
e e O

346. Pemure ypaBHeHus U3 3ajanuit 252—254 (cm. c. 85) 1IepexoaoMm

K YPABHEHHIO-CJIEACTBHIO.
Pemure ypaBHeHue (347—348):

347. a) {2x? +x+3 = x + 3;

6) /8x%2 +5x—1=2x+5;

348.

B) 5x—1=,6x+1;

K) 3x2—x—3=[x*—4x+2;
xK) Jx2-2x+3=\/x2—x—1;
u) 2x2-3x-9 = [x2+4x—1;
a) {Jx2 +8x—4 = bx—4;

H) X2 — 6x+5 = /2% — x;

a) |x-2|=2x-1;

B) |x2—-4x+ 1|=2x— 4

) |x2—5x+5|=x2-6x+T;
x) |x2—4x+2|=x2 - 8x + 14;
u) [x2-8x+11|=x2- 10x + 25:

r) {222 -8x+1=,x?—1;
e) Vx2+x-2=.2x%+2x- 2;
a) J2x2~3x+5=Jx2+x+1;
K) \/2x2-5x—4-=\/x2—10;
M) \/3x2—5x+7=\/x2—1;
0) Yyx2+2x-3=,2x2 -0,
6) |x+3|=8x-1;
r) |x2 - 6x + 6| = 2x - 6;
e) |[x?—x-1|=x2-2x-1;
3) |x2-4|=x2-6x+8;
K) [x2 - 6x + 5|=x2- 5,
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flononHenus k rnase 2

1. PasnoxeHue MHOrousieHOB HO MHOMXMTENM
M pelieHue YpPaBHeHWN |

Teopema Besy. KopeHb MHorouneHa. Ilycrs P, (x) — MHOro4jeH
OTHOCUTEJLHO X cTemeHu n (n = 1), T. e.

P (x)=a, 2"+ a,_ ;%" 1 + ..ot ;% + ay, (1)

TAe ag, Ays +vr @, — AaHHBIE YHCHA, OpU4YeEM a, # 0. Hucno a, HassIBAIOT
CcBOOOZHBIM 4JieHOM MHOroujeHa P, (x). Ecau MuOTOUeH P 2 (x) pasge-
JUTH C OCTATKOM HA IBYYJEH X — @&, TO YacTHOe (HelloJHoe qac'rﬁoe) ecTb
MHorouJieH @, _;(x) creneHu n — 1, a ocraToK R ecTh uucio, IPpH 3TOM
CIIPaBEeAJIUBO DABEHCTBO

Pra(x)z(x_a)Qn—l(x)+R- (2)

W3 pasencrtsa (2) caeayer, uto ecau R = 0, To mHOrounexn P, (x) pasia-
raeTcsa Ha MHOMKMTENH, OJUH U3 KOTOPBIX €CTh ABYYJIEH X — d.

s HaxoMAeHus dacTHOTO @, _ ; (x) n ocrarka R 00BIYHO IPUMEHSA-
10T METOH AeJIeHUS YTOJKOM.

IIpumep 1. Haiigém dacTHOe 1 OCTATOK IPH JAEJeHUHM MHOTOYJIEHa
P,(x)=x*+ 2x3 — x2 + 3x — 1 Ha ABy4NeH x — 3.
IIpuMeHUM JeJIeHue YroJIKOM:

xt+2x3 —x24+8x-1 | x-38
Txt - 8xB x3 + 5x2 + 14x + 45
5x3 — x2
" 5x8 — 15x2
_14x? + 3x
14x% — 42x
45x -1

45x — 135

134

CJyregoBaTelibHO,

2+ 2x0-x2+8x—-1=
= (x — 3)(x® + 5x2% + 14x + 45) + 134,

M IO03TOMY HacTHOe ecTh MHorouwieH x° + 5x? + 14x + 45, a ocraTox —
uyncygo 134.

IIpumep 2. Haiigém yacTHOe M OCTATOK IPHU JeJeHHN MHOTOYJIeHAa
P;(x) = x® — 6x% + 11x — 6 Ha mByuneH x — 1.



Hpnme}mm JeJIeHHe YIroJKOM:

x2—6x2+11x-6 | x-1
Tx3~  x? x2-5x+6

—5x% + 11x
T 5x2+ bx

6x — 6

" 6x -6

0

CiepmoBaTensHO,

x3—-6x2+ 11lx -6 =(x— 1)(x2 - 5x + 6),

1 II0BTOMY YacTHOE eCTh MHOTOUJIeH x2 — 5x + 6,
a OCTaTOK paBeH HYJIIO.

Ecnu rpebyercsa HaliTU TOJNBKO OCTATOK OT
AejeHus MHorougeHa P,(x) Ha AByYJeH X — a,
TO TMOJB3YIOTCA CIEAYIOUIUM YTBEepXIeHHEeM,
BOKa3aHHEIM (PPaHIy3CKuUM MaTeMaTuxkoMm 9. Besy (1730—1783):

Teorema Besy
Octatok R OT geneHus mMHorouvneHa (1) Ha OByYneH x —a paBeH
3Ha4YeHnio MHorouneHa P, (x) npu x=a, T. e. R= P, (a).

HowxasarennctTso. Eciun B paseHcTBo (2) BMECTO X IOACTABUTH

YHCJI0 a, TO mojayuurcs, uto P,(a) = R, uro u TpeboBaJOCh AOKA34Th.

Hcnonsays reopemy Besy, pasencTso (2) 4acTo 3anUCBEIBAIOT B BHJE
P,(x)=(x~-a)Q,_,(x) + P,(a).

Qucao a HaA3BIBAIOT KOPHeM MHozouleHa P,(x), ecim mpm x =a
3HaueHHe MHorouaeHa P, (x) pasuo "yaio: P,(a) =0, T. e. eciu paBeH
HYJK OCTATOK OT HeJieHus MHorouideHa P, (x) Ha IBYYJeH X — a.

B npumepe 1 P,(3) = 134 u uncyio 3 He ABJIAETCA KOPHEM MHOTOYJIe-
Ha P,(x), a B npumepe 2 P4(1) = 0, uucyo 1 apiaseTcsa KOpHEM MHOTOYJIe-
Ha P;(x) u pasjosKeHHe 3TOr0 MHOIOYJIEHA HA MHOKHUTENH COLEPIKHT
MHOMHTEJb X — 1.

Llenble KOpHU MHOro4yseHa.

TeEorPeEMA L
Ecnn Bce koadpduumeHTsl a4, ay, ..., a,_; MHOro4neHa

P,(x) ="+ Gy 02" 1 % s 0% + dy (3)
uenvie 4micna, npuieMm ay # 0, U LENoe 4YMCcno m SBNAETCH KOp-
HEeM MHOro4ieHa, TO 4Yucno m $BAsieTCA Aenutenem csoboaHoro
YyneHa a, 9TOr0 MHOroYneHa.
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e — = = 1

HorasarenseTpo. Tak Kax YUCIO M eCTh KOPeHbL MHOI'oOYJeHAa
P,(x), To P,(m) =0, T. e. cupaBeJIiBO PABEHCTBO

mt+a, m'-l+..+am+ay,=0. (4)
Ilepenuinem paBeHcTBO (4) B BHIE
ag=m(m*t-l-a,_ mt-2-..-a,). (5)

Tax KaK m — Iejioe YHCJIO, TO B paBeHcTBe (5) B ckoOKax samucaHo le-
moe umucao. Ono He pasHo 0, ubo Torga a, = 0. Tax xkak a, # 0 u npasas
yacTh paBeHcTBa (5) menurcda Ha M, TO YHCIO @, AEJUTCA Ha M, UTO
1 TpebOBAJNOCH JOKA3aTh.

TeoreEmAa &

Ecnn Bce koadduumeHTsl MHoroyneHa (3) — uensle 4yucna u aToT
MHOIO4NEH UMEET KOPEHb — paLMOHanbHOE YUCN0, TO 9TOT KOPEHb
AIBAAETCHA LENbIM YUCIIOM.

Horasartensctso. [Iyers mEorounexn (3) uMeeT KOpeHbL — pa-
IMOHAJNBHOE He PaBHOE HYJIO YHCJIO0 g (zpobn g HecokpaTumasa, U p € Z,
g € N). Byzem cuutars, 4TO YHCJIA P U ¢ HE UMEIOT OOIIUX AesuTesel.
IToxaxxem, uTo uuesao ¢ He MoxkeT OpITh Goabmie 1. Ilpezmonoxum mpo-
THBHOE, 4To ¢ > 1. Tak Kax 4ucio L ecrn KopeHb MHoOrouneHa P, (x), To

2, (EJ = 0, T. e. cupaBeAJINBO PABEHCTBO
p n p n-1 p
= +a e +.o.t+ta,=+a,=0 6
(q } n-—1 ( q ) 1(1 0 ] ( )
OTKYJZa CIenyeT, 4To
pu 0 pn—l p
qT—_an—l“qﬁ_---_ala_an- (7)
Ymuoskaa paseHcrso (7) Ha ¢"~ 1, moayyaeM, UTO CIpPaABEAJIHBO pa-
BEHCTBO .
=, " gt - aggt ®)

Tak KaK Yyucia p U ¢ He HMeIoT o0IIUX AesuTesieif, To Yucaa p" u ¢
TaKyKe He MMeoT O0INUX Jenuresiel (3amerum, yro aTor GaxTt Tpedyer
JoKxasaTeJabCTBa, HO MBI ero onyckaem). IlosTomy uucio p* He nenuTcs
Ha ¢. JTO 03HAYaeT, YTO NpaBad yacThk paBeHCTBa (8) — meioe 4ducIIO,
a JeBad — HecoKparmMmasa ApolOb. [Toayuunaocs npoTuBopedne, CiaemoBa-
TEJBHO, IPEeANOJOKEeHNE, YTO ¢ > 1, HeBepHO, JTO Oo3HAUaer, uTo ¢ = 1,
T. €. PAMOHAJbHBIII KOPDEHb MHOTOWJIEHA C IeJIbIMU KOoa(h(MUIIHeHTAMU
SIBJSIETCS IEJIBIM UHCJIOM.
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W3 reopem 1 u 2 caenyer, uro ecan MEHOTO4IeH (3), Bce Koa(hPULIIeH-
TBI KOTOPOT'O IleJIble YKCia, NPUIEM a, # 0, mMeeT pannoHabHbIE KOPHH,
TO 9TH KOPHH — IeJble YHeia, SBIAIONIHECS AeTHUTEeNsIMH CBOOOIHOTO
wieHa MHorouieHa. [Tosromy ecom faH MHOTOUJIEH ¢ HeabIMU Koa(hdUmu-
€HTaMH U CBOOOAHEIM UJIE€HOM, HE PABHBLIM HYJIO, TO IJIS TOTO, YTOOBI BbI-
fAICHUTB, €CTh JIM ¥ 9TOI'0 MHOI'OUJIEHA PAI[MOHANBHLIN KOPEHb, HALO IIPO-
BEPHUTH, ABJIAETCS JIM KOPHEM MHOTOYJIEHA KaMK bl JeJIUTENb CBODOIHOTO
yjieHa MHorodneHa. Eciu HU OAMH JenuTeNb CcBOOONHOTO dJIeHA MHOTO-
4IeHa He ABJISEeTCA KOPHEM MHOTOYJIeHa, TO TOT MHOTOYJIeH He HMeeT pa-
LHOHAJbHBIX KOPHEI,

ITpumep 3. BrisicHMM, KaKue pPAMOHAJLHLIE KOPHHM MMeeT MHOTO-
yneH P,(x) = x* — x3 + 2x2% - 3x + 1.

CBOOOJHEBII YIeH dTOr0 MHOroujJeHa mMeeT genuTenu 1 u —1. Bei-
upcnum P, (1) u P,(-1):

P,(1)=0, P,(-1)=8=0.

CremosaTensro, MHOrOUNIEeH P4 (X) MMeeT palMoOHaNbHBIH KODeHb —
yucao 1. Pasmosxum muorousnen P,(x) Ha MHOKuTenu. Pasmenum MHO-
rounes P,(x) Ha nByuwieH x — 1 yroaxom:

xt-x3+2x2-8x+1 | x-1

xt— x3 x3+2x -1
_2x% - 3x
2x?% - 2x
—x+1
o |
0

CrnemoBarenbHo, x* — x3 + 2x%2 - 3x + 1= (x3 + 2x — 1)(x - 1).
ITposepum, ecThb U y MHoOrousteHa P;(x) = x3 + 2x — 1 panuoHangn-

Hble KopHU. CBOGOAHEIN UIeH 3TOr0 MHOTOUJIeHa umeeT geautenu 1 1 —1,
Beraucaum Py (1) u Py(—1):

Py(1)=2#0, Py(-1)=—4 % 0.

CienoBaTesnbHO, MHOrowieH Pj;(x) He MMeeT palnuoOHAaJbHBIX KOD-
He#l, ¥ IIO3TOMY MHOrowieH P,(x) uMeeT TOJNBKO OJMH paIlHOHAJILHBIH
KopeHb — umcio 1.

PeweHne ypaBHeHun P (x)=0. YMeHume HaXOAUTh PAlMOHAIL-
Hble KODHM MHoOrouueHa P, (x) ¢ meabIMu Koad@UIUEeHTAMH ITOMOTAeT
peuruth ypasHenue P, (x) = 0.

IIpumep 4. Peutnm ypasHeHue
x° —xt —4x3+ 5x2+x—-2=0. (9)
CBoOOMHBII YIeH MHOrouJeHa
Py(x)=x5—x* —4x3 +5x2+ x -2
umeet peaurenan 1, -1, 2 u -2,
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Tax Kax
P.(1)=1-1-4+5+1-2=0,

To MHoOrouneH Pj;(x) ummeer KopeHb 1 M ero MOMKHO pAa3JIOKHUTH HA
MHOkuTenu. s 8TOro pasmenumM MHOrodjeH Pg(x) ma aBywieH x — 1
YTOJIKOM:

xS —xt 4B+ B2+ x -2 | x-1
x5 — xt xt—4dx2+x+ 2
_ —4x3 + 5x2
—4x3 + 42
S
x%—x
2x — 2
T D=9
0

Wrak, Ps(x) = Py(x)(x — 1), roe P,(x) = x* — 4x2% + x + 2.
ITpoBepuM, eCcTh JM Y MHOT'OYJIEHA

Pi(x)=x*—-4x%2+x+ 2

panuoHanbHble KOpHH. CBOOOAHBIN uileH MHOrouwieHa P,(x) umeer xe-
gurenu 1, -1, 2 u -2, Tax kak P,(1)=1-4+ 1 + 2 =0, To MHOrouJIeH
P, (x) mmeer KopeHE 1 U ero passioskeHUe HA MHOYKHUTEJIU UMEET MHOMH-
Tenb x — 1.

Pasgenum muorounen P,(x) Ha aByuieH x — 1 yrojxkom:

x4+ 03 -4xP+x+2 | x-1
xt — x3 x3 + x%2 — 3x — 2
x3 — 4x2
R e
-3x%2+ x
" —8x2 + 3x
—2x + 2
T 2% 2
0

HUrax, P,(x) = Py(x)(x — 1), tme Py(x) = x3 + x2 — 3x — 2. Crobog-
HBIH uyiaeH MHOTOYNeHa P, (x) umeer pmemurenu 1, -1, 2 u —2, Beruneaum
P;(1), P3(-1), P3(2) u Py(-2):

P;,(1)=1+1-3-2=-3=20,

P;(-1)=-1+1+43-2=1=20,

P;(2)=8+4-6-2=4=#0,

P;(-2)=-8+4+6-2=0.

Tarx rak P3(—2) =0, o muorouner P;(x) umeer xKopeHs —2 u ero
pasioskeHHe Ha MHOMKUTEIH MMeeT MHOMHUTENIb X + 2.
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Pasgenum muOrounen Pj;(x) Ha IBYYJIEH X + 2 yroakoM:

X%+ x2-3x-2 | x+2
x3 + 2x2 x2—-—x-1
=R =8
—x2 — 2x
i i
—x -2
0

Urak, Py(x) = P,(x)(x + 2), rae Py(x) = x2 — x — 1.
Tax xax MmHOrouwseH P,(x) — MHOrouJieH BTOpPOIi CTeleHH, TO JEerKo

1+ 5 1-+/5

CiemoBaTesbHO,
Py(x) = (x — x7) (x — xp).

ITlogBOAs uTOrM, MOJMYyUYaeM, UTO
Py(x) = (x— 1)2(x + 2)(x — x7) (x — xv).
IToaromy ypaBuenue (9) uMeeT KOpHHU:

1+ 45 , Mall
=" =i 3

OueBHAHO, YTO APYIUX KOPHEHW OHO HE HMEerT.

,x3=_2, x4=1-

IIpumep 5. Pemum ypaBHeHHe

Sy L
x+3x 5 0. (10)

e 2 1
Tax xax Koa(dUIHEHTEl TPEXUaeHa x° + q x? - g He meJble wnca,

TO yMHOMKHUM 00e wactu ypaBHeHUd (10) Ha 9. Ilonyuum paBHOCHJIBHOE
eMy ypaBHEeHUue
9x3 + 6x2 — 1= 0. (11)

Tax Kak crapiiuil uieH MHoroujneHa P;(x) = 9x% + 6x2 — 1 me pa-
BeH 1, TO cpa3y HeJb3s IPUMEHHTH PACCMOTPEHHBINH Bulile meTox. Ilo-
aTOMY MOCTYIIHM cleAyiomumM obpazom. ¥YMHOXadA ypasHerue (11) na 3,
Hojy4aeM PaBHOCHUJIBHOE eMy ypaBHeHUe

(8x)3 + 2(3x)2 — 3 =0. (12)

Croenmaem B ypaBHeHuu (12) sameHy HeEM3BECTHOro Yy = 3x, TOorga
ypaBHeHue (12) nmpeBpamiaercsi B ypaBHeHUE C HEU3BECTHBIM J:

y3+2y*-3=0. (13)
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Tak KakK cTaplIuii uleH MHorouneHa P,(y) = y® + 2y? — 3 pasen 1,
To K ypaBHenuio (13) MOKHO IPUMEHUTh PACCMOTDEHHEBIN BBIIIE METOH.
Csobopuelil uieH Muorounesa P, (y) nmeer memurenu 1, -1, 3 u —3. Tax
kak P;(1)=1+4+2 -8 =0, To MHorounexn P3(y) genurcda HaA ABYYJIEH
y—1:

P24 03 [ y=l
il Y2+ 3y +3
_3y?+ 0y
3y® - 3y
3y -3
3y —3
0

Urak, Py(y) = P,(y)(y — 1), tre P,(y) = y* + 3y + 3.

Tak Kak AUCKPUMHHAHT KBaJpaTHOTO TpéxuneHa P,(y) mMeHbiie
HYJIs, TO KBaJpaTHBI# TpéxusneHd P,(y) He pasjaraercd Ha JMHeHHEBIe
MHOMKHUTENN U He uMmeeT KopHeil. Ilosaromy ypaBHeHue (13) umeer equs-
CTBEHHBIH KOpeHb y; = 1.

Tenepsb HaiifiéM KopeHb ypaBHeHus (11), pemus ypasHenue 3x = 1.
Vpaeuenue (11) u, cregoBaTesbHO, paBHOCHIbHOEe eMy ypaBHenue (10)

4 1
HUMeT eJHHCTBEHHBIN KOPEHBb X; = ;0;.

EL

349. PaajgenuTre MHOTOYJICH:
a) 2x% + x2% + 3; 6) xt—2x3 + 3x%2+4x - 1;
B) 4x% + bx? — 3x + 2; r) x°—-3x%+3x-10
Ha ABy4IeH x — 1.

250. He BRITTONHAS HeIeHUdA, OIpejeslITe OCTATOK OT AeJeHWUA MHOTO-
yjeHa:
a) bx® — 3x2 + 2; 6) 2x* — 3x3% — 4x2 + bx — 6;
B) 3x3 + 2x2 - 6x + T; 1) 3x°—-4x2-3x+6
Ha ABy4dJjeH x — 1, Ha aByuneH x + 1.

351. PazjosKuTe MHOTOYJIEH HA MHOXKHUTEJH:

a) x3-—x2-x-2; 6) x% — 4x2 + 4x — 3;
B) x2— Tx + 6; r) x3—6x-9;
o) x*+ 2x3 — 3x2 — 4x + 4; e) xt— 2x3 — 3x% + 4x + 4;
k) xt—x% - 3x2+4x - 4; 3) x*+ 4x3 + 6x2 + 4x + 1.
Pemure ypasuenue (352—354):
352. a) 23+ 2x2-x-2=0; 6) x%+ 6x2+ 11x+6=0;
B) x% - 2x%2-2x -3 =0; r) x3+x2—x+2=0;

.H.) x3+2x2_7x+4:0; e) x3—5x2+8x—‘420.
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353. a) x*+x3-x2+x-2=0; 6) x{—x3—x2—x-2=0;
B) xt—x% - Tx2+ x+6=0; r) x*+x8 - Tx2—x+6= 0
o) x4+ 2x3—-3x2-8x—4=0; e) xt+4x3+3x2—4x—-4= 0

354. a) 2x%® + x2 - 13x+ 6 = 0; 6) 2x3 - x2—-18x -6 =0;
B) 3x% +4x2+ Tx + 2 =0; r) 8x% - x2+3x—-1=0;
n) 2x*—Tx3+4x%2—-2x—-3=0; e) 2x*+x3 - x2+8x—-4=0.

355. Mwem nudopmaumio. Ucnonssya yueOHUK, CIIPABOYHYIO JIHTE-
parypy u MHTepHeT, noarorossTe coobiienue o 9. Beay u ero teo-
peme.

[ 2. KomnnekcHbie yucna

Paccmorpum ypaBHeHue
-2x+2=0. (1)

XoTsa OHO HMeeT OTPHUATENbHBIN IUCKpUMUHAHT D = —4, HanuueM
(opManasHO QOPMYJILI OJIA ero KOpHEeM:

%y, =1x 1. (2)

,I[O CHX IIOpD MBI CUHTAJIM, YTO TaAKHe BhIPpaXeHHNA He UMelT CMbICIA,

TaK KaK CUMBOJIY +—1 He COOTBETCTBYeT HMKaKoe IeiCTBUTEIbHOe UuC-
0. O@HAKO 3TOT CHMBOJI OKa3aJICA OYeHb II0JIE3HBIM B MaTeMaTuke. Ero
0003HaYaT OYKBOI i: \/_

-1=i

¥ Has3bIBAIOT MHHUMOMH eIHHHIIeH.

C moMoIbi0 MHUMOM eIUHHUIEI i ¥ AeHCTBUTENbHEBIX YHCEJ MOXKHO
cocTaBNATL OYKBEHHEBIE BHIPAXKEHUSA.
2+1i 2 —i
LT e

C TaxuMu GYKBEeHHBIMH BBIDANKEHHAMU MOYKHO BBINOJHATL apud-
MeTHYEeCKHe AeHCTBHHA, NOJUUHAIOIINECS CJAeNYIONEeMY IIPaBUIY: 3TH
BBIpajKeHUA IpeobpasyloTcad KaK OObIYHBIE OYKBEHHBLIC BBIPAMKEHUd,
OZHAKO IIPH 3TOM CUMTAIOT, 4TO i =-—1,

Hanpumep:

Hanpuwmep, 1 + i, , 2+ i3,

1-38i+5i=1+ 2i, 3= =(=Di=~i,
=t f=(=1)-(1)=1, P=it-i=1:i=i,
A+ _@+p2 _ (Q+p?
1—PEd wi=# 1-'ChH
=%(1+2i+i2)=%(1+2i——1)=£.

A+:d-9=5 =%(1+5)2=
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Bruipaxxkenue a + bi, rme a mw b — [elicTBHTeNbHBIE YHCIad, a [ —
MHHUMAg eJHHUIIA, HAa3LIBAIOT KOMILJIEKCHBIM YHCJIOM.
HeiicTBUTENBHOE YNCI0 @ eCTh YACTHRIN cayYail KOMIIIeKCHOTO YHC-
aa a + bi upu b= 0:
a+ 0i=a.

Bripaxxenue bi, rme b — melicTBUTENLHOE UMCJIO, HA3BIBAIOT MHU-
MBLM YUCTLOM.
Hanpuwmep, 3i, —i, —7i — MHHUMBIe YHCJIA.
MuuMmoe umcyao bi ecThb YACTHBIN cayyaidl KOMILJIEKCHOI'O YHCJa
a+ bi opu a =0:
0+ bi = bi.

Haxome1, cuuTaoT, 4TO
V=T =Td-1 =71, V-8 = f8J-1 = 2421
U T. O.

BakHO OTMETHUTH, YTO CyMMa, PA3HOCTh, IIPOM3BEJEHHE U YaCTHOE
(,E(EJIHTEJIB He H}TJII:) KOMIIJIEKCHBIX YHCeJ eCTh KOMIIJIeKCHOE YHCJIO.
Hanpumep:
2+3i)+(5-Ti)="17 - 4i,
(2 + 3i)— (5 - Ti)=-8 + 10i,
2+38i)(1-i)=2+8i-2i-8i’=5+1,
2—-i _ (2-DB-2i)) _6-3i—4i+2i® 4-7Ti i oy
3+2i (8+2i)(3 - 2i) 9 — 4;? 13 13 18

WUrak, Beipamenus 1+ /-1 u 1- /-1 mpexgcrasasior coboil KoM-
IIJEeKCHBIE YHCJIa
x1=1+in2=1—i.
Jlerko nmpoOBEepUTh, NPUMEHAS M3J0KEHHbBIE IPABHJIA, UTO KOMIIJIEKCHBIE

qyucaa X; U X, ABIAIOTCA KOpPHAMH ypaBHeHus (1).
HelicTBUTENBHO,

x2 —-2x, +2=(1+i)2-2(1+)+2=1+2i+i2-2-2i+2=0,
x2 —2x,+2=(1-iP-2(1-i)+2=1-2i+i2-2+2i+2=0.

Yucaa
a+bi u a-bi

HAa3bIBAIOT COIPAKEHHBIMU,

Hanpumep, 3 + 2i u 3 — 2i — conpaAmXEHHBIe YHUCIA.

C BBeIeHHEM KOMILJEKCHBIX UHCEeJ MOMHO YTBEpP:KIATh, 4TO Joboe
KBaZipaTHOE ypaBHEHUE UMeeT JBa KOPHA: NelCTBUTENBHBIE PA3JIHYHEIE,
eCcJIM JUCKPUMUHAHT IOJOKUTEJIbHBIH, JefCTBUTEIbHBIE COBIIAAOIINE,
ecJIM AUCKPUMUMHAHT DaBEeH HYJIIO, U KOMIIJIIEKCHBIe (Pa3JIW4YHEIE), eCJIu
JUCKPHMHHAHT OTPHIIATENbHBIN.
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Taxkum obpazom, KBaJpaTHOE YpPaBHEHUE
ax?+bx+c=0 (a=0) (3)
HMeeT ABa KOPH#A, BEIUHCIAEMble T0 GOpMyIaM
—b+ ./b% - dac
T o (4)
Ecan b2 — 4ac < 0, aru GopMyJIbl MOKHO 3aIIHCATEH TaK:
~b * i./|b% - dac|
2a

rae 4 |b? — 4ac| ecTs apudMeTHYeCKUil KBAAPATHBIH KODEHD U3 IOJIOMI-
TexpHOro umucia |b% — 4ac|.

Urax, npu b? — 4ac < 0 xopHu ypaBHeHus (3) KOMILIEKCHBIE pas-
JIMYHEIE, CONPAKEHHLIE.

X198 =

, (5)

X1,2 =

IIpumep. Pemum ypaBHeHNe
x2-2x+5=0. (6)
Koprau ypaBaenus (6) uiiem mo dopmynam (4):
2+ f4-2
~+——2—0 =1z 2i.

Wrax, ypaBaenue (6) umeer aBa xkopasa: 1 + 2i u 1 — 2i.

Ormerum, uTo Teopema Buera ocraércs BepHOH M B ciyuae, Korga
OIUCKPUMHUHAHT KBAJPAaTHOIO YPaBHEHHA OTPUIATEIEH, TOJILKO B 9TOM
ciiyyae KOPHU X; U X, OYAYT KOMILJIEKCHBIMH UNCJIAMH.

Xy,2 =

356. a) Kaxoit 6yxBoii o603HauaIOT CUMBOI v—17?
6) Kak maswpIBaloT cUMBOJ i?

B) YTo HaA3BIBAIOT KOMIIJIEKCHBIM YKHCJIOM?
r) Ilo xakMM IpaBHJIAM BBIIOJHAOT AeHCTBUA ¢ KOMILIEKCHBEIMHA

qucaaMu?
357. BrimonHuTe yKasaHHBLIE NelicTBUA:
a) (2 -38i)+(5+1i); 6) (7 — 2i) — (4 — 3i);
B) (3 — 5i)(4 — 6i); r) (40+1i): (3 —1i);
n) (5 + 4i)(5 — 4i); e) (1+1i): (1 -1i).
358. PemuTe KBagpaTHOE ypaBHEHHE!
a) x2+1=0; 6) x2+4=0;
B) ¥°+5=0; r) x2+ 7=0;
o) x2+x+1=0; e) x2+2x+3=0;

xK) 2x2-bx+5=0; ) x2+ 6x+10=0,.
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3. Uctopuueckue ceegenuns |

Kragparaele ypaBHeHUA yMeaU PEIIATH €Ié BABHJIOHAHE, 9T0 GHIIO
CBs3aHO C pellleHHeM 3aJady O HaXOMKAEHUW ILIoajgeil 3eMeJbHBIX yda-
CTKOB, a TaKiKe ¢ DA3BHUTHEM ACTPOHOMUH.

Onmakxo y BaBMJIOHAH ellé He ObLIO IMOHATHS OTPUIATEIbLHOIO YUC-
Jia, U II03TOMY KOPHH KBAAPATHOIO YPABHEHWA MOIJH OBITH TOJLKO IIO-
JIOJKHUTEJIHbHBIMHU,

B «Apudmerukre» rpeueckoro maremaruxa us Anexcannpun Juo-
(danra (III B.) HeT cHCTEMATHUYECKOIO W3JOMKEHUA anrebphl, OTHAKO
B Hell COJep:XUTCA PAJ 3ajady, pelraeMbIX NPH IOMOIIM COCTABIEHHS
VYpaBHEHHUH.

EcTs B Hell u Takada 3amaua:

Haiitu nBa uncna mo ux cymme 20 m npoussegenuio 96,

Ecnu o603HaYuM OOHO U3 HEM3BECTHBIX Uepes Y, TO NPUIAEM K KBaj-
DaATHOMY YPaBHEHHIO

y (20 — y) = 96.

Hro0b1 n3besxaTh pelIeHUs KBaJpPATHOTO ypaBHeHUs oOIero BHUIA,
HuodanT obo3HAUMI HeWdBecTHbIE umcna uvepes 10 + x m 10 — x. Ux
cymMma paBHa 20.

CocTaBUM ypaBHEHHE U PEIIHM €ro:

(10 + x)(10 - x) = 96,
100 — x2 = 96, .
x2 =4,

Bo epemena [Quodanra emié He NPUMEHAJM OTPUIIATENBHBIX YUCe,
noaromy JuodaHT yKasaJ JUIIb OOWH KOPEHb IOCJEeJHEero ypaBHEeHUS
x; = 2. Torga Heu3BecTHBIe uwncja paBHel 10+ 2=12 u 10 - 2 = 8.
fcno, uro pna x, = —2 orBeT OyAeT TeM xKe.

3amayn Ha KBaJpaTHble YPABHEHUS BCTPEUAIOTCA B TPYJaxX HHIWIi-
CKHX MAaTeMaTHKOB y:e ¢ V B. H. 9. Bor ogHa u3 3ajay HHAUICKOTO Ma-
Tematurka XII B. Bxackapsr:

«00e3bAHOK Pe3BBIX cTasd,
BenacTek moeBIIH, pasBJeKaJach.
HWx B kBagpare 4acTh BOCEMASH
Ha nmonsane sabasiasiacsk.

A gBeHamuaTrh IO JMaHAM...
Crayiu OpeIraTh, IMOBUCAMA...
CronpKo 3 0bLT0 00€3bSTHOK,
Tsr craku MHe, B 8TOH crae?»

AToi 3ajgatde COOTBETCTBYeT KBalpaTHOe ypaBHeHUe

2
(E} +12 = x.
8
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KBagparasie ypaBHeHHs KJaaccu(UIUPYIOTCA B TpaxkTate «AJjreb-
pa» y30eKCKOro MaTeMaTuKa ajab-XO0pe3aMH, B HEM OIPUBOAATCHA U CIIOCO-
OBl UX pelLIeHHS.

Tonsko B XVI B. Onaromaps rJIaBHBIM 00pasoM HCCIeZOBAHHAM
(hpannysckoro maremaruka P, Buera (1540—1603) ypasEeHUsA 2-ii cre-
IeHU, TaK JKe, BIIpoueM, KaK 3-i u 4-1 cTelneHel, cTajgld paccMaTpUBaTh
B OyKBeHHEBIX O0o3HaueHuax. Mmenno Buer BBén OykBeHHBIe 0003HaUe-
HHUSA He TOJBKO IJA HEHM3BECTHBIX BEJIWYWH, HO U O] TAHHBIX, T. €. KO-
ahdpunuenTor ypapuenuit. Ocoberrno nenns BueT oTKpBITEIE UM (DOPMY-
JIBI, KOTOpPBLIE TEeImeph HasbiBalTcA (Gopmynamu Buera. Ormerum, UTO
caM Buer mpusHABAJ TOJIBKO MOJOMKUTEIbHBIE KODHU.

JIums B XVII B. mocoe pa6or P. exapra (1596—1650), Y. Heio-
ToHa (1643—1727) u Apyrux MaTeMaTHKOB pellleHNe KBaJAPATHBIX ypaB-
HEHUHN MPUHSAJIO0 COBPEeMEHHBIN BHMI.

B «Apudpmerure» JI. @. Maraunroro (1669—1739) umeercsa Hema-
JI0 3ajadY Ha KBaJpaTHbIe ypaBHeHHs. BoT ofHa U3 HUX:

«Hexwuit renepan xouer ¢ 5000 vesoBek 6aTaiuio yINHUATEL, 1 YTOGHI
Ta ObLNIa B JINIle BABOE, HeXKeJN B cTopoHe. Kojuko oHaa GaTanusa uMeTH
OyoeT B JIMIE XU B CTOPOHE», T. €. CKOJBKO COJNIAT HAZO IIOCTABHUTEL IIO
(POHTY U CKOJBKO UM B 3aTHIJIOK, UTOOBI UHCIO COJIAAT 110 (DPOHTY OBLIO
B ZiBa pasa boJibllle, YeM YHCJIO COJIAT, PACIOJIOMKEHHBIX UM B 3aTHLIOK?

Emé B gpeBueBaBusonckux texcrax (III—II BB. 10 H. 3.) u v duo-
danra (III B.) BCTpeuaroTCs 3a7auu, IJIs PEIIeHUA KOTOPHIX Tpebyer-
CcA penIaTh YpaBHEHHUS BTOPOH CTemeHH. 3aJayu Ha pellleHue pamio-
HaJbHBIX YPaBHEHHI paccMaTpHUBalIM TaisKMKCKHH MaTeMaTHK, I03T
u punocod Omap Xanam (1040—1123), memenkuii marematuk Moranu
Mrosnep (Peromonran) (1436—1476).

Ve B IpeBHOCTH MaTeMaTHKH CTAJKHBAJNCh B IIPOLECCE PEIIeHUd
3ajla4y ¢ U3BJEUEHMEeM KOPHS KBaJPATHOI'O M3 OTPHIATEJIBHOIO UHCia,
B 9TOM cJyd4ae 3ajaya cumTajack Hepaspeimnumoii. OmHAKO IOCTEIeHHO
BBISICHWJIOCH, UTO pellleHre MHOTHX 34J]a4, 3ajaBaeMbIX B JAeHCTBUTEJb-
HBIX YHCJaX, HOJYYaeT MpocToe O0BACHEHNE IPU IMOMOIIU BRIPAYKEHMU I

a+b«/—_1,

KOTOpBIe B KOHIIE KOHIIOB TOXK€ CTAJH HABLIBATH YHCIAMMU, HO yIKe KOM-
IIJeKCHBIMI.

IlepBoe o6ocHOBaHHME IMPOCTEHIIMX AEHCTBUH HAJ KOMILJIEKCHBLIMN
ypeJaMHu gan uranbaHcKuil matemarur P. BombGenan (1530—1572),
XOTS €Ié HOJIroe BpeMs K KOMILIEKCHBIM YHCJIaM OTHOCHJINCH KaK K
yeMy-TO CBepx'’becTecTBeHHOMY. UneH IleTepbyprckoil akageMHuH HayK
JI. Diinep (1707—1783) BHéC cylnecTBEHHBIH BKJAJ B BOIPOCHI TEOPUL
rKoMmmuexcHbIX uuces. ITocie ero paborT KOMIIEKCHBIE UMCIA TOJYUMIN
oKOHUATeJbHOe npuaHanue, CaMo HA3BaHUE «KOMIIJIEKCHOE UUCJI0» OBLIO
npepioyxerno B 1831 r. memenxum marematuxom K. I'ayccom (1777—
1855).

B Hacrodlee BpeMs KOMILIEKCHBIE UMCJIA HIMPOKO HCIIOJbL3YIOTCH
B (pu3uKe U TeXHHKeE.




. MNpu pabote ¢ Matepuanom rnaebl 3 BaM NPEACTOUT USYHNUTb NUMHEN-

= Hyi0, KBAAPATUYHYIO, APOBHO-NMHENHYID (BYHKUMW U WX CBOWCTBA,

| Hay4WUTbCH CTPOMTb WX rpaduku KU NPUMEHATb GYHKLUU K PELUeHuto |
3apay. OTO OCHOBHblE MYHKUUK, UCMONb3YEeMble B LUKONBbHOW marte- |

MaTuke u puanke. {

§E. JMuneiinas byHkyMSa

[ 6.1. Mpsmas NPONOPUUOHANBLHOCTS |

DYyHKIUIO

rae kB — paHHOe He PaBHOE HYJIIO UMCJ0, HA3BIBAIOT IIPSAMOI IIpPOIIOp-
IMOHAJBHOH 3aBHCHMOCTBI0 HJIH KODOTKO — NPAMOH NPONOPIHO-
HAJNBHOCTBIO. OTa (QYHKIUA olpejeseHa s BCeX AeHCTBUTENBHBIX
yucea X, T. €. 006JaCTh OIpefesieHnsa GYHKIIUA Y = X €CTh MHOMKECT-
BO BCeX JeHCTBHUTEJLHBIX uucesa R.

HasBanue «npssiMas OpPONOPIHUOHAJILHOCTE» CBA3AHO C TeM, YTO
IJIA TIOJIOYKHTEJIEHBIX UHCeN X, I U kB, IJd KOTOPEIX BEPHO PABEHCTBO
(1), c yBenuueHHNEM X yBeiuuwBaercH y. A s ni100bIX IBYX OTJINY-
HBIX OT HYJfA YHCEeNI X; U X, COOTBETCTBYIOIHE 3HAYEHHUdA Y, = kRx;
" Y, = kx, UM OPONOPINOHANELHBI.

n_kn_ ., v kxn

JleiicTBUTENIEHO, TAK KaK — = = =k, TO
o1 * %3 X3
h_¥
X X

Ecnu pyarunusa sagana ¢popmynaoi (1), To roBopAT emig, 4ro mepe-
MeHHAas Y NPONOPIUOHANLHA [IePEMEHHOH X ¢ Kod()(pHIIMEeHTOM IpPo-
MOPUHOHAJIBHOCTH k.

Hanpumep, dyaxmua s= 80f ecTk npamas IIPOIOPIIHOHAJL-
HOCTh. IIpH paBHOMEPHOM ABMIKEHHH TeJa NYTh (S), IPOHAEHHBIN UM,

y = kx, (L.
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OpsSMO MPONOpLHOHATEH BpeMeHH (1) ¢ KOoa(pPHUUIMEHTOM NIPOIOPIIHO-
HaJBHOCTH, PaBHEIM ero cxopoctu (80).

Kasgkpaa ns QysHruui y = 5x, y=x, y =-0,2x asngercs npamoii
OPONOPIHMOHANIBHOCTRIO ¢ KOR(MMUIINEHTOM IPOIIOPINOHANLHOCTH B IIEP-
BOM ciy4dae k= 5, Bo BropoMm k£ =1, B TpeTbeMm k = —-0,2

359. Kakyio GyHKINIO Ha3bIBAIOT IPAMOI IIPONOPIIMOHATIBHOCTELIO?
360. fsaserca au OPAMOI MPONOPIMOHANIBHOCTHIO0 (PYHKIIHA:

a) y = 2x; 0) y=-3x; B) y = 0x;
T), Y= I y=-x; e) y=2x+1;
x®) Y= x% 3)y=%; n) y=-5x— 27

Ecnu A4, TO HA30BHUTe KOSQ]Q)HI.IHGHT IIPOIIOPIIMOHAJNBHOCTH.

361. DPysKIUa 3agasa hopmynoil y = 2x.
a) 3amonEHTe TAOIUIlY 3HAUYEHHUN (DYHKIIWN:

% 0 1 -1

y 6 -8

6) Haiigure 3HauyeHue y upu X, paBHoMm 3; 5; —3; —
B) Haligure sHaueHue x npu y, pasHOM 8; 4; —-2; 1.

362. Oyarkuusa sagaxHa dhopmyoit y = 3x.
a) Haiigure 3HaueHusa QYHKIUU Y, U Y,, COOTBETCTBYIOI[UE 3HA-
YeHUAM apryMenra x; =1 u x, = -2,
6) Hailigure 3HaUeHUA apryMeHTa X; U X,, COOTBETCTBYIOIHE 3HA-
yeHUAM QyHKOUU y; =6 u y, =—-12.

363. Omnpepenure KOd(POUIMEHT NIPOTOPIUOHANBHOCTH £ QYHKINHN
y = kx, ecnu:
a) x=3, y=06; 6) x=-2, y=-10;
B) x=2, y=-8; ry) x=-1, y=4.

364. Omnpenenure Kod(duIeHT IIPONIOPIMOHATIEHOCTH k dysErINn
y = kx u zanonHuUTe Tabnuny eé sHaueHUIA.

a) [ x |-3] 0 5 o) |x | 2 1 3

y -5 | 6 | -7 y 12| 0 | -8
B) x 2 0 4 r) x |-4]1 0 | -6

y 2 13| 56 Y 3 4 | -8




133 Jluneiinas, kBaapaTHUHAN M APOGHO-INHEeIHAS DYHKIMN
R Gt T e B e Bl AR T TR T S e ——— e T

365. OnpezenuTe, OJUHAKOBLIE HMJM DasHble 3HaAKM umeror x (x = 0)
W COOTBETCTBYIOIlee emMy Y, ecan (GyHKIHUA 3agaHa (GOpMYyJIOi:

a) y = 2x; 6) y = 3x;
B) y=Fkx, k> 0; r) y=-5x;
n) y=-1,5x; e) y=kx, k<O.

| 6.2. Tpadux dyHkuum y = kx

3azaguM Ha IJIOCKOCTH IIPAMOYTOJBHYIO cucTeMy kKoopzuuHat xOy
M paccMoOTpUM, HampuMep, QYHKIUIO Y = 2X.

Ora QYHKIUA oNpeneseHa AJA JIIOOBIX [eHCTBUTENbHBIX YHCEJ X,
IPHU BTOM KayJAOMY UMCIY X COOTBETCTBYET YUCJO Y, paBHoe 2x. Ciaemo-
BaTEJBHO, KAKIOMY BHAUEHHIO X COOTBETCTBYET TouKa A (Xx; y) Koopau-
HATHOH IIJIOCKOCTH, rfe y = 2x, T. €. KaXJIOMy 3HAYEeHHUIO X COOTBETCT-
ByeT Touka A (x; 2x) KoOpAHHATHOH IJIOCKOCTH, MMeoaa abcuuccy x
H OpAHHATY 2X.

I'padpurom (GyHEIUM y = 2x ABJISETCA MHOKECTBO TOUEK KOOPIH-
HaTHOU maockoctu xOy ¢ KoopaumaTamu (x; 2x), rge x — Jaioboe geHcT-
BHTEJIbHOE UHCJIO.

Hruxe npuBeneHa Tabiuila HEKOTOPBIX 3HAUEHUIT X, COOTBETCTBYIO-
mux UM sHaueHui y (¥ = 2x) u Touek (x; 2x).

Y
x y=2x (x5 y) A
0 2.0=0 (0; 0)
1 2.1=2 (1; 2) /
=) 2. (-1)=-2 (-1; -2)
2 2.2=4 (2; 4)
-2 2-(-2)=-4 (-2; —4) 1
3 2.3=6 (3; 6) /
-3 2:(-3)=-6 (-3; —6) f ]
J/4
ITonyuyeHHEIE TOYKH OTMEUEHBI HA PHUCYHKe 35. /1
TIpuno:KHUB JHHEHKY, MBI BHAMM, UTO 3TH TOYKH /
Jexar Ha oxHOl mpamoi (I), mpoxopamiel uepes 1
Hayajo xKoopzuHAT U Touky (1; 2). =]
BosHukaer Bompoc: ecau Mbl GygeM 3alaBaTh
Apyrue 3HaYeHUs X, TO 6YAYT I COOTBETCTBYIOLIHE
TOYKHM JIeKaTh Ha NpaMoi [? H Puc. 35

OrBeT: pma, OyayT.
B pomonuernu 3 K riaBe 3 HokasbIBaeTcs, uTo rpad@uyr QyHKIAU
y = 2x ecTs IpAMafa, NPOXOAANIAA Hepe3 HAUAJI0 KOOPAWHAT M TOUKY
(1; 2).
PaccmoTpum Teneps GYHKIINIO
y = kx,
rge k — JaHHOE YMCJIO.
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) Y y“= 2,

AP I LINSL] |
: | Yy _|'12'x \-\\\\\\ \i\\_{:‘—%x_
| 4 ! L& | )

'i 7‘? SESERERATAL:

4
B Puc. 36

Q
\

A

g i

y:

I'pagpurom pynryuuw y = kx ABIAETCA MHOMKECTBO TOYEK KOODAH-
HaTHOH nyiockocTH xOy ¢ KoopmuHaTtamu (x; kx), rome x — moboe feHcer-
BUTEJbHOE YHCJIO.

Tax ke, Kax 418 QyHKOUYN i = 2X, MOMKHO JJOKA3aTh, YTO AJIA J1060-
ro k (k # 0) rpacdux GyHKRIHU ¥y = kX ecTh NpAMAasd, IPOXOAAIIAL depes
HayaJo KoopauHaTr u Touky (1; k).

IIpu nonosxurensuoMm k Touka (1; k) saxomurcsa B I uerBeprH, a npu
orpunarensHoM k — B IV uerseprh.

Ormerum, uTo sniobas ToukKa ocu abCIUcC WMeeT OPAUHATY Y, paB-
uywo 0, HezaBucumo ot eé abeuucecel, Taxum obpasom rpadpuroM QyHK-
nun y = 0 aeuserca ocek abeiuce.

HUrak, rpadhuxom dhysrunu y = kx, rge B ecTs HEKOTOpPOE JaHHOE
yucIo (00K UTEIbHOE, OTPULATENBHOe HIH HYJb), ABJAETCA NPpAMAH,
NpoxoAsauasi uepe3 Havaj o KoopauHart u toury B (1; k).

BmecTo TOro uTobs! roBopuTh «rpadur GyHKOUHA Y = RX», 4aCTO Io-
BODAT «IpaMas y = kx» . ToBOpAT ellé, uTo npsMas, IpoXonaiias yepes
HayaJio KoopxuHAT U Touky B(1; k), uMeer ypaBHeHUe y = kx.

Yucsio k Ha3eIiBaOT yraoBeiM Ko3dhuiiHeHTOM IIpAMOit y = kx,

Ecnu yrioroit koaddunuent k npsamoi y = kx nonoxxureses (B > 0),
TO OHa 00pasyeT OCTDPBIH YIoJI C IIOJOYKHUTENbHBIM HAIPABJIEHUEM OCH X,
ecnu yrioeoil kosdduuuenr k npamoit y = kx orpunaremen (k < 0),
TO OHA 06pasyeT TYIOH YIOJI ¢ IMOJOKUTENbHEIM HAIIPABIEHHEeM OCH X —
YT'0JI OTCUHTHIBAETCS IIPOTUB YacoBoil crpenku (puc. 36). A ecau yriaosoit
koathdunuenr £ = 0, To npsamas y = kx o6pasyer HYJIEBOI yroJ ¢ IIOJO-
JRUTENBHBIM HampaBieHueM ocu Ox (IpsiMas coBmazaer ¢ ockio Ox).

[ Bameuanne. HanoMHuM, uTO AJSA IIOCTPOEHNS NMPAMOM JOCTATOUHO
3HATH KOOPAWHATEI JBYX TOYEK, JEeKAllUX Ha Hel.

IIpun mocTpoeHuu npamo# y = kx Touky B(1l; k) MoXHO 3aMEHUTH
aroboi apyroit Toukoit Bi(x,; kx,), AocTaTouyHO YAAJEHHOI OT Havaja
KOOpAUHAT, 4yTOOBI UepTEx moayuniics 6ojiee TOYHBIM.

IIpumep. 3azazum cucremy xoopauHar tOs. Bymem cumrTarh, 4TO
1 em Ha ocu t coorBercTByer 1 ¢, a 1 ¢cM Ha ocu s coorBeTcTBYeT 1 M.
Ilo ocu s paBHOMEPHO BBepX [ABHUIKETCH TOUYKA CO CKOPOCTHIO
y =2 M/c, IPH TOM B HAUYANLHBLIII MOMEHT BPEMEHH OHA HAXOIWJIACH
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B Touke O. K Momenry Bpemenu t (¢ > 0) 5 l |
TOYKa NPOHAET myTh 2f, M eé opAuHAaTa i
B 9TOT MOMEHT OyzeT / |

g=2%, |

MpI HONYUYHIAW 3aKOH ABHMKEHUA TOU-
KM, BRIDAKAIONINN 3aBUCHMOCTE €€ OpAMHA-
TBI § OT BpeMmeHu . I'padur bynruuu s =2¢ 71
(t 2 0) — monynpsaMas, BEIXOOAIAA U3 Ha-
yaJjia KOOPAWHAT € YIJIOBEIM Ko3ddumueH- /
TOM, PaBHBIM 2, T. €. ay4 (puc. 37). [0 1 t

OTMeTHM, YTO TOUKA IBUIKETCSA I10 OCH S, ‘

a rpaduK e€ IBMIKEHHUA TOJBKO IIOMOTAer
HaM HarJggHO Y3HABATH KOODAMHATY S JBH-
JKyIIelca TOUKH B MOMEHT BPEMEHH &. B Puc. 37

366. a) Yro aBnserca rpadhmuroMm GyEKIUUA Yy = kx?
6) Kax samucreiBaeTcs ypaBHeHHe IIPAMOI, IpOXoadlneil yepes Ha-
yajgo KoopauHat u Touxky (1; k), roe kB — pamHOE YHCJIO?
B) YTo HA3BIBAIOT YIVIOBBIM Koa(Q@UIIMEHTOM OpsaMon y = kx?

r) Kaxoii yrox ¢ ockio x oGpasyer npsamasa y = kx npu k > 0; npu
kE<0; opu k=07

367. 3anana QyHKIUA Yy = 3x.
a) VrKauTe, IJA KaKUX 3HAUYEHUU X ompenesieHa HaHHAg QYyHK-
U,
6) BslumciuTe 3HAUYEHHA Y, B3AB 3HAUEHHA X OT —2 Jo 2 dYepes
1 eguauny. Pemenue odopmuTe B Buae TAOIUIIBL.

5 y=3x (x; 3x)

B) IlocTpoiite cucremy kKoopauHar xOy (eZMHHYHBIE OTPE3KH IIO
1 c¢m). B crcTemMe KOOPAMHAT IIOCTPOIHTE TOYKH C BBIYUCJIEHHBIMH
KOOpAUHATAMH.

r) Ilocrpoiite rpadhux GyHKIUA Y = 3X.

n) B xakMxX KOOpPAHMHATHBIX YETBEPTAX pacnoJjaraercs rpa@uk
magHOU (QyHKIUMU?

e) C nmomousio rpajuka onpeneanuTe

y(-3), y(4), y(%) y(1,2), y(=0,1).

IIpoBepbTe IOJYyUYEHHEIE pPEe3yJbTAThl BLEIYHCJIEHUEM C IIOMOLILIO
(hopMYJIIBI.
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368.

369.

370.

371.

372.

373.

374.

375.

sx) Ilpy Kakux 3HAUEHWAX X BBINOJHSETCS HepaBeHCTBO: y > 0;
y<0?

38) Ilpy KakMX BHAUEHHUSIX X BHIIOJHSETCA HEPaBeHCTBO: Y > 3;
y<-27

u) Onpezenure ¢ MOMOINBLIO rpaUKa 3HAUYEHHE X, €CJIH:

1) y(x) =2; 2) y(x)=1; 3) y(x)=-6.

k) Kaxk u3MeHHUTCA 3HAYEHWE , €CJIM 3HAYEHHEe X YBEJHYUTHL Ha
eTUHHIY?

1 o
3agaHa QYHKIUS J = 5% HccnenyiiTe 3Ty (PYHKIHIO II0 IJIAHY

IPeAbIAYILEro 3aaHusd.

Vrkamure KOOPAMHATBEI TAKUX IBYX TOYEK, C IIOMOIIBIO KOTODBIX
MOXHO IOCTPOUTH rpaduy QYHKIUN:

a) y="Tx; 0) y=-3x; B) y=0,2x;

r) y=-1,4x; n y=0-x; e) y=-—x.

ITocrpoiiTe rpadpury 3Tux (QYHKIIHH.

IToctpoiiTe rpadur QYHKIIMA:

a) y=§x; 6) y=—-4x; B) y = 10x; r) y=0,1x.
ITocrpoiite rpahur GyHKITUHA:
a) y=100x; 6) y=-3000x;
z ! =1
B) y=0,0001x; ) y= 100"

Viazauue. IIna yoobcTBa MOCTPOEHUS CIEAVET UCIOJIL30BAThL Pas-
JHUYHBIE eJUHUIBI MacmiTada 1o ocaM KOOpAHMHAT.

Kaxroii hopmysoii safgana npaMasd, IPOXoAaIasa Yeped Havayo Ko-
OPAUHAT U TOUYKY:

a) A(1; 2); 6) B(1; 0,5); B) C(1;-1);

r) D(1; 5); ) E(l; %) e) K(1;-1,7)?
Ilpunagiesxur Ju npamoi y = —-2,56x Touka:

a) A(1; -2,5); 6) B(1; 2,5); B) C(-1; —2,5);
r) D(-1; 2,5); 1) E(4; 10); e) K(3; -7,9)?

B Kaxux 4yeTBEPTAX PACIOJIOKEH rpaduir GyHKIHU:
a) y = 36x; 6) y=100x; B) y=T,2x; r) y=-0,2x?

IlposepbTe, mpuHALIEKAT Ju TOYKM A U B rpaduky GyHKIUH
y = kx, ecinu:

a) A(1; 3), B(3; 9); 6) A(1;-2), B(3; —6);

B) A(2; -10), B(-1; 5); r) A(3;9), B(1; 4);

5 A(0,5; 4), B(-2; 16); ) A(g; 1} B(1; 3,5).
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376. a) 3ajaHa QYyHKOUA Y = lé—x. Touxka (6; a) npunagiaexuT rpadu-

Ky atoi dyHrmuun. Haigure a.

0) 3anmana dyuruua y = —2,7x. Toura (b; —3) npuHAILJIEKUT Ipa-
dury sroit byuxknuu. Haligure b.

B) Touxa (6; 4) npunagnexur rpadpuxy GyExrnun y = kx. Hafigu-
Te k.

377. Kaxoii popmyJioii 3amana npsMasd, IPOXoAAlnasa yepe3 Hadyajo Ko-
OPAMHAT U TOUYKY:
a) (6; 8); 6) (4; —0,5); B) (3; 1);

D 22; m [1- 3): e) (-2; -3)?

2‘}

378. a) 1 xr xouder crour 40 p. Bripasute GOpMyJI0H 3aBHCHMOCTH
croumocTi KoHMeT p (p.) or ux maccsl m (xr). Iloctpoiite rpadux
MOJIYYeHHOH 3aBUCHMOCTH.
6) MoTOnMKJ ABUIKETCS 110 mIiocce co ckopocThio 60 xm/4. Beipa-
suTe (QOPMYJIOH SAaBUCHMMOCTH PACCTOAHHA S (KM) OT BpeMeHH
t (u). ITocrpoiiTe rpadux monydeHHoil 3aBucumoctu. Kakue 3Ha-
YeHUS MOXKeT IPUHHMATE {7

379. Ha pucyuke 38 usobpaxén rpadur Gyakuuu y = kx. Onpegenure
Koa(humest k.

a) : | 16) B)
| yl yJ‘“_ B YA
| _yLipxl/ /y i
| / /f \2= Ex
1 / 1t f— 14+
i _: Al |
P2 /] L
ol 1 ] x o1 | x -2 [O| X
] ] iER | i 5
Puc. 38

380. B oxmoil cucTeMe KOOpAUHAT mocTpoiiTe rpadurn GyHRImii:
1 1
a)y=2xny=—§x; 6)y=—3xny=§x;
B)y=4xny=—ix; r)y=—5xny=%x.
OnpepenuTre yroj Meay HNepeceKamluMUCH NPAMBIMH.

381. [okazbisaem. [Jokakure, 4TO IPAMEBIe Y= RX U Y = -}lx (B #0)
T
mepreHIuKyISIPHEL.
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Dyuruuio y = kx + b, e Bk 1 b — maHHBIE YHC/Ia, HA3BIBAIOT JIM-
HelHOH (QyHKIHEH.

Jlunetinasa QYHKIIUS ONpee/ieHa Ha MHOKECTBE BCeX HeHCTBHUTEIL-
HBIX YHCeJ, T. €. 00JacTh onpegeneHna QyHKIUH Y = kx + b ecTs MHO-
JECTBO BCEX NEeHCTBUTENBHBIX umHcea R.

Ecau b =0, To monyuum GyHKUIUIO i = kX, KOTOPYIO YiKe U3yUaAIU
B IOPEABIAYINEM IYHKTE.

ITpumepsr nuHEWHBIX GyHKOUI: y=2x +4, y=-x+ 5, y=-0,5x.

I'padpurom pyKIUN y = kx + b gBIAETCA MHOMECTBO TOUYEK KOOD-
IuHATHOH niockoctu xOy ¢ KoopauHatamu (x; kx + b), roe x — nroboe
JeiicTBHUTeNbHOE YHCIIO.

Yro6b!l IOCTPOUTDH, Hanpumep, rpadbur GyHrnun y = 2x + 4 B nps-
MOYTOJBHOH cucTeMe KoopauHaT xOy, mocTpouM cHauauga rpadur QyHK-
nuu y = 2x. 910 npaMad, npoxoxamasa dyepea touku O (0; 0) u B(1; 2)
(puc. 39, a). IlepegBUHYB 3Ty NPAMYIO IIapajljieJIbHO camoil cefe BBEpPX
Ha 4 eAUHHIEI, DoayuyuM rpadux dyHxknuu y = 2x + 4 (puc. 39, 6), mo-
TOMY 4YTO ecau A — IpOU3BOJIBHAA TOYKa rpaduka dyaxuuu y = 2x,
a C — rouka rpaduka QyHKOHHA Yy = 2x + 4, uMelomasa Ty ke abciuc-
cy x, To opguHaTa Touku C, OUeBHIHO, Ha 4 efMHUILI 00JIbIIEe OPANHATEI
TOUKH A.

Hrax, npamasa y = 2x + 4 mapamigensHa npsamoit y = 2x. Kpome
Toro, npaAmaa Yy = 2x + 4 nepecekaer ock opauHar B Touke D (0; 4),
B 4EM MOKHO yOemuTecs, mojokus x = 0 B ypasBHeHuu y = 2x + 4.

Paccysxgenne, KoTopoe mpoBenn Ha npuMepe QYHKIHH Y = 2x + 4,
II0 aBaJOTHH 06obmiaerca Ha 0OV JUHEHHYIO QYHKIHIO I = kx + b,
roe B u b — m00ble gaHHBIE YHCJIA.

Wrak, rpaduk auneiinoi pyaxuuun y = kx + b ecTb nIpamasd, nepece-
Kamomasa ock opauHar B Touke D (0; b), mapannensHas npamoi y = kx.

Jlerxo BuzgeTs, uTo Touka B(1l; kB + b) jexkuT Ha IpAMOil Yy = kx + b.
ITooToMy MOXHO cKasaTh Tak: rpadui JuHeWHON (QYHKIUHN Y = kx + b
ecTh IIpaMasd, npoxoasamnias yepes ase Touku D(0; b) u B(1; k + b).

a) ) Gl [ 6) y -] Tl
C | Cl/y=2x+4
! /
) 7 :
| D L D [ =2x.
A 1 JA
| | o
Al L %
1 x | 1 o] 1 x
@ Puc. 39 4 T L !
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.~ Bameuanue 1. [[ns mocrpoenusi npaMoid y = kx + b HeoOsa3aTeIbHO
npoBoauTh eé uepes Touku D (0; b), B(1; k + b), MokHO npoBecTu eé ue-
pes Jobble ABe TOYKH, KOOPAWHATHI KOTODPBIX YAOBJIETBODPAIOT ypaBHE-
HUo oToit mpAmoii. Jlyuiie 6paThk TOYKHM, JOCTATOYHO yZAJIEHHBIE JPYT
OT Jpyra, 4rodObl 4epTE Monayduiacda 0oJiee TOUHBIM.

7 3ameuaHme 2. OrmerumM, uTo rpadpur QYHKIUH Yy = 2x + 4 MOMK-
HO OBLJIO MOCTPOMTH HMHAYE, ueM OH OBII TOCTPOeH BhImIe. Tak Kak
2x + 4 = 2(x + 2), To QyHKUIUIO MOKHO 3amaTh Gopmyoi y = 2(x + 2).

Yr066I IOCTPOUTH IPa(UK 9TOU (QYHKIINH B IPAMOYTOJIBHOU CHCTEME
roopxuuar xOy, mocTponM cHauyasa rpaduk pyHxnun y = 2x (puc. 40, a).

Ecau a1y npAMYIO IEpeABUHYTH Ha 2 eZUHHUIB] BJIEBO IIapauIesIbHO ca-
Moii cebe, To mosyunTed rpaduk pysrmuu y =2 (x + 2) (puc. 40, 0). B ca-
MoM zeje, ecau M — mpousBosibHAS TouKa rpaduka GyHrnuu y=2x, a N —
rouka rpadpuxa dysruuu y = 2(x + 2), uMerouiada Ty Ke OpJUHATY Y, TO
abenucea Touxyu N, OUeBUIHO, Ha 2 eIMHUAIBI MeHbIIe abcmucesl Touku M.

Hanpuwmep, sgauenue y = 0 pyarnusa y = 2x npuauMaer npu x = 0,
a @yEKnua y = 2(x + 2) — npu x = —2; snadenue y = 4 QyHrnua y = 2x
OpuHUMaeT Opu x = 2, a pysruus y = 2(x +2) —npux=0wu . 1.

AHaJOTUYHO paccy:kaad, IOJyIUM, 4T0 rpaduk GQyHKIuK y =2 (x — 3)
MOKHO IOJYYUTH CABUIOM IIapaJliejibHO caMoMy cebe rpaduKa QyHKIUH
y = 2x Ha 3 eJUHHIBI BIIPaBo.

Koaddunuent k B ypasHeHUU Y = kx + b Ha3BIBAIOT YIIOBBIM K03(-
¢duuueHTOM 9T0# npAMoil. Yucao b ecTs OPAUHATA TOYKH IepeCedeHus
OpsMOil C OCBIO Y.

3amerum, 4TO ABe NpsAMEIe y = kx + b u y =k x + by, uMelolye onu-
HaxKoBble yrioBele Koahduinuents: (k= Fk,) ¥ passsle umcna b u b
(b # b,), mapaNIeILHEL.

Ecnu k = 0, To MBI noayyuMm (GpyHKIUIO y = b, ABHO OT X He 3aBUCH-
myio. 9ra GYHKIIUA BbIpaskaeT CJeAYIONHI 3aK0H: KaXXA0My 3Ha4YeHHIO
X COOTBETCTBYET OJHO U TO e uucio y = b.

DyHKOHIO i = b HA3BLIBAIOT MOCTOAHHOMH. I'pDaduK eé — mpsamasd, mna-
pajlenbHAA OCH X, Iepecekaomas och y B Touke (0; b) (puc. 41). ¥Yrio-
BOH K02(hPUIIMEHT eé paBeH HYJIIO.

@ Tak i 6 BUAS W y

a) |y I!I _| 16} |y yzgj(xl.;.?)—

bold , U o =b®>0

= /] Y 2x R Rﬁ’— /y i y=0b( )
v | | i

| y=0(b=0)

S S A ! 1 = 0 %

T e
| =] | [ | =5 L]

@ Puc. 40 B Puc. 41
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i
382.

383.

384.

385.

386.

387.

388.

a) Kaxyio GyHKINIO HASLIBAIOT JUHEHHON QyHKIHeii?

0) Yro aBadgerca rpa@uKoM JUHEHHON QYHKIIHMN?

B) YTO HAZBIBAIOT YIVIOBBIM KO3(MDMOUIIMEHTOM IPAMOHN Yy = kx + b?
r) Ilpu xaxoMm yciuoBuM npsaMele Yy = kx + b u y = k;x + b, mapan-
JIeJIBHBI?

A) Yro aBaserca rpadukom GyEKmuu y = b? Kak HaswpiBawoT 3Ty
dbyurIno?

e) Kaxopa obnacTh onpefeleHus JUHEHHON (DYHKIIHM?

Karxwne us cneayromux GyHKIUH asasoTesa JuHeliasiMu? Hazosn-
Te £ u b gpna dysrkuuit Buga y = kx + b.

a) y=3x+1; 0) y= 5x; B) y =170 - 2x;
r y=x%-1; n) y=x-—3x; e) y=0,5+ 3x;
K) Y= x; 3) y=0; H)y=5x6h1.

IlocTpoiiTe B oOmHON cHCTeMe KOODAHMHAT TIpad@uKu cpym-:uﬁn
y=2x,y=2x+2, y=2x-1, y=2x — 2,5.

ITocrpoiite rpadur hyaKIMT y =—2x + 1.

a) Kaxopa o6inacTh onpefesieHHs 9TOH QYHKIUN?

0) B xaxmx ueTBepTsAX paCIooeH rpadHi aToit GyHKIHU?

B) C momouisio rpaduxa onpegenure y(2), y(-3), y(0,5), y(0,3).
ITpoBeprTe mojyueHHBIE PE3YABTATHI BBIUUCIEHHEM C ITOMOIILIO
GhopMyIEI.

r) Ilpu xakuX 3HA4YEHHMAX X BBINOJHAETCH HepasBeHCTBO: Yy > 0;
y<0y>1;y<1?

o) OmpenmenuTe ¢ MOMOINBIO rpaduKa 3HadeHue x, ecau: y(x) = 3
y(x)=-1, y(x)= 2,5, y(x) =

e) Kax uameHHTCA 3Ha4YeHUE Yy, €CJU 3HAUEHHE X YBEJIUMUYUTH HAa
egUHUITY?

K) YBeJnMUmMBaeTCA MM YMEHBINAETCH Y C yBeaudeHuem x?

IToctpoitre rpadur dyurnuu y =—2x — 1. OTBeTbTe HA BONPOCHI
IpebIAYIIEro 3ajganus.

B rakux Toukax nepecekaer ock Oy n ock Ox rpadur QyHKITHNI:
a)y=-8x—1; 6)y=4—x; B)y= §x+1,2; r) y=-2,1+0,5x?
HaszoBure KOOPAUHATEI ABYX TOYEK, 110 KOTOPLIM yAOOHO CTPOUTH
rpaduK GYHKIIHH: i

a) y=3x-5; 6)y=zx+2;

B) y=—"Tx+1; r) y=-2,5+ 0,5x.

Kaxoii (dopmysoli zagaHa npaMasd, NPOXOAANIAS Uepe3 TOUYKMH:
a) (0; 8) u (1; 12); 6) (0; 1) u (1; 2); B) (0; 1) u (1; 4);
r) (0; 1) u (1; -5); a) (0; ) u(1; 7); e) (0; -3) u (1; 0)?
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390.

391.

392.

393.

394.

395.

396.

397.

398.

399.

400.

ITocTpoiiTe rpaduk QYHKIIHU:

a) y=x+1; 0) y=x-2; B) y=x+ 2,5;
r) y=x-0,5; o) y=-—x; e) y=—x+ 5;
xK) Yy =2x — 2; ) y=x—1; H)y=—5xm~2-;
k) y=-0,5x + 2; a) y=3-—x; M) y=1-2x;
H) y=T-0,5x; 0)y=—1§+%x; o) y="7.
IIposepbTe, OPUHAAIEKNT JU OpaMoit y = 0,5x + 3 Touka:

a) A4; 7); 6) A(12; 9); B) A(—4; -1);

r) A(-1; 1); ) A(3; 4,5); e) A(5; 6,5).

B Kaxkux 4eTBEpPTAX pacmnosiokeH rpaduiK (PYHKIIMH!

a) y=5x+4; 6) y=-5x+4; B) y=-5x—-3; r) y=>5x-3?
IlocrpoiiTe rpadyuk (HyHKIIHU:

a) y =40x + 20; 6) y =50 - 20x;

B) y=-0,02x + 0,01; r) y=3x— 0,007,

Vwxasanue, llng ygobcTBa IocTpoeHHUA cllefyeT HCIOJb30BATE pas-
JAYHbIE eNUHUAIIBI MaciIiTaba Mo ocAM KOODAHHAT.

Onpegenure Ges IOCTPOEHUA, IIePECEeKAOTCA TU rpa)MKU JaHHBIX
(GyHKOUN, a 3aTeM IIOCTPOHTe HX:

a) y=5 uy=>5x—-8; 6)y=—§ny=6x—1;

B) y=T7x - 12 u y = 25; r) y=3xu y=-0,5+ 2x.

ITocrpoiite rpadhuk byaxkmun y = x + 3. Ilpuragnesxar jgu rpadu-
Ky dyurmun rouxkn: (—-2; -5), (3; 6), (17; —10), (145; 148); (0; 0)?

Touxu A (x;; y;) 1 B(x,; y,) npuEaaigexar rpagpuxky QyHKIHH:
a) y=2x-3; 0) y=-2x+ 3;

B) y=kx +0b, k>0 r) y=kx +b, k<0.

BepHO M, UTO €CIH X; > Xp, TO Yy > Yu?

Kaxoif reoMeTprUecKUil CMBICJ UMEIOT Yrcia £ 1 b s TuHeHHOH
dbyaruun y = kx + b?

Kak uaMeHseTcs IOJoKeHue npsamol y = kx + b Ha KoOpAUHAT-
HOM IIJIOCKOCTH, €CJIH:

a) yruosoil KoadduiuenT Bospacraer or 0 xo 100;

6) b Bospacraer or 0 mo 100?

a) Bagana ysruma y = —4x + 3. Touka (1; a) npuHagIe KUT rpa-
dbury aroit pyskuuu. Haiigure a.

6) Bagmana (ysxnus y = 12x — 1. Touxa (b; —3) npuHaLIEKUT
rpadury aroit pyuxkuuu. Haligure b.

B) Ompegenure yriosoil koadduuueHT k GyHxnuu y = kx + 1,
ecau Touka A (2; 5) nmpuHanieKHAT eé rpaQuKy.

Touku A u B npunamiemar rpadury QyErnuu y = kx + b. Onpe-

genuTe yryosoil xoaddunuent k, eciu:
a) A(6; 5) m B(12; 11); 6) A(6; 7) u B(-2; 3).



142

y 177 yh

T) e)

y Y
44
14
_{)_ % O/ 1 X
/
B Pwuc. 42

401. Touku A(x;; y;) u B(x,, Y;) IpuUHALIEKAT IrpaduKy DYHKIINHA
y =kx +b. Bripasure yrioBoit kKoaddumment k depes Xy, X,
Y1, Yy, €CIM MBBECTHO, UYTO X; # X.

402. Kakoii u3 rpa@ukoB, NPUBEAEHHBLIX Ha DUCYHKe 42, aBisercs
rpa@uKoOM (QPYHKIIUHI;
a) y=2x-1; 6) y=—x+ 3;
B) y=5; r) y=4x;
) y=x+2; €e) y=-x?

bt LA

\o

403. Ha pucynrke 43 uszobpakeHbl Ipd-
mble @, b, ¢ u d. Kako#t cdopmyioit
3azlaHa Kayknad U8 Hux?

404. Ha CKOJIBKO eAWHHI BBEpX WIH
BHHM3 HYKHO IepeHecTH Trpadui
dGyEKDUH Yy = 3x, 4TOOBI MOJYUYUTH
rpaduK QyHKIIUIN: o] 1\ x
a) y=3x+ 2; 0) y=3x—4; 7 d
B) y=38x+1; r) y=3x-0,5;
A y=3x+7; e) y=3x+ 5,5? N Puc. 43
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405. Ha cxoJabK0o eTMHUIL BIPABO UJIY BJIEBO HYMKHO IepeHecTH I'padik
GYHRKOUY Y = 3x, 4TOOBLI MOJYYUTE rpadux QyHKIINN:
a) y=3(x+ 2); 6) y=3(x—4); B) y=3(x+ 1);
r) y=3x+ 3; ry=3x —6; e) y=3x+9?

[ 6.4. PaeHomepHoe asmicenme |

IIpumep 1. 3azaguM KOOPAMHATHYIO OCh § ¢ Ha4aJbHOH TOuKoOil O
U eIUHUYHBIM OTPE3KOM AauHOI 1 cM.

IIyere B momeHnT BpeMenH f = 0 Touxka ocu §, UMeloI[asd KOOPAMHA-
Ty 3, HayaJa ABU)KEeHHe B MOJIOJKUTEJILHOM HaIpaBJIeHHU 3TOH OCH paB-
HOMepHO co ckopocThio 2 cm/c (puc. 44). Koopaunara s (cM) sToH TOU-
KH ecThb (YHKIHUS OT BpeMeHHU ¢ (¢),

BeIpakaeMasi GOPMYJI0it _ 2cm/c
s=3+ 2t. ; - ;
HanHas GyHKIUA paccMaTpuBa- O 1 2 3
eTcsa /A IOJNOKUTEJbHBIX 3Haude- Puc. 44

auit t u ¢ = 0, mIo3TOMY IrOBOpPAT, UTO
OHAa OIlpejiejieHa JJisi HeOTPHUIlATeNbHBIX 3HaueHU# ¢ (¢ = 0).
BrenéMm npaAMOyroJbHYIO cucTeMy KoopauHaTt tOs u B HeH maobpa-
3uM rpaur QyHKIHKI
s=3+2t (t=0), (1)

HJIM, KaK TOBOPAT, IpadiuK IBHIKEHUA TOUYKH
(puc. 45). 910 JYyY, BEIXOAALINI U3 TOUKH _S’lmlk | [ [
C(0; 3), mapasnenbHBI IpAMON s = 2. | s=2¢+3

ITonb3ysick @THUM rpauMKOM, MOKHO H3Y- [ 4]/
4aTh paccMaTpHBaeMOe JBHXKeHHE. | /1

HampumMep, 4TOOBI Y3HATH, TAe HAXOZUTCH | [
TOYKA B 3aJaHHBIA MOMEHT BpEMeHH £, HaJlo OT- ﬁ
JOKHTE mo ocH abermuce or O BIPaBo OTPE30K cll 1/
OA, =1 u BoccTaBUTHL U3 A, NePHeHIUKYJIAD ]
K ocu afciimcc A0 IepecedeHHA ¢ rpauKoM [
IBHIKEHNA B HEKOoTOopoit Touke A. Hucno s, paB- 1
HOoe aauHe oTpesra AA,, ecTh KoOpAUHATA HAa o)
OCH S ABMIKYLIEHCH TOYKH B MOMEHT BDeMeHH t.

PasencTso (1) HA3BIBAIOT 3aKOHOM IBHIKE-
HHUS TOYKH, & COOTBETCTBYIOIIHII €My TIPa- [ Puc. 45
(bux — rpaduKOM JABHIKEHUSA TOUKH.

IIpumep 2. Ilycrs tOs — mpsAMOyTOJbHAA CHCTeMAa KOODAWHAT, eH-
HUYHBIA OTPE30K Ha ocH ¢ — ceKyHza (c), Ha ocu § — caHTHMeTp (cM).

Ilyers TOYKA ABUIKETCH 10 OCH §, U IIPH 9TOM e€ KOOPAMHATA S eCTh
auHelHAas QYHKIUA OT BpeMeHu ¢, BeIpakaeMasi ()opMyJI0il

s=4t+ 2 (¢ >0). 2)

B -q-1-1-
L

Sk

oy
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Ecau B aToit opmyse nmonoxxkurs ¢ = 0, To moxyuum s = 2. D10 10-
KasplBaeT, YTO ABHKYIIAACA TOYKA B MOMEHT BpeMmeHH f = 0 mMeya KO-
opIuHATY S = 2.

OrmernM JABa HOPOM3BOJBHBIX MOMEHTA BpPeMEHH t; U 1, TOe
0<t; <t,.

B momenT ¢ = £, TouKa uMMeeT KOOPAUHATY S = S;, BEIYUCASIEMYIO 110
dhopmyse s; = 4t, + 2,

B momenT ¢ = {, Touka uMeeT KOOPAUHATY S
opmyne s, = 4i, + 2.

ITpomesxkyTOK BpeMeHU MeX 1y MOMeHTaMu ¢, u t, paBeH t, — t,. [TyTs,
NpoiifieHHbIH TOUKOM 3a 3TOT IIPOMEKYTOK BPEMEHH, OYEBUIHO, PABEH:

Sy — 81 = (45 + 2) — (48, + 2) = 4 (¢, — t,).

OTcioza CKOPOCTH TOYKH PABHA:
Sp— 8, 4ty — 1)
s = 2 =4,
ta = tl t‘rj‘ g t1
MBI HOJTYUHIH, YTO €CJIM TOYKA ABHUIKETCS 110 OCH § TI0 3aKOHY, BbIpa-
xaemomy opmysoi (2), To 0OHAa ABMIKETCS PABHOMEPHO CO CKOPOCTBIO
4 cM/c ¥ IpH 9TOM B MOMEHT BpeMeHH ¢ =0 oHa HaxOqUJIach B TOUKe S = 2.

K

406. Hanumure 3aKOH ABHIKEHHUA TOYKM BJOJbL OCH §:
a) Cco CKOpOCTBIO 4 cM/C, €CJIM OHA B MOMEeHT BpemeHu ¢ = 0 umeer
KOOpAHHATY § = 5;
6) co ckopocTeio 6 cM/c, ecIu oHA B MOMEHT BpeMeHH ¢ = 0 uMeer
KOOpAMHATY § = 2.
ITocrpoiiTe rpaduKyu IBUIKEHUA.

407. [lan 3aKOH ABUKEHMS TOUKH BJOJbL OCH S:
a) s=2t-1; 6) s=t+ 3; B) s = 3t.
Onpegpenure KOOPDAMHATY TOYKM B MOMEHT BpemeHu ¢t =0, t = 3,
Onpeznenure ckopocTs ToukH. IlocTpoiiTe rpadMk ABHIKEHHA.

408. Ha pucysre 46 nzo0parkéH rpaduk ABUKeHUS TOUKHA, MeHAIach JIu
KOOpJAHMHATA TOYKH B IPOMEXyToK BpemeHu oT 0 mo 3? B kaxoii Mo-
MEHT BPeMeHH Havaloch ABHIKEHHE TOUKHW U C KAKOH CKOPOCTHIO?

Il

89, BBIYHCJIAEMYIO IIO

IS,lM“ ' / _] [S,IM“ | __l___
/ANE / f

[ |/ _

/ WY /N

M e AN Y i
o[ 113 t o 0 e o =

H Puc. 46 B Puc. 47
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409.

410.

411.

412.

DyHKINSA, 3ala0Ias 3aBUCHMOCTh KOODAMHATHL § OT BpeMeHH I,
BRIpa)keHa (hopMyJIoi
0,ecoim 0 <3,
s(t) =
2t — 6, ecniu t = 3.
Eif cooTBeTCTBYeT rpaduk, u3o6pakéHHbIN Ha pucyHke 46. Hamn-

muTe GOPMYJy, KOTOPOU 3amaérca QyHKIHA s(t), rpathux KOTO-
poit uzobpakéH Ha pucyske 47.

Hanumute dopMmyay saBucumoctd s(t), rpadux KOTOpO# M30-
fpaskén Ha pHuCyHKe 48.

9.,).3,‘1»1 | | |6) s,IM‘ [
-5 1 5

o
bo
o
N
o~
a¥
]
W]
i w..

2 Puc. 48

Ha pucyuke 49 sagagsl rpa@uxu JBH- I l [
skeHUA AByX ToueKk. Ompeznesnurte mo 7™
rpauKy: —6
a) Kakas U3 TOUeK ABHUIajach B II0JIO-
sxuTesbpHOM HanpasaeHuu ocu Os, xa- }L
Kag — B OTPHUIATEIBHOM; '
6) B Kako# MOMEHT BpeMeHM Hada-
JIOCH ABHMIJKEHUE KajKIOoH M3 TOUYeK; L1 II
B) B KaKOi MOMEHT BPEMEHH TOYKH
BCTPETHIINCE; O 1|34 6 lt,c
r) ¢ Kaxoil CKOPOCTBIO ABHUTANach Ka- BEETEEN
JEIAsA U3 TOUEK;

1) Kakoif (opMyJol samaérca sasu- | Puc. 49

cuMocCTh §(f) M KamIoil U3 ABUMKY-

LIAXCA TOYEK.

JlBa memmexoja BBHIILIM OXHOBPEMEHHO HaBCTPEYy APYT APYry U3
IBYX MyHKTOB. IIepBBIH MOr HPOWTH PaCCTOSHIE MEXAy MyHKTa-
Mu 3a 6 u, a Bropoit — 3a 3 4. Uepes CKOJBLKO YacoOB IOcje Hava-
Jla IBUKEHHUA OHHU BCTPETATCHA?

Permmure sanauyy, DOCTpous rpadMKM IBMKEHHS B ONHOU cucreme
KOOpAHHAT.
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6.5. Dynkums y = |x| u eé rpapuk ]

Paccmorpum dynkunuio, sagagayo gopmynoit y = |x|. Tak xax mo
OLIPE/IeIEHUI0 MOLYJISI UHCIA X

3 x, ecin x >0,
{|x| =10, ecnm x =0, :
: —x, ecn x <0, :

HUTO KOPOTKO HHOTJA 3alllChIBAIOT TaK:

...........................................

TO 3Ty (PYHKIHIO MOYKHO 3allHCATh TaK:
: x, ecan x = 0,
Y —x,ecmn x< 0.
Ha pucynke 50, a ugoGpaxkén rpaduk oT1oit QyHKIUM npu x = 0,
a Ha pucynke 50, 6 — npu x < 0. Torxa rpaduk ¢pysxuuu y = |x| ma
Bceil ocu Ox uMeer BHJ, KaK Ha pUCYHKe 51.
Chopmynupyem ocHOBHEIE cBOHCTBA (DYHKIMU Y= |x] Ora QpyHK-
U
1) ompegenena aasA MIOOBIX AeHCTBUTEIBHBIX 3HAYCHMIH X, T. e. ed
00671aCTh OnpejeeHNA — IPOMEXKYTOK (—00; +00);
2) NpMHUMAeT TOJBKO HEOTPUIIATeIbHbIe 3HAYECHMS, T. €. ed 06-
JIACTh 3HAYEHUH — HpoMexyTok [0; +o0);
3) yOmiBaer Ha npomesxyTKe (—co; 0] u Bo3pacraer Ha IPOMeERYTKE
[0; +o0);
4) uérnasm: |-x|=|x|;
5) HempephIBHAs HA NMPOMeEKYTKe (—oo; +00).

a)ly l 6) | Yl vk
/| N J
1/ N
// \\ \\
a7 N N
O 1 x O 1 x[ Ol 1 X

B Pwmc. 50 B Pwue. 51
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a 6 T [ T
) vk | ) y y IR
B 1 3 1 3
o 1 x ] x y =l
21 2 /_/_Iy =lx| — 2]
! | o I o 1 x
W Puc. 52 B Puc. 53

¥ PaccMOTpUM IPUMEpPHI HOCTPOEHNA rpaduKOB DYHKIMK

y=|x'“xn|+yo'

IIpumep 1. IToctpoum rpaduk GYyHKOUHA Y = lx| - 2.

Yrobsr mOCTPOUTE Tpaduk GyHKIHM y =|x|— 2 B IPAMOYTOIBHOH
cucreme KoopauHar xOy, IOCTPOUM CHadaja rpapux QYHKIHH Y = x|
(puc. 52, a). Ecam A — mpoussospHasi TO4YKa Trpaduxa GYHKIUA
y =|x|, a B — moura rpapukxa dysxmuu y = |x|— 2, nmeomas Ty xe
abcmucey, TO OpAMHATA TOYKK B Ha 2 eIMHUIBl MEHBIIE OPANHATEL TO4-
xu A. Dro ogHadaer, 4To rpadux GyHKIUN ¥y = |x| — 2 MOKHO NOIY4IHTD
us rpaduka QYHKIHM Yy = |X| cABUrOM BCEX ero TOYEK Ha 2 eQMHMILBI
BHU3 (puc. 52, 0).

TIIpumep 2. ITocrpoum rpadux dysxnnu y = |x|+ 3.

Paccysxaas, KaKk B IpeAblAyIleM Ipumepe, rpapux aTo (QYyHK-
OUM MOXKHO IIOJYYHUTH CABUIOM IpaduKa QPyHKIHH Y = |x| ma 3 egunu-
nsl BBepx (puc. 53).

Ipumep 3. ITocrpoum rpabuk dysxmuu y =|x — 2|.

Yro6el MOCTPOUTH rpaduk GyHKIUU Y = |x — 2| B npaMoyroibHOi

cucteme xoopamHAT X0y, MOCTPOUM CHadajaa rpaurk QYHKIUM Y = |x|
(puc. 54, a).

a) yh &]I[yn
y=lx— 2l
TNABL YT ANB
|
1 y =Ix N
ol 1 i3 0 x

Wl Puc. 54
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a)| g 1] ' [6) [yk ]
yh 1] ' |'
| y=lx+1l
y=lx+3 y=b+1[ 1/ ; i
TR NN /] | I/
N\ ¥4 J N 1 y=lx]| N | / -
> y!={|xf— D l N\ ol 1/ x
/] % -10] 1 x A\ /]
=3 o 1] |x | NIy =lx+1-3
| |’ | [ | mER
B Puc. 55 B Puc. 56

Ecan A — mpomsBosibHas Touka rpaduKa GYHKIIHHN y=|x|,a B —
Touka rpadpura QyHKmMm y =|x — 2|, umeomas Ty e opamHATY, TO
abcrucca Touxku B Ha 2 equHEHUIEI 6osblre abemmucesl Touku A. DTo 03HA-
UaeT, 4ro rpa@uk QYHKIHYU Yy = |x — 2| moxHO OONYyYUTE U3 rpaduxa
GyEEDME y =|x| caBuroMm Bcex ero Touex Ha 2 €IUHHUILI BIIPABO
(puc. 54, 0).

IIpumep 4. ITocrpoum rpadux dyurnum y = |x + 3|.

Paccyxpas, kax B npumepe 3, rpaduk GyHKIUK y =|x + 3| moxkno
IOJIyYNTH CABUIOM rpaduka (QYHKUHU Yy =|x| Ha 3 equHUIB! BJIEBO
(puc. 55).

Ilpumep 5. Ilocrpoum rpadux pynxuum y = |x + 1| — 3.

1) Cravamna nocrpoum rpaduk GyHKUUH y = |x|, meperecém ero Ha
1 epuanny Bieso, moxyuynM rpadur GysKIUM y = |x + 1| (puc. 56, a).

2) Ilorom nepenecém rpaduk QyHKIuU y =|x + 1| Ha 3 eguHUNEL
BHHUS, monyuum rpaduk GyHrnuu y =|x + 1| - 3 (puc. 56, 0). @

£
413. O0bscHUTE, KAK Bbl IOHHUMAETE 3AIHCDH:
le _ Jx, eciin x 2 0,
—x, ecqin x < 0,
414. Vupocrure BhIpaskeHue |x| mpu ycrosuu:
a) x=20; 6) x>0; B) x<0; r) x<0; x) x=0.
415. Ilocrpoiite rpaduk Gynxuuu y = |x| u chopmyaupyiite csoicTaa
9TOH (PYHKIIUH,
416. Hcnonbays rpadux Gyukmun y =|x|, nocrpoiire rpadur (Gyaxnnm:
a) y=|x|-5; 6) y=|x|+4; B) y=|x - 4;
r) y=|x+1}f; my=|lx-2/+8 e y=|x+2|-3;
x®) y=|x+3[+2; ) y=|x-3|-2; H) y=|x+4|+1.
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L?.é*. Pynkuum y=[x] n y = {.U\C}EI

Ilesoit yacThI0 YMCIA X HA3bLIBAIOT HAWOOJBIIee IeJI0e YUCI0, He
npesocxoasamee x. Ileayio yacTs unucjia X 0603HAYAIOT [x].

Hanpumep:
[3]=3; [-15] = -15; [0] = 0;
[3,17] = 3; [-3,17] = —4.

JIpo6HOIt YaCTHIO YHCIA X HA3hIBAIOT PABHOCTD YUCHIA X H €r0 1eJoi
gactu [x]. JIpobGuyio yacTs uucaa x 0603HAYAIOT {x}. Takum obpasom,

{x} = x — [x].
Hanpumep:
{2}=2-2=0; {~5} = -5 — (-5) = 0;
{8,2}=8,2-3=0,2;  {-3,2}=-3,2-(-4)=0,8.

Paccmorpum dysruuio y = [x]. Eé obracTs onpeaeseHUsa — MHO-
5KeCTBO BcexX jelicTBuTeabHBIX uucen R. Ha xampoMmM HmoJyHHTepBase
[n; n + 1), rge n — mesoe 4ucyo, 3HAYeHNE QYHKINY Y = [x] mocToAH-
HO W PaBHO 7. DTO O3HAYAET, YTO MHOKECTBO 3HAYEHHH (PYHKIHUH —
MHOKeCTBO BCEeX IeJibIX yuceis Z.

I'padur ¢ysxumn y =[x] cocrouT U3 OECKOHEYHOTO MHOIKECTEa
OTPE3KOB, MapajjelbHbIX ocu OX W He MMEIOI[UX IPaBBIX KOHIOB (Ha
pucyHKe 57 maobparkeHa TOJBKO YacTh rpaduka).

Paccmorpum (yEKnuo y = {x}. Eé objactb ompefeiaeHus — MHO-
JKecTBO Bcex meiicTBuUTenbHBIX uucen R. Ha xaxpom nojyuHTepBale
[n; n + 1), rae n — IieJl0e YUCJI0, 3HAUeHUEe QYHKIHMU Y = {x} BpIUMCHS-
erca 1o Gopmyse y = x — [x]. 9To o3Hauaer, 4TO QPYHKIUA TPUHHUMAET
sHauyeHHUs ua mosgyuHTepBana [0; 1), T. e. MHOMeCTBO 3HAYEHUH (QYHK-
uuu — noayurrepsarn [0; 1),

I'padur dysxnuu y = {x} cocronT u3 6€CKOHEUHOI0 MHOECTBa OT-
pPEe3KOB, NMapasljieJbHBIX NPAMOI y = X U HE MMEIOIINX NPaBbIX KOHIOB
(2a pucynke 58 u306pakeHa TOJIBKO 4acTh rpaguxa).

EEEEE 1Tz
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418.

419.

420.

421.

422.

423.

Haitnure menyio gacts yucia:
a) 7; 6) -12; 8) 7,41; r) -7,41; n) -3,2; e) 8,39; x) 13,27.

Haiigure npobHyo0 yacTe umMcaa:

a) 3; 6) -5; =) 8,2; r) -8,2; n) 5,7; e) -5,7; x) 31,12.
Kakosbl obnacts ompeneneHuss u o6gacTh 3HAYEHWH (DYHKIIHM:
a) y =[x]; 0) y = {x}?

ITocrpoiite rpadur pysKIIN:

a) y = 2[x]; 6) y =-8[x]; B) y = 7 lxl;

r) y=[ﬂ; R) y=-[x]; e) y=—{x}

) y=-3{x; 3) y=2{x) m y = 2k
R)y={§}; a) y =[x - 2]; M) y={x}+2;

H) y=[x] + {x}; 0) y=[x]-{x}; o) y = {x}%

Pemnre ypasuenue:

a) x = [x] + {x}; 6) x =[x] - {x}; B) [x]? - {x}? = 3,75.

PemuTre cucremy ypasHeHwMit:

[x]+ {y} = -2,18, {x+[y]= 6,1,
6 4,95,
IR v R R R

HexTo M3Mepui cTOpOHELI IpAMOYroabHuKa. OH YMHOMUI LEeJyIo
4acTh JJIMHEL Ha LEJyI0 4acTh UIMPUHBI U HOJAYYMUI 48; YMHOKUI
LeJIyI0 4acTh NJHUHEI HA APOOHYIO 4acTh IIMPHHBI U IOJy4YuI 3,2;
VMHOXKHJI APDOOHYIO YacTh JJIHMHBI Ha IEJYI0 YacTh IIHPHHBL U TI0-
ayuni 1,5. Onpegenure miomans NpAMOYTOJLHUKA.

[x] + {y} + z = -0,8,

§7. Kaanpuruquaﬂ byHKUUA

| 7.1.

Dymxums y = ax’ (a>0) |

B srom myHKTe OygeM paccmaTpuBarTh (hYHKIIHIO

y = ax?, (1)

rae a — JaHHOe IIOJIOKHUTEJbHOE YHCI0. Jra (ZYHKIHMA OmpejesieHa
A JH00BIX IeMCTBUTENhHLIX 3HAUEHUH X, T. €. 00JacTh oIpeneneHnd
bysxnun y = ax? (a > 0) ecTh MHOMECTBO BCeX NEHCTBUTENBHBIX UH-
cen R. Eé cBoiicTBa 0YeHBb NMOXO0KM HA yiKe M3BECTHBIE HAM CBOMCTBA
dyHRIUMN y = x? 1 JOKA3BIBAIOTCA AHAJOTHUYHO.
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Ilepeuncaum 3TH CBOIICTBA.

1. Ecim x=0, o y=0.

2. Benu x =0, To y > 0.

3. Jlnsa HeoTpUIlATeNbHBIX 3HaueHHMl x (GyHKnusa (1) Bospacraer,
a IJIs HEeNOJOKUTeJbHBIX 3HAYeHHH x yObIBaer.

4. Eeau monoKUTeJbHOE X HeOrpaHWUeHHO BOo3pacTaeT, TO Y He-
OrpaHUYEHHO BOBPACTAET, & eCIH OTPHIATeJbHOE X TaKOBO, YTO €ro
abconioTHAd BeJHMYMHA HEOrPAHWUYEHHO BO3pAacTaeT, TO [ HeOrpaHH-
yeHHO Bo3pacraeTr. MHBIMHU cloBaMH,

Yy — +00 IpH X — +00 U IIPH X — —0Q.

5. ®yuknua (1) yérHad, moaTomMy e€ rpauK CUMMETPHUYEH OTHO-
CHUTEJILHO OCH Y.

6. ®yuknus (1) HempepbIBHA HA IPOMEKYTKe (—o0; +00), eé rpa-
(UK ABIAETCA HENPEePBIBHON JHHHeH, T.e. OH Moer ObITb u306pa-
s%x6H OJHHUM HEIpPEephLIBHBIM JBIIKeHHEeM KapaHpaina 0e3 OTpblBa ero Or
Oymaru.

Paccmorpum aBe GYHKIHH
y=x2my=2x2

Q6e OHU oIpenejeHbl IJfA JIOOBIX IeHcT-
BUTEJIbHBIX 3HAYEHUH X. YA y=2x21y=x2

3azafuM AeKapTOBY CHCTEMY KOODAH- | 2l
par xOy u umcao x,. Touxa A (xg; x3) \ P (Ix '12x2)
npuHagIexuT rpadury dyHrmua y = x2, | || R
a Touxa A, (xy; 2x3), umeromaa Ty xke |\ || |
aberuccy, OPUHALIECKUT Ipapury QyHK- \[\ /
nuu y = 2x2 (puc. 59). OpauHATHI TOYEK \
A; u A maxomsaTca B OTHOueHuu 2 : 1, 1\ |
T. e. OTPE30K AyA, monydaercsa pacmadice- X /
Huem oTrpeska A,A B 2 pasa. I3T0 paccyx- \ 1 I/
ZeHMe MOYKHO IIPOBECTH MAJA JIOOBIX TO- N /1
yex rpatdukos GyHKIMA y = x2 u y = 2x2, 9] A (i 02
HMEIOIINX ogHy U Ty ke aberucey x. ITo- |° |°’| !
TOMY TOBOPAT, 4YTO Ipa@uK (QYHKIHUHK
y = 2x2 nonyuaercs us rpapuka pyrxnun H Puc. 59
y = x2 pacmascenuem TOCJESHETO B 2 pasa
BHonb ocu Qy.

Paccy:xaasi aHAJOTMYHO, MOKHO IIOKasaTh, 4TO rpadur (QPyHKIHUH
y = ax?, ecnu a > 1, momyuaerca us rpapuka QyHKIUN § = x2 pacmaoice-
HueMm nocaenmi*ro B @ pas BAOJB ocu y; ecau ke 0 < a < 1, To cwamuen

mocjaegHeroc B i pasa BOOJb OCH Y.

T'pabur dyuruun y = ax? (a >0) moxox Ha rpapur QYHKIIHN
y = X2, ero Taxs;Ke Ha3bIBAIOT napa6oJaoii.
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B Puc. 60

=322 | 7 0 Y O
= 2x° —y T
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W
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| | |

Ha pucynaxre 60, ¢ usobpakeHpl B OIHOII U TOMH xKe AeKapTOoBOIi cuc-
Teme KoopAauHar xOy napabonsl y = x2, y = 2x2, y = 8x2, a Ha pHCYH-

ke 60, 6 — mapaboabl y = x2, y = §x2, y = §x2_
B
424. Kax naseiBaior rpadpuk Gysxuuum y = ax? (a > 0)?

425.

426.
427.

428.

429.

Kax momyuuts rpadpurx QyHROUN Yy = x> (a > 0) us rpapuxa
byexuun y = x27

Kaxumu csoiicrsamu obnagaer pyuxnus y = ax? (a > 0)?

a) PyHxnua sajzaHa popmysnoi y = 5x2. HazoBuTe 3aBHCHMYIO
1 He3aBHCHMYIO nepeMeHHble. Borumcaure y(-3), y(-2), y(-1),
y¥(0), y(1), y(2), y(3). Pemenne odopmure B BuAe TabGIUIIHI.
Hanpumep:

i -3

-2 =1 0 1 2 3

y 0 D

6) Pyukuusa sajgana Qopmysoir y = 0,25x2. Beruucaure y(-10),
y(=4), y(-2), y(0), y(2), y(4), y(10). Pemrenne oGopMuTe B BUIE
TabJINIIEL.

DyHKIHA 3afaHa QOPMYIIoN y = gxz. Bepuo nu paBeHCTBO:
a) y(5)=15; 6) y(-10)=80; B) y(3)=5,6; r) y(-2)=2,4?

a) Berumcnure sHayeHus QyHRIuAY y = 2x2 118 3HAYEHUH X OT —3
1o 3 yepes 1. Pemenue odopmure B Bujie TabaHIIbL.

0) Brrumcnure sHaueHus (QYHKIUU Yy = Exz AN 3HAYEeHHH X

or —4 mo 4 uepes 1. Pemenue odopMuTe B BHIE TabJINIEI.
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430. a) [ana pysxous y = 5x2. IIpu Kakux x sHayeHue PYyHKIUU paB-
wo: 5; 0,2; -2; 07
6) Hama GQyHKIUA Yy = %xz. Ilpn kakux X 3HaUYeHHe (PYHKIUU
pasuo: —7; 7; 0; 1?

431. a) Mosxer au dysxnusa y = ax? (e > 0) npuHEEMATL OTPULIATENb-
Hble 3HAUYEHUAT
6) Kaxosa obsacTs sHaueHuid QyHKIuu y = ax?, rge a > 0?

432. Bajgana GysHKIUA y = 3x°.
a) Kaxosa obmacTb onpezpeneHus 3Toil GyHKIUU?
6) Kakxosa oGnacTh 3HaueHuit sToil QyHKIUU?
B) Berumcinure 3Hauenue (GpyHKIHMM IpH X, paBHOM -3, —2, -1, 0,
1, 2, 3. Pemenue ogopMuTe B BHAe TabauIbl.
r) B xaxux 4eTBepTAX PACHOJOMKeH IpaduK NaHHON dbyaRUIMT?
n) SBnsercsa au manHas QpyHKUHA yérHOK? Ecmu ma, TO yKaMuTe
oCh CHMMeTpUU eé rpaduxa.
e) Ha xaxom mpoMesxyTke sra (pPyHKIMS Bospacraer? yObisaer?
;&) Iocrpoiite rpadpur QyuHxuuu y = 3x%, yuuTHIBag €€ Hepe-
PBIBHOCTE.

433. C nomompio rpaduka Gpyuaxnuu y = 3x? (Ne 432) onpenenure:
1
a) y(155)1 y [_2§]$ y(_0’5);

6) mpuM KaKMX 3HAUEHMAX X BEPHO paBeHCTBO: y = 1; y =4; y = 5;
B) IpH KAaKUX 3HAYEHUSX X BepHO HepaseHcTBO: y > 05 y < 03
I) IpM KaKUX 3HAYEHHUSAX X BEPHO HEpaBeHCTBO: ¥ > 1; y < 2.

434. Tlocrpoiite rpadur Qpyaxnun y = 0,1x2,
a) IIpu Kagxmx 3HAUEHHAX X QYHKIUA NPUHUMAET IIOJOMXKUTeNb-
Hble 3HAYeHUA?
6) Ilpy xKaKux 3HAUEHHSX X 3HaUeHHe QYHKIUHU paBHO 27
B) Ha xaxom mpoMekyTKe (QPYyHKIUSA Bospacraer? yObiBaer?

435. Vraxure abcoucchl NATH TOYEK, AJS KOTOPBLIX IIPOINEe BCero BhI-
UMCJAUTHh UX OpPAHHATHIL:

a) y=4x% 6) y = 3 %% B) y=%x2;
r) y=1.bx% n) y= g,lxg; e) y = bx?
) ¥ =10x% 3) y= gxz; u) y=2,6x2.

ITocrpoitre rpadhuxu QyHKIUM, BpIOpaB yHoOHbIE eAMHHYHBIE OTPE3KH
Ha KOOpPAMHATHBIX ocax (436—437):

436. a) y = 4x% 6) = 0,25x%; B) g = %xz;

r) y=1,5x2% o y= -I-laxg; e) y= bx2.
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a) y bl ] [ B) vk el |
y=ax* r.‘=lx;2—
\ 1 &
A 11/ /
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T T TEEEL T
B Puc. 61
437. a) y = 20x%; 6) y = 400x?;

B) y = 1000x2; r) y=0,01x%
o) y=0,001x2; e) y=0,0001x2,

438. Ilpunagnexar jau rpahury GYHKIHU:
a) y = 8x% rouku A(2; 32), B(-3; 72), C(2,5; 18);
6) y = 0,05x2 rouxku A(5; 1,8), B(-10; 5), C(-8; 3,2)?

439. a) 3agana pyrrnus y = 3x2. Touka (—2; a) npuHALIERKUT rpahuKy
aToit hyuxkuuu. Haligure a. .
6) Sapana dysxnusa y = 3x2. Touxa (b; 12) npunagaexuT rpaguKry
oToM yuxiuu. Haiinure b.
B) Touxa (1; 8) mpunaamnexur rpadpury Gyaruuu y = ax2. Onpeze-
JUTE a.

440. Ha pucynxe 61 npencrasiens! rpadpurn GyHruuit y = x2uy = ax?.
Omnpepenure a.

@) (vl 6) vl |
18
|
! |
il |

]

|

é\ /

B I B

O 1 ;_ x| —3/0[1 x
H Puc. 62 f El
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441. Ha pucyuxe 62 nsobpaxén rpadpux GyHknun y = ax?, Mcnoassys
IpUBeAEHHbIE HA PUCYHKE NaHHBIE, ONpeleNuTe d.

442. Ha pucyske 63 nsobpakén rpadpur dyaxnuu y = ax?, Oupeznenn-
TE Q.

L7.2. Dyukuua y = ax?® (a #0) ‘

B stom myHKTe OyzeM paccMaTpHBaTh (PYHKIIHIO
Y =ax?,
rge @ — JAHHOE OTJHYHOe OT HyJad umcao. O6sacTs onpenesieHHA DTOU
(GYHKLIUYE eCTh MHOYKECTBO BCEX JeHCTBHTENbHBIX uHcea R.

Pacemorpum GyHKIHUU y = X2 U y = —x2,

OpauHaTBl MX TOYEK, HMMEIOIIUX OAHY MK Ty e abcmueccy X,
xy # 0, ofuHAKOBEI II0 abCOMIOTHON BeJIHYHHE,
HO MMEIOT IIDOTHUBOIIOJIOMKHEIE 3HAKM, OBTOMY | y ]
UxX rpadUKU CHMMETPUYHBI OTHOCHTEJIBHO OCH \ /
Ox. IlepBBI#l N3 HUX PACIIOJIOMKEH BEIIIE, a BTO- \ /
poii — Hmke ocu Ox, eCIH HCKJIOYUThL TOUKY
0O (0; 0). Ha pncyHRe 64 nsoﬁpameﬂm rpadu-
k¥ GyHKIMI y = x2, y = —x2.

TouHO TAK e r'paq)mm tbymcunn U =ax? =1 /
u Yy =—ax?, rge a — JaHHOe OTJIMYHOE OT HyJIs
YHCII0, CHMMETPHYHBI OTHOCHTENBHO OCH Ox. _ i \
IIpu a > 0 nepBBIil U3 HUX PACIIOJIOKEH BBIIIE, [ / \
a Bropoil — HIKe ocu OXx, ecly HMCKJIIYUTH y \
rouky O(0; 0). I'papurom GyHRIHU Yy = ax? I l
npu a < 0, Tak ke kak u npu a > 0, ABIAeTCA
napaboja. B Puc. 64

¥ [ =
N\
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[ y Iy=l2lx2 Ha pucysxe 65 B ozHON u TOll e ne-
8 I JT |/ | xaprosoii cucreme xoopxuraT xOy mu3o6pa-
\\ \ [ /lf sKeHBl mapadonsl y = 2x2, y = —2x2%, y = %xz,

| - i el
NN v = -3

ITpu nwbom manvOoM 3HaYeHUH a (a = 0)
pysKRIUA Yy = ax? yéTHAA, MOTOMY UYTO MJIA

I_ 1 ! li,x J1000T0 X BBINOJHAETCA PaABEHCTBO a(—x)? =

| 1 \ y=-5x2 =ax? 9ro osHauaer, uTO 0Chb OY CIYKUT
Al AT 1A ochI0 cuMMerpuu napa6oiast y = ax? (a # 0).
ain '_\! 922 Touky, B KOoTOpoit napaboJsa y = ax? ne-
11 IR pecexaeTcdA CO CBOEI OChI0 CUMMETPHHM, Hagbl-
5 Puc. 65 BalOT BEPIUMHONM mapaboJibl, 4 0OCh CHMMeT-

pun napabosibl HA3LIBAIOT OCHI0 MAapaboJIbI.

dyurnua y = ax? (a # 0) upu x = 0 npurumaer aias a > 0 cBoé Hau-
MeHBIIIee 3HaYeHHe, Aas a < 0 — cBoé HamboJblllee 3HAYEHHUE, PaBHOE
HYJIIO.

.

443.

444.

445.

446.

447.

a) Kax maseiBator rpadur byuxmun y = ax? (a # 0)?

6) Kaxas npaMas SBISETCA OCbIO CUMMETPUH apaboJsl y = ax2?
ITouemy?

B) YUro HaA3BIBAIOT BEPIIMHOM, ochbio mapaboisel y = ax? (a # 0)?

Hanumure ypaBHeHHe mnapabosbl, CHMMeTPHUYHOII mnapaboJe
y = ax? (a # 0) orHOCHTENBHO ocu Ox.

a) Kakosa obmnacrs onpenenesus GpyHruuu y = ax? (a # 0)?

6) Hoxaxkute, uro QYHKIUA y = ax? (a # 0) uérHad. Ykaxwure
OCh CHUMMeTpUH rpadura GyHKIIHUH.

B) CylmecTBYIOT JM TOYKH, IpPHHaAJe:KallHe BceM napabosam
Buga y = ax? (a # 0)?

r) Ilpusumaer au Qpyarnua y = ax? (a # 0) cson nHaubosabliee
1 HauMeHbIllee 3HAYEHUA?

1) B Kakux ueTBepPTAX PACHOJIOMKEH rpad@UK PYyHKIIUN:

1) y=10x% 2) y=-bx?%

3) y=-0,5x% 4) y=0,5x27

Ha xakoM IpoMesKyTKe BO3pacTaeT (PyHKI[HA:
a) y=10x% 6) y=-5x%
B) y =-0,56x%; r) yp=0.6x%7

a) Beruucaure 3Hauenuss QYHKUIUM y = —2x% niaa 3HaUueHUH X
or —2 go 2 uepesd 1. Pemenne obopmure B Buje TaGIHUIIBI.
6) Brrumcnure sHauenua ¢pyaxunu y =-0,5x2 pns sHaveHMi X
or —3 mo 3 uepes 1. Pemenne odopmure B Buje TAGIHUILIBI.
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448. Ilocrpoiite rpaduk QyHKUMH, BbIOpaB yAo0HBIE eIUHUYHBIE OT-

Pe3KH:
a) y=-3x% 6) y=-0,5x% B) y=-0,1x%
¥ i = —2%x2; n) y=-200x?; e) y=-400x%;

&) y =-1000x2; 3) y=-4200x2.

449. Jlana pyurnus y=—x2. [Tocrpoirre rpaduk stoit pyaxmun. Onpeze-
JIUTE ¢ IOMOIIBIO rpad)iKa, IPH KaKHX X BEINOJHAETCS HEPABEHCTRO!
a) y>0; 6) y<0; B) Yy <-1; r) y <—4.

450. Kaxoit dopmysoit sagana QyHKIusA, rpa@uK KOTOPOH CHMMeTpH-
yeH oTHOcUTeJbHO ocu Ox rpadury QyHKIIHN:
a) y=3x% 8) y = —%xg; B) y = 100x?%; r) y=-0,2x2?
451. Ilpunagmexxar Ju rpa@ury (PYHKIIHN:
a) y=-10x2 rouxu A (3; 90), B(—4; -160), C(0,2; 0,4);
6) y=-0,1x% roukn A(-2; 0,4), B(-5; -8,5), C(4; -1,6)?

452. a) Jlana pyaxmud y = —3x2. Touka (¢; —3) npuHAAJIEHKUT rpadu-
Ky aroil pyuxuuu. Onpenenure t.
6) Hana pysxnus y = —0,2x2 Touxa (-0,2; ¢{) DpUHANTIEKUT Tpa-
duky srort Gyakuuu. Onpengenure t.

453. a) [Ipamaa y = 8 mepecexaer mapafony y =ax? B AByX TOYKaX,
paccrogHue Mexxay Koropeimu pasHo 6. Hailizure yucio a.
6) Ilpamaa y = —8 mepecexkaer napabony y =ax? B ABYyX TOYKaX,
paccroaHue MexAy KoropeIMu paBHo 4. Haiipure gucio a.

[7.3. Tpaduk dyHKuMN ¥ = a (x — x,)* + Y, !

O6nacthb onpezpenenus GyHkuuu y = a(x — x0)? + Yo, '€ @, Xgs Yo —
naunble ynciaa (a # 0), ecTbh MHOYKECTBO BCeX AeiiCTBUTENbHBIX unucen R.
TToxaxeM, KAK MOJHO IIOCTPOUTH €€ IpaduK.

Ilycrs mana napabousa y = 2x2 (puc. 66, a). Yrobsl mocTpOUTE Ipa-
¢uxr pyaxmuu y = 2x2 — 2, Hago mapaboiy y = 2x* cABUHYTH Ha 2 eau-
aunsl BHU3. ['paduk GyErmun y = 2x2 — 2 — napabosia, umMeioas Bep-
muny (0; —2) u oce x = 0 (puc. 66, 0).

B camoM nene, eciu A — IpousBoJbHAA TOYKA Ipadura QyHKIUU
y = 2x%, a B — Touka rpauka QyHKIUH Y = 2x2% — 2, uMeroniasa Ty e
abcrucey, To opAMHATA TOUKU B Ha 2 eMHHUIBI MeHbIlle OPAUHATHI TOY-
Ku A.

Hanpumep, npu x = 0 dysrnus y = 2x* npunumaer snavenue 0,
a pyaxnua y = 2x2 — 2 npuHuMaer sHavenune —2. [Ipu x = 1l mnopu x = -1
Gyaxiusa y = 2x2 npuHuMaer sHadenue 2, a ynknua y = 2x? — 2 npu-
guMaer 3HayeHume 0 u T. O.
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Yro0s1 nocrpouts mapaboay y = ax?+ y,, Hago napaéony y = ax?
CABMHYTH Ha |y, | exunuy BBepx, ecau y, > 0, u Buu3, ecan y, < 0.

IMycres pana mapaGona y = 2x? (puc. 67, a). YTo6sI MOCTPOUTE T'pa-
bux pysxouu y = 2 (x — 2)2, Hago napabony y = 2x2 cABUHYTH HA 2 eH-
HUIBI Bpaso. I'papux dpysxnuu y = 2(x — 2)2 — napa6osa, mMeromas
BepmuHy (2; 0) u ocs x = 2 (puc. 67, 6).

B camom gnene, eciim A — npousBosbHAA TOuKa rpaduka GYyHKIHHA
y =2x?% a B — Touka rpapuka QyHRmuE y = 2(x — 2)%, uMeromas Ty
JKe opamHaTy, To abcmucca TouKH B Ha 2 equHHIBLI 60abIIe aGCIIUCCHI
TOUKM A.

Hanpumep, dysxnua y = 2x? npuaumaer suauvesue 0 npu x =0,
a Gpysrnusa y = 2(x — 2)? — opu x =2, QysExnua y = 2x2 IpUHEMAET
sHadenue 2 npu x =1 u npu x =-1, a pysxnua y = 2(x — 2)2 — npu
x=3munpux=1mwurmr 1.

a) | lv y = gl 6) ‘i y ;k y = 2(x - 2)?
|

\ / |

/ T A

\ / LG JLE

\ / \C AT

Al T 1B A B

1 /
o122 |x 0 ]I f x

B Puc. 67
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Yro6s1 MOCTPOUTH Mapadony y = a (x — x,)?, Haxo napadoay y = ax?
CABHMHYTH Ha |x,| emmmnn Bmupaso, ecaum x,> 0, u BIAEBO, ecan x,< 0.

Ilycts mana mapabosa y = 2x2 (ecm. puc. 67, a). Yrobsl mOCTPOUTH
rpadur GyEkoun y=2(x — 2)%2 + 3, mHamo napabony y = 2x% cHaua-
Jla COBHHYTHL Ha 2 efuHMIBI Brpaso (cm. puc. 67, 0). Sarem mapaboiry
y=2(x - 2)° (puc. 68, a) HanO cABMHYTH Ha 3 eNMHUILI BBepx. I'pa-
bur pyaxouu y = 2 (x — 2)2 + 3 — napaboJia, BepmuHa KoTopoii (2; 3),
a ock — npsaMas x = 2 (puc. 68, 06).

B camom gene, ecan B — npousBobHAS TOUKa mapabosst y = 2 (x — 2)2,
a C — Touka mapa6onsl y = 2 (x — 2)% + 3, umeronjad Ty ke abcmuccy, To
opauuara Touku C Ha 3 efMHUIEI OOJNBIIE OPAUMHATHL TOUKH B.

Hanpuwmep, npu x = 2 dyurnusa y = 2(x — 2)? npuruMaer 3Haye-
ue 0, a dpyaxuua y = 2(x — 2)% + 3 npuaumaer 3Hauenme 0 + 3 = 3,
npu x = 1 pyarnusa y = 2 (x — 2)? npuHUMaeT 3HaYeHNe 2, a QyHKIUA
y=2(x— 2)? + 3 npunumaer 3Hauenue 2+ 3 =56 u T. 1.

Yro6sl mocTtpouTs mapadory y =a(x — x,)® +y, Hamo mapadoiay
y = ax? cABMHYTH Ha |x,| equHul Bnpaso, ecan x,>0, u BieBo, ecau
x, < 0; 3aTeM moayueHHyI0O mapabosy CABMHYTH Ha |y,| exmumn Bepx,
ecau y, >0, n BHU3, ecan y, < 0.

Bepmnra napaboist y = a(x — x,)? + Y, UMeeT KOOPAUHATHL (X455 Yo)s
npaMas X = X, — €€ ocChb.

Ddyaruusa y = a(x — xy)° + y, (@ #0) npu x = x, IPUHAMAET [JIA
a > 0 cBOé HauMeHblllee 3HaUYeHune, a Aia a < 0 Haubosabliiee 3HaAUYEeHUE,
paBHOE Y.

IIpumep 1. ITocrpoum rpadpur ¢ysHrmun y = (x — 3)% — 2.

Yro6b! nmocTpouTts rpaduk GyErmun ¥ = (x — 3)2 — 2, Hago napabo-
a1y y = x2 cOBUHYTH Ha 3 eZUHHILI BIpaBo (puc. 69, a). ITorom napa6o-
ay y = (x — 3)? caBuryTh Ha 2 eguHUILI BHU3 (puc. 69, 0).
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ITpumep 2. ITocTpoum rpadur pysrumu y =-2(x + 1)2 — 3.

Yro6s! mocTpouTh rpadur Gysruun y = -2 (x + 1)2 — 3, Hago mapa-
6ony y = —2x? caBunyTh Ha 1 eguruny Baeso (puc. 70, a). Ilorom napa-
Gory y = —2(x + 1)? casunyTs Ha 3 enuHuNEl BHU3 (puc. 70, 6).

B

454. Kax, ucnoaesys rpadur odyaruuu y = ax?® (a # 0), DOCTPOUTEH
rpadux QYHKIIUH:
a) y=a(x—x9)%  0) y=ax’+y,;  B) y=a(x—x)*+yo?
Kaxr maseiBaioT a1 rpaduru? Kakue TOUKH ABAAIOTCA WX BEpPIIU-
Hamu? KaxkoBsl ypaBHeHHs UX oceii?

455. Ilycre a > 0. Kakum pomxHO OBITB YHEIO Y, YTOOBI Iapaboia
y = a(x - x)? + yo:
a) mepecekajia ocb Ox B OBYX TOUKAX;
0) mepecexana ock Ox B OAHOH TOUKeE;
B) He mepecerana ock Ox?

456. Ilpu xaxkuxX 3HAUYEHMAX X PABHO HYJIO 3HAYeHHEe (YHKIHU:
a) y=(x- 5% 6) y=—(x+ 8)% B) y = 2(x — 3)2?
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457.

458.

459.

460.

461.

462.

463.

Kaxue KoopAMHATEI UMeeT BepIIMHA napaboibl:

a) y=(x+1)3% 6) y=38(x+ 9%

B) y=-2(x - 5)% r) y=-4(x-9)%?
BanuninTe ypaBHEHME OCH CHMMETPHUH ITapabosbl:
a) y=(x—12)% 6) y=-(x+ 73

B) y = 3(x + 2)% r) y=-8(x - 10)2

O6BaACHUTE, KAK C TOMOIILI0 rpadura GyHKINY § = X% MOXKHO II0-
JIY4YUTh rpadur GyHKIIUH:

a) y = (x + 5)% 6) y = —(x + 5)%

B)y=2(x~-1)% r) y =—2(x- 1)

Iana napabosa y = (x — 2)2.

a) OmnpenesuTe KOOPDOWHATHI BEPIIMHBI apaboJIbl.

0) BanuImmuTe ypaBHEHUE OCH CHMMETPHUH I1apaboJibl.

B) Kaxosa o0aacTtb ompezeneHus GyHKIuu?

r) KakoBa obsacte sHayeHuit GpyHRIpAN?

1) Ilocrpoiite rpadur GyHKIUH.

e) Kak usmensercsa y, eciii apryMeHT X U3MEHAETCA OT —oo 10 27
or 2 mo +oo?

sx) IIpu KaxoM x (PYyHKIUS NPUHMMAaeT HauMeHbIee 3HauyeHUe?
IIpuruMaer au GyHKIUS HaubobIlee 3HAUYEHUE?

3) B xaxux Toukax rpadpux QyHKIUM rnepecexaer ock Ox? ock Oy?

ITocTpoiiTe rpadur QYHKIHN:

a) y=(x-1)% 6) y=(x+1)% B) y=(x—8)%

r) y=(x+4)% R) y=—(x-1)% e) y=—(x+2)%
x) y=—(x-0,5)% 3) y=—(x+0,5)% n) y=2(x-1)%
K) y=—3(x+1)% a) y=0,5(x+2)% M) y=-0,1(x-3)%

") y=-0,5(x—2)% o) y=0,1(x+3)2.

Nana dyarnua y = 2(x — 3)2.

a) IloctpoiiTe rpadur QyHKIHH.

6) Kaxosa obiacts onpeneneHnsa QyHKIHHU?

B) Ilpu xaxkom x QYHKIIUSA NIPUHUMAaET HauMeHbIee 3HauerHne? IIpu-
HHUMaeT J¥ (PYHKIHA HauOOJbIIee sHAUEHME NPU KakKoM-aubo x?
r) B kakux Toukax rpaduk QyHKINH IepecekaeT ocu KoopauHaT?
n) Kax usMeHAIOTCA 3HAYEHUA Y, €CIH 3HAUEHUS X MU3MEHSIOTCHA
or 0 no 1; or 3 go +oo; or —oo mo —17?

e) Ilpy KaxKmMx 3HAUEHHUAX X BBINOJHsIETCA HepaBeHcTBO: Yy > 0,
y<0,y>-1?

Kaxoit opmysoii 3agada GyHKINA, rpaduK KOTOPOH MOJIYyYeH U3
napaboJisl i = X2 ¢ IMOMOIIBIO:

a) coxatusi mo ocu Oy B 2 pasa M IepeHOca BEPIIUHBI B TOUKY
(55 0);

6) pacraxxenus no ocu Oy B 5 pas U mepeHoca BEPIIHHEI B TOUKY

(-4: 0)?
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464.

465.

466.

467.

468.

469.

470.

471.

a) Hanumure ypaBHeHne (pyHKIUH, rpadUK KOTOPOH CHMMETDH-
ueH rpadury pysknuu y = 2(x — 8)? orsocurensHo ocu Oy.

0) HanummuTte ypaBHeHHE KaKOW-JnG0 mapabosbl, OCbI0 CHMMET-
PHH KOTOPOH ABIAETCSA MpAMad X = 3.

IIpusannexar au rpadury QYHKIHN:
a) y=5(x—4)? rouku A(7; 45), B(-2; 170), C(1; 45);
6) y=-0,2(x — 2)%2 rourku A(7; 1), B(-8; -2), C(-3; —5)?

a) Hasa dyexnus y=-5(x + 9)2. Touxka (8; k) npuHazIexuUT
rpadury osroil Gyuxuuu. Oupenenure k.

6) Hana dysxmua y = 10(x — 6)2. Toura (m; 10) npunagmexur
rpadury aroit dyurunuu. Onopenenure m.

B) Touxa (5; —8) npunagnexuT rpadury Gpysxmuu y = a(x — 3)2.
Onpegenure a.

Haner GyBRIMM y = x2 1 y = x2 + 1.

a) Kaxoma obsacTh onpejgeieHus KaKIoW u3 oTUX QYHKIHI?

6) CpaBHuTe 3HauYeHMs (YHKIWIN OPH OJMHAKOBBIX 3HAUEHUAX
apryMeHTa X.

B) Kax moxuO moayuurs rpaduk Gysxnunm y = x? + 1 us rpadu-
ka GQyHKIUM y = x°?

r) YkaKuTe KOOPZWHATHI BePIIWH 3aJaHHBIX napaboJr.

n) llpnm xaxkux B3HAUYEHUAX AaPryMeHTa 3HauYeHHe Kayaol us
GYVHKIMHA paBHO HYJIIO?

e) IIpu xaxkux B3HaueHUAX Y rpaduru QYHKIHUH IIepeceKaioT
oce Oy?

:) Ilocrpoiite rpadukn JaHHBIX QYHKIHIH,

ITocrpoiiTe rpadux QYHKIUH, IPeABAPUTENBHO YKA3aB KOOPAUHA-
Thl BEPIIMHEI Hapaboybl M TOUYEK IlepecedeHuss rpapuka ¢ ocaAMH
KOOpDAUHAT, €CJIM OHU CYIIEeCTBYIOT:

a) y=x2-4; 0) y=x>+3; B) y=-x2+2; r)y=-x2-1.
Kakoii ¢popmysoit sagana GyHKIua, rpaduK KOTOPOU MOJIYUYEH K3
napa6osibl ¥y = X2 B pesyJbTare:

a) mepeHoca BepmIHHEI B Touky (0; 5);

6) mepenoca BepluuHbLl B Touky (0; —3);

B) cxxatuda no ocu Oy B 2 pasa u nepeHoca BepIinuHEl B Touky (0; 3);
r) pacrsxeHud 0o ocu Oy B 2 pasa U IepeHoCca BePUINHEBI B TOUKY
(0; =2)?

IToctpoiite nmapabomny:

a) y=(x -1+ 1; 6) y=—(x+ 1)%2 + 2;

B) y=-2(x - 2)%+ 2; r) y=2(x+ 1)>- 1.

OmnpepennTe KOOPAMHATHI BePIIMHEI IapaboJIbl U IOCTPOITE Imapa-
6oay:

a) y=(x—-2)2+10; 6) y=(x+8)2-5;
B) y=2(x—T)%-11; r) y=-2,5(x~0,5)2 + 1;
x) y=-0,5(x - 0,5)% - 3; e) y=0,5(x-4)*+6.
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472. Kaxoil Qopmynoil sagana QyHKIUS, rpa@uK KOTOPOH HOJIy4YeH
mapaJie/lbHbIM mepeHocoM napabous! y = 2x? Tak, 4T0 €€ BepIIH-
Ha eCcTh TOUKA:
a) (5; -1); 6) (-2; 5)?

473. Ilapa6ona y= a(x — 3)? + 2 nepecexaer ock Oy B Touke (0; —16).
B xaxux Touxax sta mapabGoia mepecexaer ock Ox?

474. Beibpas ymoOHbIN MacuiTab, mocTpoiiTe rpaduk QyHKIMH:
a) y=300(x - 0,2)%-400; 6) y=-1000(x — 5)% + 2000.

[ 7.4. Ksappatuunas GyHkuus n eé rpadu |

PaccmorpuM (PyHKIIHIO
y=ax?+ bx + c, (1)
rie a, b u ¢ — pauusie uucaa (a # 0).
Eé maseiBaroT KpajgpaTuunou ¢ysaxumeir. O0inacTbk oupemeeHNA
KBaJpaTHUYHON PYHKIIUHU eCTh MHOKECTBO BCeX JeHCTBUTENIbHBIX unces K.

TeoreEMA
padukomM KBaapaTuyHoin dyHkumm (1) sBnaetca napabona ¢ sep-
LUMHOW B TOYKe (xg; Yo), MONYHEHHaAA napasfiesibHbiM MNepeHocom
napabonsl y = ax?, roe

b

= yD.:—‘

o=, , D = b? - dac. (2)

D
da

NowraszsarensbcTso. Pacemorpum QyHKIUIO
y=a(x— x)?+y, (a=#0), (3)
rie YMcla Xy U Y, onpejensiorcs mo ¢opmyaam (2). B m. 4.1 nmoxasaHo,
9TO AJIA JI000T0 AeilcTBUTENBLHOIO X CIIPaBEJJINBO DAaBEHCTEO
ax?®+ bx + ¢ = a(x — )% + Yo
STto o3HauaeT, uTo Gyuxuuu (1) u (3) uMeroT OAUH U TOT e rpadux.
Ho, xak 6bL10 IOKa3aHo B 1. 7.3, rpadhuk dyaxuuu (3), a cienosa-
TenbHO, ¥ pyEKIun (1) ecTh mapaGona ¢ BEPUINHOI B TOUKe (Xg; Yg), MMO-
JIyUeHHAS MapajjleJbHbIM IIepeHocoM mapabons! y = ax?. Teopema noxa-
3aHAa.
IIpumep 1. Ilocrpoum rpa@ux QyHKIIUH
y=x2-2x—38. 4)
Brijensasa DOJHBIA KBagpaT U3 TPEXUJEHAa
x2-2x-8=x2-2x+1-4=(x-1)%-4,
ponyuuM, uTo GyHKuua (4) mMoker OBITH 3amMcaHa CAEAYIOINUM obpa-
gom: y = (x — 1)? — 4,
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ik [l Ho rorpa rpadur ¢pyuxnuu (4) ects napabo-
\ foir b Ja, NOJNYYeHHad NapaiieJIbHBIM IIePeHOCOM IIa-
Y=* 7 pabomsl y = x2 TaK, 4To eé BepIINHA €CTh TOYKA
| (1; —4) (puc. 71).
\\ 1 ;i 5 Tor ke rpaduk MOKHO OBLIO IIOCTPOUTH, BhI-
y=(x|—1) 74 YNCIUB KOODAMHATEI BepUIMHBI IapaboJbl U He-
\ 1 ]/ CKOJIBKUX €€ TOUeK!
ol 12/ | & T T
\ / 2a 2
3\ / Yo=12-2.1-3=-4,
J
4 -1 0 1 2 3
W Puc. 71 : s - = 0

Wz rpadukra BUAHO, YTO BeplIuHA MapabGoJisl PACHOJIOMEHa HHKe
ocu Ox u mapabosna mepecekaeT ock Ox B ABYX TOUKAX, IO3TOMY €CJIH
IIOJIOKUTH B paBeHcTBe (4) y = 0, To moslyyeHHOe KBagpaTHOEe YPaBHEHUE
x2 — 2x — 3 = 0 KO/IKHO MMeTh ABA AeMCTBUTENLHBIX KODHA.

OTO 3aKJIYEeHHe MOKHO IIPOBEPUTh, BHIUNCINB KOPDHU YpaBHEHUS.

Wmeem D=b2—-4ac=16,x, , = b+ YD B 4, OTKYyZa X, = —1, %, = 3.
1,2 %a p) 1 2
IIpumep 2. ITocTpoum mapaboay
y=38x%+12x + 15. (5)

Brinecem 3a cKOOKM Koo(@HUIHEHT 3 M BBHIZEJIUM U3 HOJYYEHHOTO
TpEXUJeHa MOJHBIN KBaipar:

3(x2+4x+5)=3(x?+2-2x+4+1)=

=3(x + 2)% + 3.
Takum obpasom, HyHKIHIO (5) MOMKHO 3anucaTh B BHUIE
=3(x + 2)% + 3, T T
y=3(x+2) y = 3(x+2)2+3Y
nmosTomy rpadbur GysHrmuun (5) ectr napabo- | :I
Jla, MOJyYeHHas HapajijieJIbHBIM IePeHOCOM \'. 1] !
napa6oJisl y = 3x? Tak, 4TO €€ BePUIMHA eCcThb be | \/ y=3x2.
Touka (—2; 3) (puc. 72). Ua rpadura BUIHO, \ I \ Al
4TO YpaBHEHHE _ 1\ /}ﬂ [ ||
> - | |
3x2+ 12x+15=0 (6) . %3'—/“ e
He UMeeT AeHCTBUTEJNbHBIX KOPHeil, 1, ciaeno- ! \
BaTEJIbHO, MUCKPUMUHAHT KBaJpPATHOTO ypPaB- ||
Henusd (6) goaseH OBITH OTPUIATEILHBIM, s B s ) o T
IleficTBUTEILHO, R il =

D =b?—-4ac =144 — 180 =-36 < 0. B Puc. 72
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IIpumep 3. Iloctpoum nmapabony

yi
y =—-6x% - 12x — 8. (7N 3
BBIUYHCINM KOODAUHATHI BEPIIWHBI I1apaboJIbl: |
b 12 -2 10| 1 X
Xpn= ——=—" = -1,
¥ 2a  2-(-6) i
Yo=-6+(-1)*-12 - (-1) -8 =-2. I
BeIuMCAIMM KOOPAMHATHI HECKOJBKHMX TOYEK B
napaGosbl, CUMMETPUUYHBIX OTHOCHTEJIBHO €€ OcH
x ==L
x -3 -2 -1 0 1 i —?~
y —-26 -8 -2 -8 -26 B Puc. 73

M306pasuM moJiyuyeHHBIE TOYKH B cucreMe Koopausnart xOy u, coeau-
HUB WX HelPepBIBHOMN JUHUeH, MoJIyunM NCKOMBIH rpadguk (puc. 73).
ITapa6osna He mepecekaeT ock OX, U MOSTOMY YpPaBHEHUe

—6x%2-12x-8=0

He uMeeT NelCTBUTeNbHBIX KODHe; A J1000r0 1eiiCTBUTEJIbHOTO X BBI-
nonHsercs HepaseHcTso —6x2 — 12x — 8 < 0.

TakuM 00pasoM, [Js IIOCTPoeHUs napaboisl (1) MOYKHO BBIIIOJIHUTE
napajeasHBI IepeHoc mapadosl y = ax?, P KOTOPOM BepPIIMHON ma-
paboasl craHeT TOUKa (X; Yo), KOODAUHATBEI KOTOPOH ONpPeNessioTCA 110
dbopmyaam (2).

ITapa6oJsy MOKHO IIOCTPOMTH TAK)Ke II0 TOYKAM, OIpefieIuB KOOp-
IUHATH BEPIIMHLI M KOODAMHATHEI HECKOJBKHMX €€ TOYeK, JKeJaTeNbHO
CHMMETPUYHBIX OTHOCHTEJBHO OCH Hapabojbl — MPAMON X = X;.

IlapaGona (1) nmepecexaer ock Ox B JBYX TOYKAaX, €CJIH AMCKPHUMH-
wauT D KBagpaTHOro TpéxwieHa ax? + bx + ¢ Goabllle HYJIA; Kacaercd
ocu Ox B omHOM Touke, ecim D = 0; He mepecexaer ocbk Ox, eciau
D < 0. Bepmmusa napaboJsbl JIeKUT HA IPAMOM Y = Yo IPH J000M 3HA-
Ke @, oCTaJbHBIE eé TOUKM PACIIOIOYKeHBI Haj HpAMOl y = yo upu a > 0
u moj npaMoit y = y, npu a < 0. [laa ynpolineHus WHOTAA T'OBOPAT, YTO
npu a > 0 BerTBH napabojbl HalpaBjJeHbl BBEPX, a IpU a < 0 — BHHS.

Ipumep 4. JloxkaxkeM, 4To QyHKIuA y = x% — 4x + 11:
™  a) Bospacraer Ha mpoMexyTKe [2; +00);
. §) yObIBaeT Ha mpoMexyTKe (—o0; 2];
B) He ABJIAETCS HU Bo3pacraiolleil, Hu yObrsaromieil QyHKIMed Ha
npomesxyTke [—1; 4].
NoxazareascTso. a) Ilyers x; U Xy — Ja00BIe YKCIA U3 IIPOMe-
skyTKa [2; +00), Takme, uTo 2 < x; < X,. Jlokaxem, uTO Y; < Ys.
Tak Kak y; — Yy =x2 —dx; + 11 — (x5 —4xy+11)=x2 — x5 —4(x; — x5) =
=(x; — Xp) (%1 + X5 — 4), X, <%y, ¥ X3 +X3>4, TO Yy; — Yy <0, cnenosa-



166

TEJIbHO, CIIPaBeJINEO HEPABEHCTBO ¥, < U,. Ilo onpenenenuio Bospacraro-
mel (PyHKIMH 9TO 03HA4YaeT, YTO QYHKIUA iy = x2 — 4x + 11 Bospacraer
Ha nmpoMesxkyTKe [2; +co).

6) Ilycrs x; u x, — m1006Ble UHCIA U3 NIPOMEXKYTKa (—oo; 2], Takue,
4TO X; < Xp < 2. JloKaxeM, 4TO y; > Y,.

Tax Kaw Y;—UYs=(2; - X)), + 2, —4), X%, <%, B X + %, < 4,
TO Y, — Y > 0, ciiemoBaTensHo, CIPaBegINBO HEPaBEHCTBO U, > Y,. 110
ompejesieHn0 yObiBamomlell (YHKIUHM 3TO O3HAYaeT, 4YTO (OYHKIHUS
y = x2 — 4x + 11 y6eIBaer Ha npomesxkyTKe (—oo; 2].

B) ®yukmua y = x? — 4x + 11 He sBIsAeTCA BO3pacTalolieit Ha IpPo-
MexxyTKe [-1; 4], Tak Kak Aus yucea —1 u 3 U3 2TOTO IPOMEKYTKA Hepa-
BeHCTBO —1 < 3 BepHO, a HepaseHcTBo (—1)2—4 - (-1) + 11 <32-4 .3 + 11
HeBepHO. ITa (QYHKIUA He sBIfeTCH yObIBaOlell Ha IPOMeXKyTKe
[-1; 4], Tak xak aua yucen 1 m 4 M3 3TOr0 HPOMEKYTKA HePaBEHCTBO
1 < 4 BepHo, a HepasencTso 12—-4 -1+ 11 >42-4 -4 + 11 nesepro. @

B

475. a) Kax mocrpours rpadur GyEKmuM y=ax?+ bx +c (a#=0),
HCIIONb3ydA rpad@ur GyHrmuu y = ax??
6) Kax maseiBaior rpadgur Gysrmuu y = ax? + bx + ¢ (a # 0)?
B) Kax pacmonosxeH orHocuTenbHo ocu Ox rpaduk (GyHKIAH
y=ax?+bx +c upu a >0 (upu a < 0), ecau:
1) D> 0; 2) D=0; 3) D<0?

476. [lana xBaaparuuyHas (GyHKDusa y = ax?+ bx + ¢. Ias eé rpadu-
Ka — napaboabl — yKamuTe:
a) KOODAWHATHEI BEPIIWHBI;
0) ypaBHEHHE OCH CHUMMETPHUU;
B) KOODJAMHATBEI TOUKHU IepecedeHus ¢ ockio Oy;
I') KOODAMHATEI TOYEK IlepecedeHus ¢ ocbio OX U YCIOBUSA, OT KO-
TOPBIX 3aBHCHUT YHCJIO TAKHUX TOYEK.

477. YxakuTe KOOPAUHATHI BePIINHBI, YPaBHEHUE OCH CUMMETPHH IIa-
paboJibl, KOOPAMHATHI TOUEK INepecedyeHud napaboibl ¢ OCAMH KO-
opAWHAT, ecau napabosa — rpadur PYHKIIUN:

a) y=x%2—-3x + 5; 0) y=x2+ 7x - 8;
B) Yy=2x2—-x+1; r) y=>5x2+4x - 2;
n) y=-3x%+ 5x — 10; e) y=-10x? — x + 3.

ITocrpoiite rpadmk Gyarnun (478—479):

478. a) y=x%—4x + 3; 6) y=x2+ 2x — 8;
B) y=4x? -4dx - 1; r) y=9x2-12x + 3;
A) y=x%-6x+5; e) y=x2+4x - 5;
w) Yy =-—x2-6x~5; 8) y=-—x2+4x + 5;

u) y=x2-4x+ 7; K) y=-x2+ 4x — 6.



167 JInueiinag, KBAAPATHYHAS H ApodHO-ANHeiiHAN (yHRIMY
r 3 b Fa ) E 3

[t = AT R i i P W

479. a) y=x2+3; 6) y=—x2+9;

B) y=0,2x2 — x + 0,8; r)yz%x2+%x+5;

n y=-1,2x2-1,2x - 0,5; e) y=-8x%—- 16x — 6;

x) y = 2x%+ 8x — 10; 3) y=-3x%+ 6x — 3.
480. Haiinure HauMeHbIIee 3HAUEHHE (DYHKIIHMH:

a) y=22-10x+ 1; 6) y=2x%+ 8x — 5;

B) y=8x2+6x+ T; r) y=4x2+12x+ 9.
481. Haiigure Hauboiblliee 3HaYeHHEe QYHKIUM!

a) y=—-x%-4x+ 8; 6) y=—2x2+12x - T;

B) y =-3x% + 6x + 10; r) y=-4x%-12x + 1.

482. JokazbiBaem. [Joxaxure, 4T0 QYHKI[AA:
a) y = x2 — 2x — 3 Bospacraer Ha npomexyTKe [1; +oo) u yOriBaeT
Ha mpoMe:kyTre (—oo; 1];
6) y=3x%+ 12x + 13 BospacraeT Ha IPOMEXyTKe [—2; +00)
1 yOBIBaeT Ha MPOMEKYTKe (—oo; —2];
B) y = —x2+ 8x — 5 yGbIBaeT Ha MpoMexKyTKe [4; +00) 1 Bospacra-
eT HA IPOMEXyTKe (—oo; 4];
r) y =—2x2 — 8x + 1 y6eiBaer Ha mpomesxyTKe [-2; +00) 1 Bo3pac-
TaeT Ha npoMexyrike (—oo; —2].

sih, lpo6Ho-nuHeliHas dyHKUUS

| 8.1. O6parHas npongpuwouanbuocrb\

D YHKITHUIO h
Y= (1)

rne k — [aHHOE He paBHOE HYJIO YMCJIO, HA3hIBAIOT 06GpaTHOI NPOIOp-
I(MOHAJBHON 3aBHCHMOCTBIO MM KODOTKO — OOpPATHON IIPOIOPIHO-
HAJBHOCTBIO. JTa (QYHKIUA OIpefeseHa IOJIA BCeX HAeHCTBHTENBHBIX
uyucesa x, kpome x = 0.

HazBaHue «o0OpaTHas OPOIOPLHOHAJBHOCTE» CBA3aHO C TeM, UTO
JJIA TIOMOMXMTEJNbHBIX YHCeJ X, Yy U k, Il KOTOPBIX BEPHO DaBeHCT-
Bo (1), c yBeIM4eHHNEM X yMEeHbIIaeTca Y. A JUIs JI00BIX ABYX OTJIHYHBIX

k
OT HyJISl YHCeN X; W X, COOTBETCTBYIOIIME 3HAYEHMA Y; = —— H Yy = 5
1§
UM 0OpATHO MPONOPIIMOHAJBHEI,
TleficTBUTENIHHO, TAK KAK X - Y1 = R A Xy - Yy = R, TO Xy * Yy = X3 * Y.
PasmenuB TOCJHeAHee PaBEHCTBO Ha OTJHMYHOE OT HYJIA IIPOU3BeJleHue
X Y
Y, * Xy, HOTYUUM — = —.
Xy Y
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Ecau gynxnusa sagana (opmysoi (1), To rosopsar emé, uTo mepe-
MeHHas y 06paTHO NPONOPIHOHANbLHA IIePeMeHHOH x ¢ koathdumerTOM
IIPONOPIHOHAJBLHOCTH E.

Hanpumep, npu paBHOMEpPHOM ABHIKEHWU TeJjia HAa yIACTKe IJIUMHBI
12 xm BpemMs [ABMiKeHUS x (4) OGPATHO NPONOPIUOHAIBHO CKOPOCTH
ABMIKEHUA Y (KM/4) ¢ KOo9d(MUIMEeHTOM IpPONOpIHOHAIbHOCTH B = 12.

|
483.

484.

485.

486.

487.

Kakxyio (yHKUOHIO Ha3bBalOT 06paTHOI HpPONOPIMOHATIBLHOCTHIO?

fABasierca nmu QyHKI{HA:

x Lol

a) y=35; 6) y =3

2 3
B)y——;, I‘)y—a,

w. -8 _2
ﬂ)y——ﬂ, e)y—x+1

obpaTHO!l NpomopuuoHaabHOCTHI0? Ecam ga, To HasoBuTe K0ad-
(QUIHEeHT OIPONOPIHOHAILHOCTH,

3 2
DyrKnNaA 3agaHa Gopmyol y = P
a) 3anonHuTe TAGIAULY SHAUEHHH DYHKITUH:

- 5 1
x —4 -2 -1 5 5
1
y 2 X 2
6) Haiinure 3Hauenus y npw X paBHOM —5H; —3: 3; 5.

s 3 1

B) Haiinure sHaueHus X mpu y paBHOM —8; _E; Z;
” 3
PyHKIUA 3agaHa HopMyIon y = i

a) Haiinure 3HaYeHHs (PYHKIHHU Y, U Y,, COOTBETCTBYIOI[HE 3HA-
YeHHUAM apryMmMeHTa x; = 1 1 x, =—3.

6) Haiiaure sHaueHus apryMeHTa X; ¥ Xy, COOTBETCTBYIOLIHE 3HA-
YeHUAM (PYHKIUH y; =—1 1 y, = 3.

Onpenenure KoaddUITMEHT IPOIOPLUUOHANBHOCTH k I (QYHKI KA
Yy = > €cnHu 3HAYEHUIO apryMeHTa X COOTBETCTBYeT 3HAUEHHE

dyHRIUYN V!
a) x=3, y=2; 6) x=6, y=-2;
B) x=-4, y = 6; r) x=-1, y=-4,
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488. Onpezenure KO3Q(QUIMEHT IPOIOPIMOHANBHOCTH B AJIA QYHKIUHU

k . 2
y = ¥ 3amoJIHUTe Tabauny e€ 3HaYEeHHH:

a) | x |-4|-2]1 6) | x |-6|-3| 2

Y 4 2 4 7 -3|1 3| 6
B) | x | -8|-4|-2 r) | x |-6|-3]-2

Y 4 | 2| 4 y -3 1 2

489. Omnpejenure, OJUHAKOBBIE MJIM pasHble 3HakM umeioT x (x # 0)
U COOTBETCTBYIOIlee eMy I, eciM (DYHKI KA 3ajaHa dopMyII0ii:

5 8 k
a) Yy =3 B) e B) y =, k>0;

, R<0.

A

3 6
T‘).U:";; ﬂ)y=—;; e) y=

8.2. DyHkuus y = "Tz (k>0) !

B srom nyHKTe OyAeM paccMATPHUBaTh (HYHKIIHIO
k
y=2 (1)
roe kB — JaHHOE MOJOXKUTeNbHOe uucjo. O0jacTh €€ onpeaeseHUs ecTh

MHOJKECTBO BCeX ﬂeﬁCTBHTEﬂB%bIX yuces, KpoMe HYyJd.
I'padurom byHKIUU Y = - (k > 0) aBAsieTCA MHOXECTBO TOUYEK KO-

v k
opauHaTHON miockoctu x0y c KOOpAUHATAMM [x; E]’ rge x — Jmwboe

HefiCTBUTEJIbHOE He PABHOE HYJIO YHCJIO.
k u
I'padur pyHRIUU Y = = (k > 0) massiBaoT runep6oa0ii 1 BMECTO

k k
«rpaduk QYHKIUKN [ = — > UacTo roBopAT «runepbosna y = <

Taxk Kak k#0m x# 0, Toy = % # 0, nmosTomy rumnepGoJa He mepe-

cexaeT Hu ofHY u3 oceil Ox u Oy.

CeoitcrBa GyHKuun (1) moxosku Ha cBoiicTBA QYHKLIUM Y =
(cm. § 2) 1 poxrasbiBalTCA aHasoruuyHo. Ilepeuucaum ux.

1. Ecau x>0, To y > 0; ecnau x <0, To y <0,

2. Ha npomemxyrre (—oo; 0) dyHKUUA yObIBaeT, Ha IIPOMERYTKE
(0; +c0) yHKIMA TaKxke yObIBaer.

Y



k
3. Ecau monoxurensHoe x crpemurca k 0, 1o y = — crpemMurcs
k
K +00; eCJIM X CTPEeMHTCH K +00, T0 y = — crpemures k 0. Ecmu orpuua-
E
TeasHoe X crpemurea K 0, Toy = - CTPEMUTCH K —00; €CJIH X CTPEMHTCH
k

K —00, TO y = — crpemures K 0.

4. Oyaruug y = % — »euérHasa ¢Qyaxkuna. Ilosromy eé rpadux

CUMMETPHUYEH OTHOCHTE/NLHO HauaJla KOOPAWHAT.
5. DyHKUMA HENpPepsIBHA HA KaMKIOM M3 IPOMEKYTKOB (—oo; Q)
u (0; +00).

1 4
PaccmoTpyuM aBe GyHKIUH Y = SHY = O6e st (hyHKIIUK Ompe-
JeJIeHbI Ha MHOJYKECTBE BCeX JeliCTBUTENLHBIX UMICeJ, KPpOMe HYJId.
3azanuM AeKapToBy cucTeMy KoopauHaT xOy 1 uucao x, # 0. Touka

Ayl %43 xio NPUHALJIEHKUT IpaduKy QYHKINH Y = —_11?, aTouka A, (xc.; %J s

uMerouIasa Ty ke aberuccy, NPUHAAIEKUT rpadUKy QyHKIHH y = %

OppusaTel ToyeK A; U A, yIOBIETBOPAIOT YCJIOBHIO Ijy t Yy =41 1,
T. e. oTpe3ok AjA, moayuaerca pacTsixeHueM oTpesxka A,A; B 4 pasa
(puc. 74, a).

OTo paccy;geHHe MOMKHO IIPOBECTH [Jf JIOOBIX TOUeK IpadHrKOB

i 1 4
GYHKIUR [ = ~ Y = , UMEIOIIUX OfHY U TY JKe abecrucey x. ITosaTomy
4
TOBOPAT, 4UTO rpadpux GpyHEIHM Y = % noaydyaeTcda u3 rpauxa QyHK-

UK Y = % pacTssKeHHeM ero B 4 pasa Broak ocu Oy (puc. 74, 6).

a)l y 6) | | Yl !
|
i l gt
'A‘.’.(xﬂl xﬂ) \ y _E
2.1
[Tkl 1.2 4 | *
1 Ay (xg;L ) [ —
i o
O 1ddzs0)% | \
| [#] A

® Puc. 74
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Eaccymnaﬁ AHAJOTHYHO, MOJKHO I10Ka3aTh, 4To rpaduk (PyHKIUHU
Ve (k > 0) MOxHO MOJNYYUTH U3 rpadura QYHKIUM y = — pacmsdie:-

Huem ero B k pas Buouasb ocu Oy, ecnu k> 1, u caamuem ero B k pas
Broab ocu Oy, ecim 0 < k< 1.
Ha pucyake 75 B OAHO# M TOH Ke JeKapTOBOH cucTeMe KOOPAWHAT
xOy nzobpaskeHbl rpadUKH QYHKIMIL:
1

1 2
1)!}:;; 2)9‘:;?13)9':3—53-

OTMeTHM, UTO 4acTo rpadpux QyHKIHU Y = % (k > 0) cTpodAT 1o TOY-

KaM, YUHTHIBAA [IEPEYMCJIEHHBIe BHIIIEe CBOMCTBA 9TOH (DYHKIHH.

th' \
l‘\\ \
2
1A -
W
: NETRN
ni\"‘-u.. ™~
NGB T
L 6} 1 2 3 |x
X PN
— "“\\ ) \ k'
EANEINE
PN
N VLT
RIRIL
B Puc. 75

490. a) Yro apuagerca rpaduroM QYHKIUHA [ = E (k > 0)? Kax Hasb-
BaioT 3TOT rpaduK?

6) Kar moayuurs rpadurx GYHKIUH § = — (k > (0) us rpadura
GYHEOHA I = i‘?
B) Karkumu CBOHCTB&MH obiamaer GyHKIUA I = — (k > 0)?

491. 3agaHa QYHKIUA Y = %

a) Jlnsa Kakux 3HAYEHUU X omnpejesieHa NaHHasd QYHKIHA?
6) fAsnserca nu ora GyHKuuA ueTHOH (HeuérHoil)? Ha Kaxmx
IpoMeskyTKax oHa Boapacraer (yOwiBaer)?
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492.

493.

494.

495.

496.

B) Breruuecnure sHaueHus Y, COOTBETCTBYIOIIIHE 3HAYEHHAM X:

% -6 -3 -2 -1 1 2 3 6

Y

r) B xakmx uerBepTAX pacnosaraercd rpauy JaEHOH QYHKIUNA?
1) IToctpoiite rpadur GyHKIIUK Yy = %B cucreme KoopauHat xQy.

e) C momouiso rpadura onpexpenure y(4), y(-4), y(5), y(-5).
ITpoBepbTe MONIYUEHHBIE PE3YJABTATHI BBIYUMCJIEHUEM C IIOMOIIBIO
GhopMyIEL.

s%) IIpyr Kakux SHAUEHHAX X BEpHO HepaseHcTBO: y > 0; y < 07

ITocrpoiiTe rpaduk HyHKIIHUHU:

20 80, 01
a)y=?, 5)9’—?. B)y—?-
Yrazanne. Beibepure yao0HBIE IJIA DOCTPOEHHUA €OUHUYHBIE OT-
PE3KH.

Omnpenenure k nisa runepbosl y = -ﬁ—, IPOXOAAIIEH Yepes TOUKY:

a) A(l; 1); 6) B(1; 2);
B) C(8; 0,5); r) D(-3; -b);
n) E(-4; -4); e) K(-5;-1,2)?

10
Ilpuuapnexur jgu rurepboie y = — TouKa:
a) A(5; 2); 6) B(2; 10);
B) C(1; 10); r) D(10; 1);

n) E(-1; 10); e) K(10; -1)? 5
Ilpunagnexar au Touku A u B ogHOM 1 TOM ke runepbore y = =
ecau:

a) A(4; 3), B(6; 2); 6) A(12; 2), B(-4; -6);
B) A(2; 10), B(-20; —-1); r) A(3; 5), B(-5; -3);
n) A(0,5; 10), B(2; 5); e) A(24; 3), B(3; —24)?

a) Ilnomans npsmoyroasEuKa 60 cm?. Beipasure dopmyJsoii sa-
BHCHMOCTE ero AJuHbl a (cM) or ero mupuus! b (cm). ITocTpoiiTe
rpaduK 9TOH B3aBHCHMOCTH.

6) MartepuaJbHAs TOYKA JBUMKETCHA N0 IPAMOH OoT Touku A 10
ToOuKU B ¢ mocTosHHOH cKopocThio U (M/c). Beipasure dhopmymnoi
3aBHCHMOCTb BPEeMEHU ABMIKeHHuA ¢ (c) OT CKOPOCTH U, ecJu pac-
crosuue AB paBHo 12 M. ITocTpoiiTe rpadukx sToM 3aBUCHMOCTH.
Kakue smaueEna Moryr npuHHUMATE t U U7

B) Bripasurte Gopmysoif 3aBHCHMOCTL KOJHUYECTBA TeTpameil n
OT IeHBI M P. OOHOM TeTpag¥ M CTOMMOCTH S P. BCeX TeTpajueii.
Kaxne 3HaueHUss MoXKeT NIPUHHUMATE 1, ecau § = 120, a m — ne-
Joe umcyo?
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it 2 PR PR T2

podHo-muHeiinan (PyHKIImn

LRz as oe

8.3. DyHkuua y = }; (k+0)

B arom nyHKTe OyaeM paccMaTpPHBATE (DYHKIIHIO

y=12, (1)

rame B — HaHHOe OTJMYHOe OT HyJaa dmciao. ObjacTs eé ompejeseHus
eCTh MHOKECTBO BCEX JeHCTBUTENBbHBIX WHCEN, KPpOMe HYJI.

I'paduxoM QYHKOHM y = — ABIATCA MHOMECTBO TOUEK KOODAH-

o k &
HaTHOH miockocTu xOy ¢ KOOpAUHATAMU (x; ;J, rage x — Jawoboe peticr-

BHTEJLHOE HE paBHOE HYJJI0 YHCJIO. T T i |
I

1 1 9 i
PacemorpuM nBe QYyHKIUU Y = —- U Y = ——. 11|
y=1
OpAUHATEI TOYEK UX I'DA(PUKOB, HMEOUIUX OHY //*~ 1 =
u Ty e abenucey xg # 0, HBnﬂmTizﬂ IIPOTHBO-
NOJOKHBIMHA YHCIAMH: — H ——, II02TOM 2 |1 | ] 9 [ x
P % vy ,___5‘.\ 1 _.O | /T‘_,
TOYKHU rpauKoB 3Tux QYHKIHI cHMMeTpH4- -1 // .
HBbI ?THOCHT&J’IBHO ocu Ox. 'padur QpyHKIUH \! Y=—%—
= pacmomoxxeH B I u III uerBepTax, a rpa- 117}
§ .

buk QyHKIUH Y = =ik o B II u IV ueTBepPTAX 1 Puc. 76
(puc. 76). i i

TouHo Tax e ¥ rpaduku QYHKIHR Y = < 2 U==% rae k — npaH-

HOe OTJIMYHOEe OT HyJAd YHCJIO, CUMMETPHYHBI OTHOCHTEIbHO ocu Ox.
I'padux PYHKIMU Yy = — DPACIOJOKEH B I u III werBeprax npu k>0

1 Bo II u IV uerBeprsix mipu k < 0.

Ha pucysrke 77, a nzo0pakeHbl rpa@uK QyHKIUT Yy = % ny = ~%.
Ha pucynxe 77, 6 uzodparensl rpaduKy QYHKIUHA Y = i—x ny= —11;.
a) Iy [ O [ [ [T
4 1 U NT,=1
i y=-4- G
[ 2
|1 1 ~l , 1
=4 [-2 (0] 1 2 8 4% =1 0 i
K |
—2
A g
' a 1y =
® Puc. 77 r L1111 L1 ]
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Dyurnusa y =~:£ (B # 0) obmamaer ciemyOIIMMU CBOICTBAMM: HA

KaMm/a0M 13 NPOMexyTKOB (—co; 0) u (0; +oo) ona ybniBaer, ecau k > 0,
U Boadpacraer, ecau k < 0; sTa yHKIUA HeuéTHasd; OHA HelpephIBHA HA
KaMJIoM M3 IPOMeXYTKOB (—oco; 0) u (0; +o0).

Tag xak k # 0 x # 0, To y # 0, noaromy runepbosa He HepeceKaeT
HU ogHy u3 oceil Ox u Oy.

k i -
Tak kaxk QYHKIOHUA I = - HeduerHad, To eé rpaQuK CMMMeTPUYeH OT-
HOCHTeJBLHO Hayajia KOOpAMHAT.
k &
I'padur pysrmum y = + [pH k # 0 Takike HA3LIBAIOT THIEPOOJIOH.

IIpu & > O Touku rumnepboss y = ~z~ Haxogarca B I u I1I yerseprax,

a npu £ < 0 — Bo II u IV yerBeprsax. I'oBopsar, uro npu k£ > 0 BeTBU ru-
nepbouel HaxoaAaresa B I u III yerseptsix, a mpu £ < 0 — Bo II u IV uer-
BepTAX.

-
497. a) B xaxux yeTBepTAX pacnonokeH rpadur QyHKIUU: Y = 2?;
y= _ﬁ; y= &.E_).?
x X
6) B xakux geTBepTAX PacHojoKeH rpa@ur QYyHKIUM y = %, opu
k>0? onpu k< 0?
B) OTHOCHTENBHO Yero — Hauajaa KoopAauHAT uiau ocu Oy — CUM-

MeTpudeH rpaduk QYHKIHU y = %?

498. Ilocrpolite rpadur PYHKIIMH:

2, s M - _12
Y ey Q) ===t B) ==t
499, Ilocrpoiite rpaduK QYHKIINHA:
y g 2000 o 8O0 o 01
a y == x ] y = x y y = x L
¥razanue. Breibepute yno6HBIE IJIA IIOCTPOEHUA €IMHHUYHEIE OT-

pesKu.

500. Onpezgenure k gasa runepboIbl Y = %, IIPOXOAAINEH uepes TOUKY:

a) A(-1; 2); 6) B(S; %J;
B) C(1; -1); r) D(-3; 95);

n) E(-6; —4); e) K(-10; 1,2).
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a) | Y [6) yk,
\
7 1
LE 1 —| X =1 |0 | X
< 1
/ \
| \
| | !
B Puc. 78
30
501. IIpunagnexur jgu runepbosue y = —— TouKa:

a) A(5;6); 6) B(-5;6); B) C(-3;10); r) D(-10;-3)?

502. ITpuHaznexar U TouKu A u B 0JHOI U TOii Ke runepboJe y = %,
eCcJIH:
a) A(12; 1), B(-6; —-2); 6) A(2; -2), B(—4; -1);
B) A(2; -b), B(-10; 1); r) A(=3; 5), B(-5; 3)?

503. a) 3ajgaHa QyHKOUA Y = —%. Touxka (6; a) mpuHamIeKUT rpadu-
Ky oroil dyuruuu. Haiinure a.
6) Bamana QYHKIHA Y = % Touxa (b; —4) nTpuBaAJIEXKHUT rpadu-
Ky orou dyuruuu. Haiigure b.
B) Touxa (6; 7) npuHamiIexuT rpadury QYHKIHH Yy = % Haii-
pure k.

504. Ha pucyuke 78 usobpaxéH rpapux QyHKIUH Y = % Haiigute k.

k
505. [foxassieaem. [Joraxure, 4To QyHKIUA Y = ~> rne k%0, apna-
ercsa He4YETHOH.

[8.4. Apo6Ho-nuneriiHas dpyHkuus u eé rpadmx ||

PaccMoTpuM IpUMepHl HOCTPOeHHuA I'padura QYyHKIUH

= + Yo

X = xu
rae k, X9, Yo — AaHHBIE uncna, k # 0.

IIpumep 1. ITocrpoum rpadux GYHKIHH Y = %— 2.

4
CHauana mocTpouM rpaduk pyHKIHUH Y = — 2 3aTeM CABHHEM ero Ha
2 epmHHULLI BHU3 (puc. T9).
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s | [ ] Yy il 1]
\ iy —4 I | x=2
g ARTEE
\ Y =“% i o
LA L
Bl I
1 \ = ""f'f'“"'-? 1 2
-3 o 1 x -3 Ol 1 e
.r ‘ %
-~ y=-2 A
| | | | | B
| '\ él: T I. _4“— ]_'— "‘,
y=4-2Y N ERLE
x _x=2 |
T 0l | .-\ f ! [ 1]
B Puc. 79 M Pwuc. 80
B camom gmerne, eciii A — IpPOMBBOJIBHAS TOYKA rpadukra QyHKINH
Y= & pois B — Touka rpauxa QyHKIHYN [ = % — 2, uMemwnias Ty e abc-
IJ,HGC'Y, TO OpAMHATA TOYKU B Ha 2 MeHbIIe OPAUHATHEI TOUKH A.
IIpumep 2. ITocrpoum rpadpur GyHKIUHN Y= x_—32

-3
CrHauana mocTpouM rpa@ux QYHKIUH Uy = — 7 3aTeM C/ABUHEM ero
Ha 2 epuHHLIE! Bupaso (puc. 80).

B camom geie, eciim A — IMPOUBBOJIBHAS TOUKA Ipadura QyHKIMH

y=—-»2a B — rouka rpaduxka QyHKIuUN y =
|
T

—x=-38

?'.';_II 4

|

= 5 ¢ TOH JKe OpAMHATOH,

7\ | To abciucca Toukn B Ha 2 6oapie abemuc-
| CBI TOUKH A.

|
1

Rio

i
I

o IIpumep 3. ITocrpoum rpadpur (PyHK-
uuu y = - 1.

x+3

= Cuauasia mocrpouM rpadur GyHKIHAH

y= %, 3aTeM CABHHEM ero Ha 3 eIHHHUIILI

BiIeBo U Ha 1 expununy BHU3 (puc. 81).
Yr00n1 mocTpouTs rpadux GyHKIHH

[1= T

Co-D
|
Lo

+y, (B#0), HaKOo mMocTpouTH

\ y"_"
| X — Xy
2__1 _ |

Y x13

I
rpaduK QyHKIMM y = —, 3aTeM cHAyala
B Puc. 81 CABMHYTH IOCTPOEHHBIH Tpadux ma ||
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ay 1y

eMHUI, BIPABO, ecin x>0, n BieBo, ecan x, < 0, morom Ha lyo| enn-
HUI[ BBEpX, ecau Y, >0, u BEM3, ecau Yy, < 0.
+ Y, MOKHO IPUBECTH K BHUAY

OrmeTuM, 4TO (POPMYIY Y =
ax — b

%= %o

DYHKIHIO Y = Lz

x - X

, Tae b +# ac, HA3BIBAIOT ApOOHO-JIHMHEeITHOIH.

=
Orpannuenue b # ac HeoOXOAMMO i TOTO, 4TO0BI UCKJIIOYUTE CIY-
k

waii, KOTZA Y = a JJist BCeX X, KpoMe X = ¢, a i1 QyHKOun y = +Yo»
=%
qrOBEI MCKIIOUNTH cayuait, koraa k= 0.
Ipumep 4. ITocrpoum rpad@ux QyHKIUN Y = a3 -—15-
x —
TIpeobpasyeM ApPOOb:
— e = - | T T 1
g 9 = 8 + 2. | ) "I.": |1 |

x-1 x-1 |

| L
BazaHHyI0 (PYHKINIO MOMHO 3amucaTh B — =2;__15 1/ i —
=i MR o o7 ) I
BUE Y = 1+2. _ 7 ;1| 8 y=2
Crauayia TOCTPOUMM rpadur GyHKIUH = —t14— M"""
3 : -
= = -3 ——
y 974 [ 0 o ol
Yro6p! NOCTPOUTH I'pa@uK (DYyHKIIHA . 7 |
y = x_sl + 2, Hamo CABUHYTH IOCTPOEH- T 3T AT L]
= — y=2
BB rpaduKk Ha 1 eguHHLY BIPaBo M Ha S L {2 |
2 enmEUIB BBepX (puc. 82). | Puc. 82

B

Ilocrpoiite rpaduKr QYHKIHH (506—508):

6 b o, 8 .
506. a)y—;+2, 6)y——x——2, B)y—-x——3,
8 4 —4
r) y = +3; A g=——gb ey y=—_=i
6 -6
}K)y"x—2’ 3)y_x+2
507. a)y=x+1_3; 5)y=x_2+1;
B fm—tgm i) g =B,

x+ 2 x—1
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—-2x + 4 -x+1

508. = ——; = :
8. 2)%Y x+1 6) y x—-3
5) _2x+1, r) _ 3x+2

i = =1t y 242

509. fsigerca s ApobHO-IMHEHHO DYHKIUS:

x—-1 -3x +1 2x — 4
= > e — ?
)y x- 2’ ®y 2x +2° B)Y x -2

ITocrpoiiTe rpaduK Kama0il U3 ITUX QYHKLIMIA.

Hdononnenus k rnase J

1. Mocrpoenue rpadpukos GpyHKLMIL,
COACPIKAULUNX MOZYNHU

B 1. 6.5 npusesenbl IpUMepHI IOCTPOCHUA IPAGHKOB dyHEKIHH, co-
Aepiamux MoAyau. PaccMOTpUM elé HeCKOTBKO NPHMEpOS.

ITpumep 1. Tlocrpoum rpadpuy QyHKIUU y = m

dra QYHKIHA OIpejesieHa IJs Kamaoro x # 0. IIpu x > 0 umeem
|2]|==% HJ—E—lzl. Ilpu x < 0 umeem |x]=—xx%= -1.

B Touke x = 0 pyHruusa ve onpenesena, TMO3TOMY HeT TOYKH rpadu-
Ka ¢ abcmuccoii 0.
CnenoBaTesbHO, PYHKIIMIO MOMKHO 3aIlMCATD U TaK:

_ )1, ecim x > 0,
~ | -1, ecan x < 0.

| x|

I'padpur pysrmum y = o usobpaykén Ha pucynxe 83. Touku, He

OpuHaZJIexanyue rpaguky, n300paskeHbl He3aKPAIIEHHBIMU KDYKKAMIT.

Y ' B A
y =i£‘| P | ;
1 ' HY ==+
- 2
o | 1 X 0 X
e || 2 x|
e | T
L I | |

B Puc. 83 B Puc. 84
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Ilpumep 2. ITocrpoum rpadux QYHKIUHU Yy = l_x_1_|
x —
x2

ompeneseHa IJisi Kamjgoro x # 1.

[ —3]
Ilpu x> 1 umeem |x —1|=x—-1mu

DyHKIHUS [ =

2 _

B =1

| - 1]

x2-1

TIpu x<1HMEEM|x—1|=—x+1H|—-—1|:—x—1
x—

B rouxe x = 1 byHKIuA He OIpeJeNeHa, II03TOMY HET TOYKH rpadu-
ka ¢ abcuuccoit 1.
CnenoBaTenbHO, (DYHKIMIO MOXXHO 3aIIHCAaTh U TakK:
x+1, ecimx>1,
y —x—1, ecott x < 1.

2 —_—
I'padpur GyHEDUN Yy = ;—1 n3o0paeés Ha pucyHke 84.

_1|

IIpumep 3. ITocTpouM B OZHOMH cucTeMe KOOPAWHAT rpapuKu QyHK-

("3

WM 1 1
a) y=lxhy=2|xly=3lxl; 6 y=—|x|;y=—2lx|;y=—§lxl-

a) Kasxpas us Tpéx (QyHKUMII ompeneNeHa JJs BCEX AEHCTBUTENb-
HeIx umces. Ilpu x =20 sty QyHKOuUHM 3ajgarTcsa (QopmyraMu Yy = X,

y=2x m y= 3% cooTBeTcTBeHHO; npu X < 0 ot QyHKIHHN 3a4al0TCH

opmynamMu y = —x, y=-2x 1y = —%x COOTBETCTBEHHO. 'padMKH 3THUX

Gysxnuil n3o0paxeHbl HA PHCYHKE 85, a.
6) Kampas us Tpéx (QYyHKIUH OlpejeseHa IJsa Bcex JelcTBUTEb-
HEIX umces. Ilpu x = 0 sru QyHKOUHM 3amarnTca (dopMynamMu Y = —X,

y=-2xuy= ——é—x COOTBeTCTBEeHHO; Ipu x < 0 aru GyHKIUU 3a]al0TCHA

1
dbopmynaMu Yy =%, Yy=2x U Yy = 5% cooTBeTCTBEHHO. I'paduKH 3THX

dyHKIUt nsobparkeHsl Ha puUcyHke 83, 0.

= i 6 ]
) y= 21 y y‘=||xl ) y
=2 o] | 2
2 =1 = i
P e SN Ny = -
-2 |0 2 x R / | l |
@ Puc. 85 I EEE y=—20] y=—1



180

a) y [ T o [¥ B) [v
/1 I\
I N 1,7
,_/ ] 3 A I
L b .
® Puc. 86 Ol 1 P | 10] 1 |% o]l 1 [x

Ormerum cirefyiojee OUeBHAHOE YTBEPIKAECHUE.

Jlyuu, cocraBasomue rpaQuk QyHKIIHT y=Fk|x|, obpasyor:

1) npu k=1 — npsmoit yron (puc. 86, a);

2) npu k> 1 — ocrpeiii yroa (puc. 86, 6);

3) mpu 0 <k <1 — rymnoit yron (puc. 86, 8).

C moMoIbIO mapasIesIbHBIX HEPEHOCOB MOKHO TOCTPOUTH Ipadik
dyuxuun y==~k|x - x| +y,, roe & # 0.

ITpumep 4. Ilocrpoum rpaduk QpyEkmum y = 2|x+ 2| — 2.

1) Cuavana mocrpoum rpadur GyHKIUM iy = 2| x|, mepenecém ero Ha
2 eIMHUIIEI BJIEBO, IIOJIYYUM rpadur QYHKIME y = 2 |x+ 2] (puc. 87, a).

2) Ilorom mepeHecéM rpaduk QyHKIuU y = 2|x+ 2| ma 2 eIMHUI[BI
BHUS, NoJayuuM rpadux ¢pysxmuu y = 2|x+ 2| — 2 (puc. 87, 0).

[a) ] % L8 T T[]
I yA y=2Ix+2/ky
NNV N\ /]
\T\ //2 . \\ /
y=2ix+21\/ [\/ 2™ \ 2 2
] | Tol 1 x : /0] 1 x
® Puc.87 L | | i \y=2lx+21-2

Ilpumep 5. Ilocrpoum rpadux pyErumum y =[x — 1|+ |x + 1|.

Beipaxenus x — 1 u x + 1, crosiue mos 3HAKOM MOZYJIA, obpaa-
I0TCA B HyJb B TouKax 1 m —1 coorsercrBeHHO. PaceMoTpuM paHHYIO
(YHKIMIO HA YHCJIOBBIX IPOMeXKyTKax (—oo; —1), [-1; 1] u (1; +00).

a) yh [ 0 |y 1 B) 1'\ yh
/ |
/ ’ L
/ '- . )
| A
1 Tot— ¢ -
0| 1 3 o 1| T [o[1 %

H Puc. 88 I 0 i g |
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A B 32 AT b TR T S

IIpu x > 1 umeem [ T | [ | ||
|x-1|+|x+1|=x-1+x+1=2x.

T'padbux dysKmuyu y = 2x npu x > 1 n300pakex
Ha pucynke 88, a.
IIpu -1 € x < 1 umeem

lx—1|+|x+1ll=—2x+1+x+1=2 b
I'padpur Qysxnuu y =2 mpu —1 < x <1 uso- O| 1 x
GpaxéH Ha pucyHke 88, 0. |

IIpn x < -1 umeem u Puc. 89

lx-1|+|x+1|=-x+1—-x-1=-2x.
I'pabur QYHKOUH Y = —2X OPH X < -1 usobpakén Ha pucyHke 88, 6.
Tpadux dyaxnuu y = |x — 1|+ [x + 1] Ha sceit ocu Ox usobpaskex
Ha pucyuke 89.

Ipumep 6. Iocrpoum rpaduk dysxmun y = [|x| - 2/.

Crauana mocrpouM rpaduk ¢ysxnun y = |x| - 2 (puc. 90, a). Ilpn
x> 2 n x < -2 umeeM |x| - 2= 0, mosromy ||x| - 2|=|x|- 2.

10 03HAUAET, UTO TIPK X > 2 1 x < —2 rpadux dyuxmma y = || x| - 2|
cosnanaer ¢ rpaduxoM QpyHxnun y = |x| - 2.

Ipu -2 < x < 2 sHauenus QYHKIUK y = |x| — 2 OTPHIATENHHEL,
a byrnua y = || x| — 2| npuHEMAaeT IPOTUBONIOIOMKHBIE UM MOJOIKUTE b
HbIe sHAueHud. I10aTOMY 4YacTh rpaduka, PacloJOKeHHYH Ha PHCYH-
ke 90, a mmxe ocu Ox, HaZO CUMMETPUYHO OTPASUTH OTHOCHUTENHHO

ocu Ox.
Tpadux byuxnuu y = || x| — 2| nsobpamén Ha pucynxe 90, 0.
Ins mocrpoeHus rpapuxa QYHKIUK Y = |f(x)| samo yuects, uTO

f (%), eciu f(x) > 0,
f(x)=4-F(x), ecnn f(x) <0,
0, ecanu f(x)= 0.
IMoaToMy IpH NOCTPOEHHM rpaduKa QYHKIUN Y = |7(x)| mamo co-

XpaHUTh TOYKM rpabuxa QYHKIUU y = f(x), KoTopBIe JeXaT BBIIIe
oou Ox WM Ha Heit, a Touku rpabuxa GyHknum y = f(x), KoTopbie

CEEEEN EEEEE RO EERRE R
| y =lxl-2 y =lxi-2|
N ' | H
N . o
O| 1 x o 1 x|
e ~21— -
B Puc. 90 | || - | ] |




182

H Puc. 21

g

\
y = f(x) ¥ y =If(x)l

| "y

\

N

x < :

JIeKAT HHIKe OCH O.‘JC, CHMMETPHYHO OTPa3HuTh OTHOCHTeAbHO ocu Ox

Ipumep 7. Ilocrpoum rpadpur GyHKIUH y = }-f; -1 ’

(puc. 91).

IEEEE
'\ y =12 -1
2 1
_ﬂ__,_..-“'

Ol 1 2 T—lx

_2

| :—-—-1

22N

H Puc. 92

Cravana mocTrpoum rpadur QyHKIIHH
ek 3arem nepeHecéM ero Ha 1 egmHHIY

BHU3. Ilonyuum rpaduk Gysrmuu y = %— 1

(uépras nuHus Ha pucyHke 92). Coxpanum
Té TOYKH IOJY4YEeHHOro rpaduka, KOTOpBIe
Jexar Beiille ocu Ox uiau Ha ocu Ox, a TOUKH
rpaduka, KOTopble JeKaT Huke ocu Ox, oT-
pasuM CHMMETPHYHO OTHOCHTEJILHO ocu Ox.

Ilonyuum rpaduk GyHKOIUK y = ’ % — 1| (uBer-

Has JUHUA Ha pucyHkre 92).

IIpumep 8. Ilocrpoum rpapuk GyHrnuum y = x2 — 2| x|.
3aMeTHM, YTO M U3MEHEeHUN 3HAKA apryMeHTa X HA [POTHBOIO-
JIOKHBIM QYHKIINA He U3MeHsleT 3HAUEHUd, TaK KakK

(—x)? - 2|-x| = x2 - 2|x]|.

o Puc. 93

a) vi | 6) A

8 ; 8 ;

/ \ /

/ \ /

U/ \ /
8 [PZ o2t Dl \ 2 It
ey = e —2xl
1 x>0 \ 1-6=—-y 1 1
l
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910 ogHauaer, uTo GyHKIud y = x2 — 2| x| aBnsercs yérHol, €€ rpa-
dux cuMMeTpuueH oTHOcHTenpHO ocu Oy.

Crauasa moctponM rpaduk Gysxnuu y = x> — 2| x| gma x > 0. B atom
cayuae GyExmuio y = x2— 2|x| MoHO 3ammcaTb B BUAE Y = x? — 2x.

-b _ 2
Bepmuaa napabousl y = x? — 2x umeer abenucey x, = rra 1, BeTBH
a

napaGoJel HATPABJIEHB! BBEPX, Tak Kak @ = 1 > 0. Ock cuMMeTpuu napa-
Gosabl — mpamas x = 1. OnpefenuM KOOpAUHATEI HECKOJIBKHUX TOYeK Ipa-
dbuxa.

x 0 1 2 3 4

y 0 = 0 3 8

I'pabuk bysKUHM y = X2 — 2|x| pna x > 0 usobpaxéH HA PHUCYH-
ke 93, a. Teneps OTPasUM IIOJNYYEHHBIH rpad@uK oTHOCHTENbHO ocu Oy
¥ IOJYYHMM MCKOMBIHA rpadux (puc. 93, 0).

B
TlocrpoiiTe rpabur Qpyuaxmuu (510—514):
510. a) y = 2|x|; 6) y=3|x|; B) y=-2|x;
R =Ll -
r)y=-8lx Wy=3lxl e y=-zlxl
1, ecmiu x > 0,

6) y =10, ecoin x = 0,
-1, ecan x < 0.

>0,
511. a) y={x+2,ecnnx 0

2, ecan x < 0

512. a) y=|x|+ x; 6) y=|x|- x;
B) y=x-|x|; r) y=|x—-2[+|x+2;
R y=|x|-38}; e) y=|llx|-2|-1];
) y=x%-6|x|; 3) y=x2—4|x|;
n) y=x2~-2|x|-1; K) y=x2+2|x|-1;
) y=|x2—4x+3|; M) y=|x2-2|x||;
H) y=|x?—4|x||; 0) y=|x?-2[x|-1};

o) y=|x2+2[x|-1|

i g & |2 ag: N sl T

513. a) y =~ - 25 ﬁ)y—‘x 2‘, B) =72
4 -6 6

P)y=|m-2‘; m Y= e) y = x—2"
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-6

}K)y=r_§|_—2; 3)y=‘|—;|_—2’, )y=—_1—2,
_ 2 _ols :L_ i 2 X
K) y= =1 2‘, a) y -1 2; M) Y 2-1 2’.
_x-1 _|x=1 _lx]-1
21 a)y—x+1, o) ¥i= x+1/ )y”]xl-#l’
= ||l =11, = _lx-2[
DV |EEf PYSop r= g
i e x? -4 5 =|x+3|_ i 44— x?
b |x + 2|’ ¥="F 9! y_l.x—2|’
+1 1
R)y=%; ﬂ)y=‘{x}—§‘-

\ 2. YpasHeHWe MpsiMoii, ypaa'nem@ge oxpymyacnﬂ

Paccmorpum QyHKnuIo y = 2x u JoKaKkeM, 4TO eé rpadHK ecTh nps-
Mas l, IpoxXopslas Yepes Havyaslo KoopauHaT u Touxy B(1; 2).

1) Ha pucysnxe 94, a ormeuena Touka A (x; y) npamMoi [, nMeromas
IOJIOHHUTENbHYIO abcuucey x.

IIposeném uepes Toukum A u B npsamble, mapajieibHbIe O0CH Oy,
ouu mepecekyT ock Ox B Toukax A; u B;. Imeem OB, =1, BB, = 2,
OA,=x, AA, =y.

Tpeyronsuuxku OBB; u OAA, npsiMOyronbHble, OHM HUMEIOT OOLIHiL
yros BOB;, 7. e. H0oA06HEI 110 ABYM yIJIaM; HX COOTBETCTBYIOIINE KaTe-
Thl IPOIOPIIMOHANBHEL:

A4, 04 i %
BB, 0B, "% 2771
a) Y l ,! ‘| ! 6) Y 1
/’3 {A(x;y} I/
/A 2T /Basa) ]
9 1 N/
B(1;2) /
M’ i A :
/ E -L | fO| By| |*
= / B] A x Loy ;/
B Puc. 94 ANN | AV
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oTkyza y = 2x. CnenoBarenbHo, TOYKa A eCcTh ToUuKa rpad@ura QyHKIUK
y=2x.

2) Ha pucysre 94, 6 va npsamoi [ ormeueHa Touka A (x; y), ¥ KOTO-
poii x < 0. Ho Torga y Heé u y < 0, 1 nostoMmy

OBI = 1, BB] = 2, OA.] =-X, AA] =-l.

Tpeyroasauxu OBB; 1 OA A, UpAMOyroabHbIe, OHU UMEIOT PAaBHEIE
yrisl BOB; 1 AOA,; (BepTUKaJbHEIE)., OTH TPEYrOJbBHUKH MONOOHEI IO
JBYM yIJiaM, UX COOTBETCTBYIOII[HE KATEThl HPOIOPIHOHAIBHEI!

AA; L IOHR; dgis’

S P 8

BB, OB/ 2 1’

OTKyYIa I = 2X.

CrnemoBarenbHO, TOYKa A sSABJsgeTcA TOUKOH rpadura (QyHKIHNR
y = 2x.

3) Ecnu y touxu A (x; y) abecumcca x =0, To Touka A ecTsr Ha-
yajao roopauHart u eé€ opamuara y = 0. Ho rmorma y = 2x, moromMy dUTO
0=2-0.

Wrak, mokasaHo, 4TO ecau Touka A (x; y) JeRuT Ha upsamoii [, To eé
opauHAaTa y paBHa 2x.

O6partHo: npu JI000M 3aJaHHOM X TOY-

Ka A (x; 2x) nexxut Ha npamMoit l. 9To oueBHI- Y

HO, IIOTOMY YTO Ha IPsAMOMH [ eCTh eHHCTBEH- ! M(a; y)

Has TouKa A (x, y) c saganHOi afcuuccoit x. J :

Y oToM TOUKH, Kak OBIJIO JOKA3aHO BEIIIE,
y=2x.

HUrak, [ ecrs rpadpur (GyHKRIUHH Yy = 2X. 1

AHaNOrMYHO MOKHO IIOKA3aTh, YTO I'pa- A(a; 0)
tbukom dyuErnun y = kx ABIAeTCcA IIpAMasd, =8 e
IIPOXOAALIaA Yeped Hauajo KOOPDAUHAT U TOY-
Ky B(1; k).

Ha wxoopaumarHoin miaockoctu xOy pac-
CMOTPUM NpaAMyi0 [, mapanmenbHyio ocu Oy  §l Puc. 95
u mnpoxonsfinyio uyepea Toury A(a; 0), rume
a — nausoe uuciao (puc. 95).

JIro6asa Touxka M npamoit [ umeer abeuucey @, T. €. VIOBIETBOPSET
YPaBHEHHIO X = Q.

Ob6paTHO, NioGasg Touka M, YIOBIETBOPAIOIIAA YPaBHEHHIO X = 4,
umeeT abcuucey @, T. €. IPUHAAJIEINKUT NpAMO [,

CnemoBaTenbHO, IpaAMada [ 3ajaércss ypaBHEHHEM X = d.

JoraxeM Tenepsb, YTO ypaBHEHUE

ax+by+c=0, (1)

rie a u b He paBHBI HyJI0 ogHOBpeMeHHO (a? + b2 # 0), sagaér Ha KOOp-
AMHATHOHN miaockocTu xOy HEKOTOPYIO NPAMYIO.
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B camom pgene, ecaun b # 0, To ypaBHeHHe (1) MOXKHO Hepenucarshb

B BHe

a C
= e—— — 2
y eyl (2)

Kax 65110 mokasaso B 1. 6.3, rpaduxom pyHKINHE, 3aXaHHOH ypaB-
. o a
HenueMm (2), ABIAeTCA HpAMasA | yrJIoBoii KoahdHUIIMEHT KOTOPOI g
w L
oHa mepecekaer ock Oy B TOYKe C OpOUHATOMH =%

Ecau e b =0, To ypaBuenue (1) MOXKHO 3ammcaTh B BUJE
ax+c¢=0,
Tak xak a? + b? = 0, To us yenosua b = 0 cnexyer, uro a # 0. Torna
ypaBHeHne (1) MOXKHO IepenHcaTh B BHIE
C

x=-=,
a

9ro ypaBHeHHe 3amaér MpAMYI0, napanienbHyio ocu Oy U mepece-
w C
Kaomyo ock Ox B Touke ¢ abeuuccoit =

Takum oﬁpasom, MoKasaHo, 4To Jiboe YpaBHeHUEe BHIA

[§
ax + by +c=0 (a®+ b2 #0)
3a7a6T Ha KOOPAMHATHOHN TockocTH xOy HEKOTOPYIO HPAMYIO.
Mo:xHO AOKasaTh obpaTHOe, UTO JioGasdg mpaMad, PacHoJOoKeHHAasd
Ha KOoOpAuHATHOHN mrockocetH xOy, samaérca ypaBHeHHMEeM BHIA

ax+by+c=0.

Iloka»keM Temepb, UYTO OKPYKHOCTH paguyca R ¢ nerarpom A (a; b)
HA KOOpAMHATHONI mmockocTu xOy 3amaércs ypaBHEeHUEM

(x — a)’ + (y — b)?> = R% 3)

IIycrs maHa oKpy:xHOCTh pamuyca R ¢ mentpom A (a; b). BoasMmém
Ha OKpysKHocTH TOouKy M (x; Y).

U3 Kypca reoMeTpUU M3BECTHO, YTO PACCTOSAHUE MEMAY TOUKaAMHU A
u M Berumcasercs 1o dopmyJie

AM = AJ(x - a)® + @y - b)?.
KBazpar 2Toro paccTosiHus paBeH KBaJpaTy pajuyca OKPYKHOCTH:
(x = a)® + (y — b)? = R

Tak xax M — TPOU3BOJBHAA TOUKA OKPYIKHOCTH, TO PABEHCTBO (3)
BBIIIOJIHAETCA OJasi 1060 TOUKH OKPYXHOCTH.

MosxHO moxasaThk obparmoe: Jiioboe ypaBHeHume Buja (3) Ha Koop-
nuHaTHON mockocTu xOy 3amaéT OKPYsKHOCTE pamuyca R ¢ menTpom
A (a; b).
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BrimensnosxkeHHOE MOXKHO ¢()OPMYJIHPOBATE MHBIMH CIOBAMH,

Ha xooppuuatTHO# niockocTn xOy:

1. MHOKecTBO BCeX TOUYEK, KOODPJAHHATH KOTOPBIX YAOBJIETBODSIOT
ypasHeHuo (1), coBmajgaer ¢ MHOKECTBOM BCeX TOUEK HEKOTOPOI IPAMOIi,

2. MBHOKeCTBO BCE€X TOUEK, KOOPAHMHATHEI KOTODPBIX YIOBJETBOPAIOT
ypaBHeHUio (3), COBIAZAET C MHOYKECTBOM BCEX TOUEK OKDPYKHOCTH pa-
nuyca R ¢ nmerarpom A (a; b).

ITosTOMY TOBOPSAT:
ypasHenue ax + by + ¢ =0 (a? + b% #0) ecTtb ypaBHeHHEe NPAMOIL;

ypasuenue (x — @)’ + (y — b)?> = R? (R > 0) ecrs ypaBHeHHE OKDPYHHOCTH.

E

515. Hanumure ypaBHEeHHE NPAMON, OPOXOAAINIEH dyepes TOUKHU:
a) A(2; 3) u B(4; 5);

6) D(5; 0) u B(0; 10);
B) A(3; 0) u B(3; 5).

516. Hanummure ypaBHeHHe NpPAMOM, BCe TOUYKHM KOTOPOH OZMHAKOBO
yIOaleHbl OT TOYEK:

a) A(2; 3) u B(4; 5); 6) A(6; 0) u B(0; 3).

517. [Joxassiogem. a) oxaxure, 4To rpapuKoM QPyHKIHNU y = kx Ha
KOOPAMHATHOHN ImuockocTH xOy ABJIgeTCA IpsaMad, IPOXOHAIIas
yeped Touxku O(0; 0) u B(1; k).

0) Hokaxure, uro jgmobas npaMas HA KOOPAMHATHOH IIJIOCKOCTH
xOy 3apmaérca ypasHeHueM ax + by + ¢ = 0 (a® + b2 = 0).

518. Hanumure ypaBHeHUEe OKPYKHOCTH paauyca R ¢ menTpom A:

a) A(3;5), R=4; ©0) A0;6), R=5; B) A(3;4), R=5.
IIpoxomuT gy 9aTa OKPY/KHOCTD Uepes HauyaJo KOOPAUHAT?
519. IlocrpoiiTe rpadur GYHKIMHU:

8 I =il d— s 6) y = /38— x2 — 2x;

B) y = +4-x% +1; r)y=48-x%2-2x-1;
) y=+9—-x%; e) y = —/9—x2,

520. Mcenepyem. Hanumunure ypaBHeHUE IIPAMOil, IPOXoAAIlell yuepes
ase pasnuusble Touku A (x;; y,) 1 B (%, Ya)-

521. Mwem mHbopmaymio. Henonbdys yuyeOHHK, CIIPABOYHYIO JIH-
TepaTtypy u HMuTepHeT, HalifuTe reoMeTpUUecKHe HM300paIyKeHus
MHOXKECTBa PpeIIeHHi CcJeAVIOIIMX ypaBHeHuii BTOPOIl CTeleHH
C ABYMs HEM3BECTHBIMM:

2
a) x24yt=1; ) x2+yz=1; B) x2+ y2=0;

r) x2—=yt=1; o) x2-y2=0; e) x —y>=0;
®) (x-y)P=1; 3) (x —y)?=0; n) (x-y@P=-1.
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| 3. Uctopuueckmne ceepeHms |

Cgoiicrea mapaboiibl, KOTOPbIe MBI M3yda-
JH B 3TOH raaBe, 3Hax emié Apxumen (287—
212 rr. Zo H. 3.) — BeIMUYANIIHN MaTeMaTHK
n mexanuk [Ipesneit I'perm. OH mpuUMeHAT
napaboJyiy IIpH pelIeHHH pfAfa OPaKTHUIeCKHX
3a/1a4 B CYJOXOJ[CTBE 1 BOEHHOM JeJIe.

Apxumeny, HanpuMep, TOHAZOOUIOCH BbI-
YHCJIUTH IJIOIAaAb (hUryphbl, OTPAHNYEHHOH Ia-
paboioit ¥ HexoTOpOil eé xopmoit (puc. 96, a).
Meton, KOTOPBIH OH NIPHMEHAJ IIPH 3TOM, BIIO-
ciaencTBUM yepeld 2 ThIC. JIET JaJl OCHOBAHUE AT
pasBUTHS BAXXHOH MaTeMaTHUeCKOH HayKH —
audepeHIINaIbHOIO U MHTEIPAJIbHOTO MCUHC-
JeHMs.

Apxumen sHaJ, YTO Ha ocH napabosibl UMe-
eTcs 3aMeuyaTe/ibHAA TOYKA, HasbiBaeMas @o-
Kycom napaboavl, xoropad obagaer TeM CBOIi-
CTBOM, UYTO €CJM B Heé IIOMEeCTHTH HCTOYHHEK
cBera, TO JY4YH €ro, najzaimlnue Ha napabony,
KOTOpYI0O OyZeM CUMTATh 3€PKAalIOM, IIOCJe OTPa)KeHHA OT Hero obpa-
3YIOT NYYOK NPAMBIX, YXOAAIIMX B OECKOHEYHOCTH IapaJjielbHO OCH
napabonel. Ecaum ke cuMTaTh, YTO IYYOK Jyded, IapaljiejbHBIX OCH
napabosbl, HampuMep HAYIINX OT COJHIA, IajgaeT Ha Heé, TO OKa-
JKeTcs, YTO BCe OTPaKEHHBIe Jyuu nepecekyrcsa B doryce (puc. 96, 0).
DTUM MOXKHO BOCIOJBL30BATLCS HA NPAKTHUKE IJA TOro, 4TOOBI CO3ZAThH
B (Q)OKyce BBICOKYIO TeMmueparypy. CylnecTByeT JiereHga O TOM, YTO
Apxumeq CoKEr HENPUATEJbCKMII (DJIOT IpH IOMOIIM 3a’KHIaTeJIbHBIX
3epraJ.

Ha rtaxom ke sd@derTe OCHOBAH IPUHIUN AeHCTBHA «runepbo-
nouna uHxxeHepa ['apuna» B oqgHouménnoMm pomane A. H. Toscroro. Cue-
IyeT TOJBLKO 3aMeTHTh, UTO Ha CaMOM Jeje NpUbOp aTOT NOJIKeH Ha3bI-
BaTheA mapabosiongoM, TaK KaK TOJLKO mapaboJa obrazaeT yKasaHHBIM
CBOMCTBOM, a y runepf0oJbl TaKOT0 CBOHCTBA HET.

Apxuned

a) 0)

M Puc. 96
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Uraneasckuit yuénrnni I, Tanuineit (1564 —
1642), usyuas cBoGomHOe NafeHHe Tej, IIpPH-
IIEJ K BEIBOAY, YTO CHpPABEIJIUB CJIeAYIOIIHIT
usnueckuit 3akoH. Ilagaoniasa Ha 3eMJIIO Ma-
TepuaJbHasA TOUKA! JBUIKETCH 10 3aKOHY

gl %gtz (t>0, g=~9,81), (1)

roe § — nOyTh (M), NIPOHAEeHHBII TOUKOII 3a Bpe-
MA nagesud t (¢), £ — ycxropenue cBobOZHOIO
nageaus (m/c?).

®dyaxnus (1) ecTs YaCTHBIN caydail HyHK-

oMU § = at® npm a = g, paccMaTpuBaeMoil Ha

MHOMECTBe HeoTpunareabHbix t. Eé rpadux
usobpaskén Ha pucyHke 97,

ITonsaysice dopmynoii (1), MOMHO BBIYLC-
JUTE NYTh S, OPOHAEHHBLIN TOUKOH 3a HaHHOE
BpeMd .

I'. T'anuaeil

Taxxe MmoxHO0 1o gapaomy § 2 0 onpenenuTs t o popmynet =

2s
/g.

IToapaysck rpaduxom (cm. puc. 97), MOKHO OnIpesenuTs § MO I

u ¢t no s 6e3 BEIYMCJIIEHUH.

Ecnn Touka majaia ¢ BelcoTel H 1 gocTuria semuu 3a Bpems T', To

H=1gr?2 w 7= 22,
2 g

Bamevanue. IIpu moab3oBaHuu rpaduroM, H300paxKEHHBIM Ha PH-
cyuxe 97, 65110 051 OIIMOKOM IYMAaTh, YTO TOUKA ABUMKETCH 110 rpaduKy.
Hano cunurars, 4To Touka ABmxercs mo ocu Os. I'paduk nomoraer ys3HaThb,
roe Ha ocu Os oHA HAXOJHUTCA B KA KABIM JaHHBIM MOMEHT BDEMEHH t.

Bakon lanunnes mospBoaua (PU3MKaAM pelIaTe M Apyrue 3azadyu Ha
IBH)KEeHHUe TeJ B IOJie 3eMHOro npuraykeHud. IIpuBeném npumep.

IIycte B Touxke (O TOBEPXHOCTH 3eMIIH
ITPOM3OIIEN BBICTPEJ U3 BUHTOBKHU BBepx. Ilynsa
BBLIETENA M3 OyjJa BHHTOBKH B MOMEHT Bpe-
mesH £ = 0 co ckopocreio 800 m/c. Byzem cun-
TaTh, 4TO IYJdA ABUMKeTcA B 6e3BO3AYIIHOM IIPO-
CTpaHCTBE, a YCKOpeHHe CBOOOJHOro NajeHusd
npubmmxénno pasuo 10 m/c?. HampaBum us
rouku O KoopauHaTHY0 ock Os BBepx. Torzaa 3a-
KOH JBHMKEHUSA IYJU BeIpaxkaerca QyHKIUeH

s = 800t — 5¢2, (2)
roe s — KoopauHarta nyaum (M), ¢ — Bpema (c).

! TIpennonaraercs;, uto Tejo majgaer B 6e3Bos-
AVIIHOM npocTpancrse. s peajbHOT0 NAafaloiiero
Tesia Haflo elllé YUUTLIBATh COIIPOTHUBICHHE BO3ayXa.




190

sh HeiicTBATENBEHO, ecay OBl CHUJIBI 3€MHOTO
32000 MPUTSKEeHUA He ObLIO, TO IIyJs JieTeja Obl
BBEepPX PABHOMEPHO C COODIIEHHON eil CKOpo-
CTBIO U 3aKOH eé ABMKeHHudA 661 661 s = 800¢.
s Ho 6uiarogaps seMHOMY NIPUTSMXKEHUIO, JEHCT-
BYIOLIEMY BHH3, B IPaB0Oiif yacTu paBeHCcTBA (2)

gt

IOABJAETCA BTOPOI uYJeH =~ 5t2, B3ATHIH

ol t 80 160 ¢

B Puc. 98 CO 3HAKOM «MHHYC». B peanbHOl o6cTranoBKe
Hazo Ob1JIO Ob1 YUUTHIBATE €1IE CONIPOTUBIIEHNE
BO3JyXa.
Tax xax

800t — 5¢2 = —5(t2 — 160t) = -5 (t2 — 2 - 80t + 802) + 32 000 =
= —5(¢ — 80)2 + 32 000,

To (pyHKIHIO (2) MOJKHO 3allBcaThL B BHIE
s =-5(t — 80)% + 32 000.

Breaém mpaAMoyroasHyoo cuctemy xoopzuuat tOs (puc. 98).

B neill rpahuKOM ABMIKEHUA IIYJIN SBJIAETCA YACTh HNapaboJbl, IOJIy-
YEeHHOU MapaJlIeIbHBIM IepeHoCcoM mapabonsl y = —5t2, IpU KOTOpOM eé
BepmnHa ecThk Touka (80; 32 000).

W3 npuBenénnoro Ha pucyake 98 rpadguxa BUAHO, YTO IIPHU BO3pAac-
raguu ¢t ot 0 1o 80 paccTosHUe § YA O HOBEPXHOCTH 3€MJIIH YBEJIHYH-
Baerca or 0 o 32 000 m (32 xm), 3arem Ha oTpe3ke Bpemenu [80; 160]
paccTosHHe IMYJU A0 3eMJIM YMEeHBIIaeTcsd, H B MOMEHT BpemeHuU t = 160
IyJAA CHOBA OOCTHIAeT 3eMJIH.

i

522. Mccnepyem. a) BeisicHHTE, C KaKOW CKODPOCTHIO JOJIXKHA BhILIe-

TeTh MYyJA U3 BUHTOBKH BBEPX, 4TOOBI yIaCcTh Ha 3eMJII0 npubian-
3UTEJbHO Yepe3 2 MHH.
6) Crpena, BRIIYHIEHHAd U3 JIYKA BEPTHKAJILHO BBEPX, MOAHA-
nmack Ha 39 M. Uepe3 Kakoe BpeMs OHA AOCTHrHeT HauboJIbIieil
BBICOTHEI moabseémMa? Yepea Kakoe BpeMs CTPeJa yIaAér HA 3eMJI0?
OrmnpeseTuTe HAYAJILHYIO CKOPOCTh CTPEJIBI.

523. Nwem nudopmaumio. VMcrnonbsys yueOHUK, CIPABOUHYIO JIUTE-
parypy u HMHTepHeT, IOATOTOBETE COOOIIEHME O BKJIAJAE B HAYKY
Apxumena.



Mpy U3y4eHn rnassl 4 Bam NPeAcTOMT OCBOUTL CNocobbl pelueHus
CUCTEM PaLVOHanNbHBLIX YPaBHEHWUIA, HAy4YUTLCA NPUMEHATL WX K pe-
LeHWI0 TEeKCTOBLIX 3agady, OCBOUTb rpaduyeckuii cnocob pelleHus
CUCTEM U YpaBHEHWI. YMEHWE peLuaTb CUCTEeMbI YPaBHEHN noTpeby-
€eTCs BaM W B CTapLUMX Knaccax.

@%%eCHCTeMM PALMOHGCNDbHbI X
YPUOBHEHMUMN

[@D‘!, MonaTue cucrembl PUALMOHAMNbHLIX YPOBHEHUMA |

YpaBHeHue, 006e HACTH KOTOPOTO €CTh PalMOHAJLHLIE BhIpayke-
HUSA OTHOCHUTEJBHO X W Y, HA3HIBAIOT PANHOHAJBHBIM ypaBHEHHEM
¢ ABYMs HeM3BECTHBIMH X H Y.

Bor npuMepsl pAlMOHANLHBIX VPABHEHHH C ABYMS HEH3BECTHDI-
MH X B Y:

2x+y—-4=0, (1)

2x2-38x+y—-x+1=0, (2)
1Y P

;mS gt 3)

Ilapy umcen (x,; ;) HasblBAIOT pelleHNeM YPaBHEHHS € ABYMSI
HEH3BECTHBIMH X H Y, €CJIX 9TH YHCJa YI0BJIETBOPAIOT 9TOMY YpaBHe-
HUIO, T. €. eCJIH IIPH IIOJCTAaHOBKE X, BMECTO X W Y, BMECTO I 3TO
ypaBHeHUE IIpeBpaljaeTcad B BEPHOE YUCJIOBOE PaBEeHCTBO.

Hanpuwmep, napa uncen (2; 0) ects peitreHme ypaBHenus (1),
napa uguce (0; —1) ecTs pemenue ypapHenusa (2), mapa uucea (-1; 1)
ecTh pelleHue ypaBHeHUs (3).

YpaBHeHHe, o0e YacTH KOTOPOTO €CTh PAIIMOHAJIBHBIE BBIpase-
HHASA OTHOCHUTEJBHO X, J U 2, HA3BIBAIOT PAl{HOHAJIBHEIM ypPaBHEHHEM
¢ TpeMs HeM3BEeCTHBIMHU X, Y U 2.
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BoT npuMephl panuoHaJbHBIX YPABHEHHUN ¢ TpeMd HEH3BECTHBIMH
X,y u 2:

3x-6y+z2-6=0, (4)
Tx2+bxy—-22+yz—x+2+y—-3=0, (5)
ol 420 iy, (6)

X —2 X+ 2

Tpoiiky umcern (Xg; Yo; 2p) HA3LIBAIOT pellleHHEeM ypaBHEHMS C Tpe-
M#A HENM3BECTHBIMH X, J M 2, eClIHM 3TH UHCJa YAOBIETBOPAKIT 3TOMY
YpaBHEHHWIO, T. €. ecJy NIpH IOACTAHOBKE X, BMECTO X, Y, BMECTO
Y, 2o BMECTO 2 3TO ypaBHEHMUE IIpeBpalllaeTcsa B BEPHOE YMCJIOBOe paBeH-
CTRBO.

Hanpumep, Tpoiika umcen (2; —1; —6) ecTs pemenue ypaBHeHud (4),
rpoitka uuces (0; 3; 0) ecTs pemrerue ypaBHeHHA (D), TPOWKa YHCeN
(0; 1; 1) ects peitenuie ypasHeHuda (6),

AHaJOru4yHO OIpefesseTcad DPaIHOHAJNLHOe ypPaBHEHHEe C 11 Heus-
BECTHBIMH H Ero pelleHue.

Bce ciaraeMble paliioOHAJIBHBIX BhIDAMKEHUII, HaxoAAmHeca B obeux
yacTAX YpaBHeHUs, HA3LIBAIOT YJIeHaMH 3TOT0 ypaBHEHHH.

PanuoHajibHOE YPaBHEHHE, JieBas YacTh KOTOPOTO eCTh MHOTOUJIEeH
mepBoil CcTemeHU, a mpaBas — HYJb, Ha3bIBAIOT €llI€ ypaBHeHHEM Iep-
BOI CTENeHM.

Hanpumep, ypasHenue (1) ecTs ypaBHEHUE II€PBOH CTEIIEHHU C JBYMSA
HEU3BECTHBIMU X U Y, ypaBHeHue (4) ecTb ypaBHEHHE IIePBOIH CTeIeHH
¢ TpeMs HeHM3BECTHBIMHU X, Y U 2.

PanunoHa/JlbHOEe YpaBHeHHUE, JieBasd YaCTh KOTOPOI'O €CTh MHOI'OYJIEH
BTOpOI cTenmeHu, a IpaBas — HYyJb, Ha3BIBAIOT ypaBHEeHHEM BTOPOI cTe-
IeHH.

Hanpumep, ypaBHeHnue (2) ecTh ypaBHeHHE BTOPOM CTENEHU C ABYMHA
HEeU3BECTHBIMU X U Y, ypaBHeHue (5) ecTh ypaBHEHHEe BTODOIl CTeleHH
¢ TpeMs HEeHM3BEeCTHBIMH X, Y U 2.

PanunonaibpHoe ypaBHeHHe, JieBasd YaCTh KOTOPOTO €CTh MHOTOYJIEH
CTeIleHH 1, a MpaBasi — HYJb, HABLIBAIOT €IlE YPABHEeHUeM cmenenu n.

Hanpuwmep, ypasuenue x2 — xy? + 7 =0 — crenenu 3, a ypapHeHUe
x3y — x194+ 1 =0 — crenenu 10.

Ilyers AaHBl ABA PAIIMOHANBHBIX YPAaBHEHHHA C IBYM#A HEH3BECTHBI-
M x ¥ y. ['OBOpAT, YTO HAJO PENIMTh CHCTEMY ABYX PALHOHAJIBHBIX
ypaBHEHMIH ¢ JBYMA HEH3BECTHBIMH X H Y, eciu Tpebyercs HaAUTH BCe
napel yucel (x; y), ABIAIONINECS PeIleHUAMH OAHOBPEMEHHO U IIepPBOro,
M BTOPOTO ypaBHEHUH,

Bor npuMepsl CHCTEM ABYX PAalOHANbHBIX YPaBHEHUI ¢ ABYMs He-
U3BECTHBIMM X H Y:

x+y+1=0, %+y=0, 2x+3y +1=0,
2x—Ty+9=0, x?+2y =0, x2—-Txy+3y2—x+4y-11=0.
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PemenneM cucTeMbpl ABYX YpaBHEHHMII ¢ ABYMsS HeH3BeCTHBIMH
X M Y Ha3BIBAIOT Iapy 4YHces (Xg; Yg), ABIAIONIYIOCA PEIIeHHeM KaKIoro
ypaBHEHUA 5TOH CHCTEMBI.

IIycrs maBb!l TPU PANMOHAJLHBIX YPABHEHUSA C TPeMA HEM3BECTHEI-
Mu x, y 1 2. 'oBopAT, YTO HaZO PENINTH CHCTEMY TPEX PalMOHAJBHBIX
YPaBHEHHIl ¢ TpeMsa HEM3BECTHBIMM X, ¥ H 2, eclu TpebyeTcsa HAWTU Bce
TpOHKHU yuces (x; y; 2), ABIAIOL[NECH PEIIeHUsMH OJHOBPEMEHHO BCEX
TPEX 9THX YpPaBHEHUIH.

BoT npumeps! cucreM TPEX palMOHAJBHEIX ypPaBHEHHUIl ¢ TpeMs He-
M3BECTHBIMH X, Y U 2!

3x+y—z+1=0, 4x+y—-2z2+1=0,
20—2+4+7=0, x-y—-92+7=0,
|7x- 8y +z+11=0, 8x? — 2xy — y® — Ty +11 =0,
fx+l+ 2 __5=0,
J y x+y
£+£=1,
z Y

2x+ 38y -22=0.

PeumrenueM cucremsl TPEX ypaBHEHHI ¢ TPEeMsI HEM3BECTHBIMHU X, Y
M z Ha3BIBAIOT TPOHKY YMcel (Xy; Yo 2p), ABIAIONUIYVIOCS PEIeHMEeM KaM-
JOTr0o ypaBHEHUsA 3TOM CHCTEMEL.

AnanoruyHo omnpejessercs CUCTeMa N PalUOHAILHLIX YPABHEHUIH
C I HeM3BECTHBIMH U €€ pelleHue.

PemruTs cucreMy ypaBHeHHH — 3HAYUT HAWTH BCe €€ pelIeHus HiIH
mMOKas3aTh, YTO UX HeT.

B 7 riacce y:xe paccMOTPEHO pelIeHHEe CHCTeM JIMHEeHHEBIX ypaBHe-
HU ¢ IBYMSA M TpeMs Heu3BeCTHbRIMU. B aTom maparpade 6yaer moxasa-
HO Ha IpHMepax, KaKk MOYKHO PelllaTh CHCTeMBbI PaljMOHAJBHBIX ypaBHe-
Huit. Ilpu asTtom GyzeM HOJB3OBATHCA CJHEAVIOIN[MMH YTBEPIKICHUAMH.

1. Ecnu ypaBHeHHSI CUCTEMBI MOMEHATH MECTaAMH, TO IOJYUYHTCH
cHcTeMa, PpaBHOCHIIBHASA HCXO,H,HOI':I.

2. Ecau B ogHOM 13 ypaBHEHUI CHCTEMbI II€PEHECTH YJIeHEI YPaB-
HeHUsA (C TPOTHBOMONOMKHBIMU 3HAKAMU) M3 ONHOI UACTH YpaBHEHUSA
B AIPYIYIO, TO MOJYYUTCSA CHCTEMA, PABHOCHUJILHASA MCXOIHOI.

3. Ecau o6e uwacTH OZHOTO U3 YPABHEHHH CHUCTEMBl YMHOMKHUTL
Ha HepasHOE HYJIIO YUCJIO, TO NOJYYHTCA CHCTEMAa, PABHOCHUJIbHAS HC-
XOJHOMH.

4. Eciu oAHO M3 ypaBHEHHH CHCTEMBI 3aMEHHTH CYMMOH 3TOro
YPABHEHUA U KAKOT'0-IUO0 APYroro ypaBHeHHS CHUCTEMBI, TO MOJYYUTCH
CHUCTEMA, PABHOCHJIBHAA HCXOTHON.

5. Cucrema, paBHOCHJIbHASI HCXOAHOH cHCTeMe, MOJIYYAETCHA TaK-
JKe, ecJu B OJHOM M3 YpaBHEHUI:

a) TmpuBecTH NMOJOOHBIE YIEeHBI MHOTOUJIEHA;

6) mpUMeHUTH (QOPMYJIBI COKPAIIEHHOIO YMHOKEHUSI MHOTOUJIEHOB,
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524.

525.

526.

527.

529.

530.

531.

a) Kaxoe ypaBHeHMe HasbIBAIOT PallMOHAJBHBIM ypaBHeHUeM?

6) Kakoe ypaBHeHHe HAa3bIBAIOT ypaBHEHHEM IepBOH cremeHu?
BTODOH cTeneHu?

B) YUTo HA3BIBAIOT pelIeHUEM YPABHEHUA C JBYMsA HEH3BECTHBIMU
xuy?

r) YTo HA3BIBAIOT pelIeHueM YPABHEHUS C TPeMd HeH3BEeCTHBIMH
x, ymz?

n) Korma roeopsr, 4To HAZO PELIMTH CHCTeMY ABYX YPaBHEHMIt
C IBYMA HEM3BECTHBIMI?

e) Korgma rosopsT, 4To HAJO PEIINTH CHCTEMY TPEX ypaBHeHHM
¢ TpeMs HeU3BEeCTHBIMU?

3x) YTo HA3BIBAIOT PEIIeHHeM CHCTeMBI ABYX YPaBHEHUU C AByMs
HEHU3BECTHBIMH?

3) Yro Ha3BIBAIOT PeIlleHHEeM CHCTEeMbl TPEX YPaBHEHHMU C TpeMs
HEeU3BECTHBIMU?

u) Yro 3HAUMUT PELINTH CUCTEMY ypaBHEHMIi?

fBngerca mu napa uuces (1; 2) perreHneM ypaBHEHHA:

a) x+y=3; 6) 2x +y=1; B) 3x+2y="T;
r) x%+y?=3; m) x2+ y?=>5; e) xy—x=17
IlopGepuTe Karoe-a1ub0 pellleHHe ypaBHEHUA:

a) x+y=>5; 6) 8x +y=>5;

B) 2x — 3y =1; r) x2+y?=9;

m) x?+ 2xy + y? = 25; e) x2-xy=0.

fAsnaerca jgu Tpoiika uucen (0; 1; 2) penreHueM ypaBHEHHA:
a) 3x+ 2y +z=4; 6) x—-y+z=1;

B) x+ 2y + 3z = 2; r) xy+ 2xz +yz=2;

m) x2+y?+22=05; e) x*+ 2y%—-22=0?

ITonGepuTre raroe-nmubo pellleHHe YypaBHEHHUI!

a) x+y+z=10; 6) x2+ y2+ 22 =25;

B) Xy + yx + yz = 3; r) xy—yx +yz=1.

JdoxassiBaeM. JlokaskuTe, YTO ypaBHEHHE HE HMMEeT [eiiCTBH-
TeJIbHBIX PelLleHUH:

a) x2+y?+1=0; 6) x2+y?2+22+0,1=0.

Hauno ypaBHeHHe Xy + x = 8.

a) KaxoBa creneHb 8TOro ypaBHEHUA?

6) Bripasure x uepes y. Husa moboro au y MOMXKHO HaliTh x?
B) Bripasure y uepes x. Ilna n1060ro 1 X MOXXHO HauTH y?

OmnpenenuTe CTENEHL YPaBHEHUS:
a) 2x - by =T; 6) x+x%2—xy—5=0;
B) xy = 4; r) x2—-xy? - Tx=0;

n) xy® — x%y +3=0; e) x8— x8 - x10=0.
Yy
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532. Ssasercsa au napa uuces (1; 1) pemrenmem cucreMbl ypaBHEHMIL:

x+ = 2, B
E: Y 6) xy +x° =2,
— xy+y? 2x+ 3y = 4;
2 i —
5) x% 4+ y? —10, ) 3x+ 2y = 5,
2¢—y=1; x+ 2xy = 37
533. fenaerca jgu Tpoika uwmcexn (1; 1; 1) pemreHuem cUCTeMBbl ypas-
HEeHHH:
x+y+z2=3, x+y+z=3,
a) 8x—-2y+2z2=0 6) xy+xz+yz=3,
x2+y?+22=3 2+x-y=1;
2x+3y+4z— ; x? +y?+22=2,
B) yxy—8x%2+z=-1, r)9x+y+z=3,
2® fgf- 2Ba: xy +yz =27

x2+xy—-3=0,

534. flpnsercA JM pelleHWeM CHCTEMBI ypaBHEHUI { e
x =y

Imapa 4HceJI:

a) (0; 3); 6) (-3; 2); B) (2; -3); r) (0,5; 5,5)?
535. frngercs nW pelleHHEM CHCTeMbI YDABHEHUM
x+y+2z=3,
x—-y—-z=-2,
Xy +at=2

TpOHKa YHces:

a) (1;-1;1); ©6) (1;1;1); 8 (1;1;-1); 1) (-1; 151)?
536. Wccnepyem. Tlpu kaxkoMm sHadeHuH @ napa yucen (2; —1) aBiaser-
a’x—ay = 21,

cA pelleHHEeM CHCTeMbl YpaBHEHUMN
” P {5x—ay=a2+4?

9.2. PewieHne cucrem pauMoOHASIbHbIX YPUBHEHUN
cnoco6om noAcTaHOBKU

B sToMm nyHKTe Ha npuMepax GygeT mIOKasaHO, KAK MOXKHO PelIuTh
CHCTeMBbl PAIlMOHAJLHBIX ypPaBHEHHWH, xoTdA Obl OAHO M3 KOTOPBIX —
ypaBHeHHe IepBoii crenmenu. J{na pemieHHsi TAKUX CHCTEM IPHMEHHUM
crioco6 MOACTAHOBKH, CYTh KOTOpPOTo OyAeT sCHA W3 IIPUMEPOB.

Ipumep 1. Pemum cucremy ypaBHeHHUNU

{x+ 2y—-7=0,

1
x% +2xy +y?+3y —4x—-31=0. @



196

IlepBoe ypaBHEHHE 9TOIl CHCTEMBI — ypPaBHEHUE IePBOU CTEeIeHH.
Bripasum U3 Hero x depes y:

x=7-2y. (2)

IloncraBuM BhIpascenue (7 — 2y) BMeCTO X BO BTOpOe ypaBHEHHE
CHCTEMBI:

(T-2y2+2(7T-2y)y+y?+3y—-4(7-2y)-31=0
IepenuIieM 9TO ypaBHeHHe B BHIE
-3y —-10=0. (3)
Vpasuenue (3) nMeer ABa KOPHA: Y; = -2 u y, = 5. IloAcTaBuB aTH
yucsia B paBeHCTBO (2) BMecTO y, HaljgéMm, UTO
x,=11m x5 =-3.
Hrak, cucrema (1) uMeer ABa pelIeHHA:
x, =11, y; =-2; x,=-3, Yy, = 5,

U JPYrUX pelleHHil He uUMeeT.
ITompoGupIM 06pasoM MOKHO PEHIUTDH JI100YI0 CHCTEMY ABYX ypaBHe-
HUil ¢ HEU3BECTHBIMH X U I, B KOTOPOil eCTh ypaBHeHUe I1epBOil CTeIeH .
Bripaskaem x (MJIH y) U3 ypaBHEHHA IIEPBOU CTEIIEHN M IIOJCTABJIAEM 3TO
BBIDAsKE€HHE BO BTOpoe ypaBHeHue. ITonyyaem ypaBHeHUe C HEH3BeCT-
HBIM y (wam x). Eciu aT0 ypaBHeHHe UMeeT KOPHH, TO U cHCTeMa HMeeT
pellIeHUs; eCJU HeT, TO CHCTEeMa He MMEeEeT PEIleHHI.
Ipumep 2. Pemum cucremy ypaBHeHHIt
3x—y+9=0,
{ 2 _ 2 . (4)
-y*+y-5x-32=0.

IlepBoe ypaBHeHHe cucTeMbl (4) — ypaBHeHHE TeDBOW CTelleHH,
a BTopoe — BTOPOIi crernenu. VI3 mepBoro ypaBHeHHUs BEIPDABUM [ Yepes X:

y=3x+09.
TloncraBuM BeIpasceHue (3x + 9) BMecTO Y BO BTOPOE ypaBHEHHE CUCTe-
Mbl (4):
2_(Bx+9)2+(Bx+9)—-5x-32=0.
Ilepenuiiem 3TO ypaBHEHHEe B BHJE
-8x2% — 56x — 104 = 0.

Pasgenus obe yacTu aToro ypaBHeHHMs Ha (—8), mosyuyuMm paBHO-
CHJILHOE eMy KBaJpaTHOe ypaBHEHHE

x2+Tx+13=0, (5)

AMCKPUMHUHAHT KoToporo D = b2 — 4ac="T72-4-1-13 = -3 < 0. Cuejo-
BaTeIbHO, ypaBHEHUE (5) He uMeeT pelleHui. 3HaUUT, U cucrema (4) He
MMeeT pelreHuii.
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IIpumep 3. Pemum cucremy ypaBHeHHI
x+y=2
x -1 Ld= Te: A (6)
y+2 x+2 4

BripasuM y 4epes X M3 IEpBOTO ypaBHeHus cucremsl (6):
y=2-x. (7)
ITogcraBuM BhIpasKeHEe 2 — X BMECTO [ BO BTOpOe ypaBHEHUE CHCTe-
MbI (6):
x—1 1-x 1
+ ==, (8)
4—-x x+2 4
Ilepenecsa Bce uJeHBl ypaBHeHus (8) B JieBYIO UacThb M IIPHUMEHUB
IpaBUJa CJIOMKEeHUS U BhIYMTAHUA aireGpamyecKux Apobeil, mMOIydHUM,
uyro ypaBHeHue (8) paBHOCHJILHO YPABHEHUIO
9x2 — 18x
4(4- x)(x + 2)
Ypasuenue (9) mmeer gea wopuaA: x; =0 1 x, = 2. Tlogcrasus aTu
yucyia B pasBesctso (7), HaligéMm, uto y, = 2 1 y, = 0.
Hrak, cucrema (6) umeer asa pemtenus: (0; 2), (2; 0).
AHaJOTHYHO pellaioT CHUCTeMbl PAllMOHAJBHBLIX YpaBHeHUi ¢ 60Jb-
UM, YeM JBa, YUCJIOM HEeH3BECTHBIX.

IIpumep 4. Peurum cucTreMy ypaBHeHHI
x+y—2z+1=0,
x—y—2+3=0, (10)
x2+2xy+y? —xz+22+x-5=0.

(9)

W3 nepsoro ypasuenus cuctemsl (10) BEIpasuM x 4yepe3 y H 2:
x=z-y-1. (11)

ITogcraBus BeIpaskeHue (2 — y — 1) BMeCcTO X BO BTOpPOEe ypaBHEHHE

cucrems! (10), monxyuum
z2-y-1-y-z+3=0,

orryaa y = 1.

Teneps, mofacTaBUB BBEIpa)keHue (2 — 2) Bmecto X m 1 BMecTo Yy
B Tperke ypaBHeHue cucreMmsl (10), moxyuum

(z2-22+2(z-2)+1-(z2—-2)z+2?+2-2-5=0. (12)
Pemus ypasuenue (12), maiiném gBa ero KOpHA: 2; = -3 U 2, = 2.
IlopcraBuB 8Ty yucjia B paBeHcTso (11) Bmecro z u 1 BMecTo Y, IO-
JYYHM, 9TO X; = =D ¥ X, =0,
CnepoBatenbHo, cucrema (10) umeer ABa pellieHUsd:
X,==5,y;=1,2,=-38; x=0,y,=1,2,=2
U APYruX pelleHWH He NMeer.
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537. Kak MOKHO PEIIUTH CHCTEMY YPaBHEHMUII, B KOTOPOIl X0oT#A ObI OJHO
M3 YPaBHEHHH IIepBOH CTEIeHH?

Pemnre cucremy ypaBHeHH# (D38—547):

xt=y, y2—1=x, x—-38=2,
538. 3]
%) {y—2=2; ){x—13=11; . {yz—xzci;
2 _y—4=0, x=2+y, %22 g,
gy 4% i YL ) v
y—-4=1; x*—y=8; S5x—y = 6;
=y-2 = 2 2
x=y-2, 5 JU= 2=8 H){x +y2 =17,
xy = 3; xy = —1; x+2=3
x+y=3, kay_7, x+y=3,
539. a) {xq-——d(), 6) 1xy—12, % {IU;'"QB-
x+y = -8, xy = —15, xy =8,
B {xy=15, 1) {x—y— 8; ¢) {x—y:2,
x4+ 2y = 4, 3x+y =1, x+ 2y = 3,
)3 a 3 3 R u) 9, S5
x“ +y=16; x+y*=1; 3x—y* =17
2 8, 2 2_13 Bl il
40, oy 4 TU ~4h R e e
y—x=1; y—x=-1 x+y=1;
x—y=2, x+y = -6, x—-y= -3,
e
% {x2~y2=8» i {y"‘-x2=3, ){y2~x2=—1
x?-y?=0, Peyt=0; x+y=0,2,
e Bl {x+y=0, %) {x-—y=0, 2 ¥yt =2
x—y=0,6, x—y=11, y—x=4,
: {yﬁ—xﬁzm, = {xy=12; 2 {xy= i
xy =12, xy = 15, x—-y=2,
i g y PRI W e AT
x+y=1; x+y=-5; xy = —13;
+y =38, -y =3, =5,
) {77 ) {"" & ) {xy .
xy = 0; xy = 0; x—y=0
x+y—-6=0,
542. a) 06) 5
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P = = L e aar- A W

9x2 — 12x + 4y? + 4y = 15,
) {3x+2y= 3;
9x? — 30x — 16y? — 24y = 0,
) {3x—4y= 6;
- {x2+y2+xy+x+y—2=0,
x—y =2

543. a) 6) {x_ 8y=1,

2xy — x% + 9y? = 11 — 4x;

544.

) {x—yzl,

x? - 2xy +4y = 5;

x+y=2,

y+z=3,

{
!x+y+z=&
|

x?+8xy—-y?+4y=1.

x+z=2,

x+y+2=0,
6)
e

£tyta=—1,
o) {x+2y = -1,
x—y=25

x+y—z=-3,

x+y+z=1,
3)
y+z=4;

x—4y =10,
) o 1 s

x+y+z=2,
B) yx+z=1,

x+y=3;

2y +z =4,

x+y+z=-1,
e)
y—z=25;

x+y+z=3,
u) yx+2y+3z=86,

2x—-y+2=2
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x+2y—z=1, x+2y—-2z=2,

545. a) {2x—y + 2z = -1, 0) {3x—2y+z=2,
3x-2y+2=38; dx + 4y +z = 15;
Xx—y-—z=-2, x+3y—2z=8,

B) {x+2y+2z=3, r) 12x+4y +2 =3,
2x+y—-38z="17; x+ 9y +4z = 5;
2x-3y+2z-10=0, x-3y+2z=1,

a) 18x—-4dy—-2+2=0, e) yx—y—z=2,
x+y+e=0; x+y+z=0
!x—yz—l, x+y=-8,

546. a) yy +2 = 5, 6) y—=z2=1,
|25 3; 2422 =10
x% 4+ y?'+ 2% = 85, 3y+z=x,

B) yx+y =2, r) yx—2=y,

x—2 =4 x?2 - 38x=5+2%
4x -2y = Tz, xE4yt=2

o) \y+z=x, e) yx+y+z=12,

y?2 —4=8x - 82% xy =12
1_1_1 LA 5

547. a) < x y 6 6) vy x 6
x-y=-1 x+y=5;
i,1__1 L Ea L

B) 1X Y 6’ r)ix y 12’
x+y=1; x—-y=1;

2 3 2 3 151
=—-==-8, =4+ ==-1—,

) Yy x e) \x y 12
3x+y=3; x—-y=1
x+y=4, x+y=35,

) yx+2  y+2 8) yx—-3  y—3 1

= -8; ==
y—3+xm3 y+4+x+4 20
x2-2x+1 8x-3 x*+ dx + 4 2x+4_3

u) yyr+4dy+4  y+2 ? K) {y°-6y+9 y-3
x+y=9 Tx+y =29
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T=n —

9.3. PewueHne cuctem pPaLMOHANBHLIX YPOBHEHWA
ApyruMmu cnocobamm |

Ilpu pemreHHY CHCTEM PalMOHAIBHBIX YDABHEHUI NPHMEHAIOT pas-
HbIe CIIOCOOBI: IIOACTAHOBKM, CJIOKEeHHMS yYpPaBHEHWI, BBEAEHUA HOBBIX
HEM3BEeCTHBIX W aAp. PaccMoTpuM HA IIpUMepax HEKOTOphIe M3 HUX.

OCHOBHBIM CIIOCO0OM DEeIIeHUs CHCTEeM YPaBHEHHU ABIAETCA CIOC0D
IMOACTAHOBKM. JTUM CcIOCOGOM yiKe pellanaych cucTeMsbl B m. 9.2,

IIpu pemueHMH CHUCTEMBI YaCTO IIOMOraeT crocod CJIOMKeHHS ypaB-
HeHHI.

IIpumep 1. Pemum cucreMy ypaBHEHUH

x2+6y—-2x+6=0, 1)
y? —x2+2x-1=0.

OcraBue Oe3 M3MeHEeHHs IIepBOe ypaBHeHHe cucTeMbl (1) 1 3ame-
HHUB BTOPOE YPaBHEeHWE CYMMOM ABYX YpaBHEHHU cucTeMsl (1), moayuum
cuCTEMY

x2+6y—-2x+6=0,
{ o4 (2)

y?+6y+5=0,

paBHOCHJIBHYIO cucTeme (1).

Bropoe ypaBHeHue cucremsbl (2) uMeeT KOpPHHU: Yy, = —1, Yy = —5.

ITopcraBuB Yy, B IepBOoe ypaBHeHUe cucreMsl (2), Halaém, uUTO eMy
YAOBJIETBOPAIOT ABa KopH#A: x; =0, x, = 2,

ITozcraBus y, B IepBOe ypaBHeHHe cucreMsbl (2), Halizém, 4To eMy
VIOBJIETBOPSAIOT JBa KOPHA: X3 = —4, x4 = 6.

Caegosarensno, cucrema (1) umeer uersipe permneruda: (0; -1),
(2; 1), (-4; -9), (6; —-5).

HaijiTu pellleHHsa CHCTEMEBI YaCTO IIOMOTraeT cIocod BBeIeHHsI HOBBIX
HEeH3BEeCTHBIX,

IIpumep 2. Pemmum cucTeMy ypaBHeHHH

g . 8 1
2x2-y x2-2y 2’ 3)
2 1 1
22—y x2-2y 18
BBens HOBbIE HEH3BECTHBIE U = —rl—, v= #, epenuuemM
2x% -y x? - 2y
cucremy (3) B BUIE
2u+3v= %,
: (4)
2u—v = E.
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1 1
Cucrema (4) nMeer eIUHCTBEHHOE PeIlleHUe: Uy=—,0, = 9" Cauepo-

12
BaTeJIbHO, BCE DPELIeHUs CHCTEMEI (3) eCTh pPelIeHWs CHCTEeMBI
2x%2 -y =12
’ 5
{xz -2y =09. (%)

Cucrema (5), a sHauur, u cucrema (3) HMeIOT JABa pELICHU:
(4 -2), (45 -2).
Penrennio cucTeM 4acTo IOMOraeT pas3ioiKeHHe HA MHOMKHTENH Je-
BOi wactu ypaBHeHus f(x) = 0.
M IIpumep 3. Pemrum cucremy ypaBHeHHit
x%2 - Txy +12y% = 0,
{x2 - 15xy + 45y% = 9.

Paszyioxus Ha MHOMKUTENN JIEBYIO YAaCTh IEPBOI0 YDABHEHUS CHCTe-
MBI (6), mepenuimem eé B BUE

(x—3y)(x—4y)= 0,
x% - 15xy + 45y% = 9.

(6)

(7

Teneps oueBugHO, UTO BCe pemeHus cucremsl (7), a 3HAYHUT, U paB-
HOCHUJIBHOM el cucTeMmsbl (6) ABIAIOTCA PEIIEHUAMHU XOTA OBl ONHOH M3
IBYX CHUCTEM:

x—3y =0, x—4y = 0,
L) {x2—15xy+45y2=9 o {xz—lsxy+45y2=9.

O6benunuB Bce perrenus cucrem 1) u 2), HalAEM Bce pelIeHUS CHC-
remet (6): (3; 1), (=35 -1), (12; 3), (-12; -3).
Pemrenuio cucrem uHOra moMoraer BblZeeHHe TOJHBIX KBaAPATOB.

IIpumep 4. Pemrnm cucremy ypaBHeHUit
{xﬂ - 6x+y?+4y = -13,

5x2 — Txy — 21y2 = 8. ®)

Brigenur B nepeoM ypaBHeHHH cucTeMsl (8) ABA MOMHBIX KBagpaTta,
IepenuIIeM eé B BHIE

{(x—3)2 +(y+2)2=0, 9)

5x% — Txy — 21y2 = 8.

Tenepb OuUeBHJHO, UTO IIepBOe ypaBHeHHe cucrteMbl (9) uMeer
eJHHCTBeHHOe pemrenue: (3; —2). Ocraéres IPOBEPUTH, ABIAETCH JIU 9TA
Inapa pelleHHeM BTOpPOro ypaBHeHus cuctembl (9). Tak xax 5 - 32 —
- 7+:3:(-2)—- 21 - (-2)% = 3, ro nmapa uunce (3; —2) ABITETCA TaAKIKe pe-
LIeHUEeM BTOPOTO ypaBHeHuA cucremsl (9), ciemoBarenbHo, aTa mapa 4u-
ceJjl ABIAETCH W pemreHueM cucreMmsl (8). @
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Pemute cucremMy ypasHeHuiu (548—551):

2 - x2+y2=13,
548. 2) {© Y T G)Jx Y _ol,
= =2 l—+—=2—,
T 6
. 8.2 x+xy+y=11
xz_y2=5; yry
x? +12y = -68, 4x% + 2y = -1,
= 6
a2 a){ 2 4x = 28; ){y2+4x———L
3 g 5. By 2
2¢—-y 2x+y 5 3x -y 2x+y 21
B) 1 2 8y 19 D e 5 .2
2x—y 2x+y 15’ 3x—-y 2x+y 21
T - ' 2x-3y+3x+3y: ,
550. a) x“— 4y 0) x+y 2x — 3y
y? — 6x = —14; x—-y:=9;
2) 9x? + 4xy =1, 5 3x? — 4xy = 20,
Oxy + 4y® = -2; 3xy — 4y® = -10
x2-6x+y%-2y+10=0, x2+4x+4y®’ -4y +5=0,
3511 %) {15x — 44y =1; 6) {1005,5x +4024y = 1;

x% +xy - 6y? =0, %2 ~dxy —5y? =0,
B) | 2 _ 91. r) .2 o
x? + bxy + Ty® = 21, x? — 2xy + 6y° = 21.

'9.4. Pelenue 30804 NPU NOMOLLY cuctem
POLUMOHONbLHbIX YPABHEHWA

Bagaua 1. Bpuraza paGoyux HayaJa PHITH TpaHmiew. Yepes 3 AudA
K Heil mpucoeinHUIach BTopas Opuraza, 1 UM IOHAZ00OMIIOCEH e1é 8 mueit
coBMecTHOM paboThl, 4TOOBI BEIKONATH TPaHIIelo 10 KoHua. Ecau 051, Ha-
o6opoT, mepBele TPH JHA paboTasa TOJILKO BTopas Opuraza, TO 10 OKOHYA-
Hus paboTsl obenm Gpurazam BMecTe morpedosanoch Obl emé 9 pueit. 3a
KaKoe BpeMs Kaskaas 13 6puraj B OTAEJbHOCTH cenaa 661 Beio pabory?

Pemenue. Ilycrs mepsas 6puraja Moxer cjejiaTh BCIO pabory sa
x mHeit, a Bropas — 3a y aHeit, Torja 3a ouH NeHb nepsas Opurazna ne-

1 1 5
JaeT — YacTh, a BTOpad — 7 yacTh Bce# paboTsl.
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B nepBoM cayuae nepsas 6purazna 3a 11 gmeit cgenana 11 . % yacrei

Bcel paboTrl, a Bropas Opuraga 3a 8 gHeil coenana 8 - ; yacTed Bceii pa-
Oorel. ITockosIBKY BMecTe OHM BBINOJHHJHN BCIO paboTy, TO
1
11-l+8-§=1. (1)

X
Bo BTOpOM cayuae mepsasa Gpuraza paGorana 6er 9 gHeH u crenalia
9 % yacTel Bceit paboTel, a Bropas — 12 gHeill u cmenana 12. 5 yacren
Bceit paborsl. Bmecre oHM BBIMONHUIM OBI BCIo padorTy, T. e.
9-%+12-§=1. @)

Taxum o0pasoM, HCKOMBIE YHCIA X U Y YAOBJETBOPAIOT YPaBHEHU-
am (1) u (2), 7. e. 4To6BI pemINTh 3afavdy, HAJO PEIIUTh CUCTEMY ABYX
PanMoOHANBHBIX YPAaBHEHUH ¢ ABYMS HEU3BECTHBIMH

112 +8.2=1,
L1 ®
19-—4-12-—:1.
x y
Beens HOBBLIE HEU3BECTHBIE U = — H U = -1~, nepenuuiem cucremy (3)
x Y
B BHJE
llu+8v =1
2 4
{Qu +12v=1. )
Pemus cucremy (4), moayuyuM eé eIMHCTBEHHOE DeIIeHUe: U = %
H V= 3 Pemus ypaBHenua X = 3 u 1 = & HOJAYy4YuM, uTo x = 15
30° x 15 y 30’ ’ ’
y = 30.

Oreer: IlepBasa Opuraga cpenana 6s1 Bcio pabory 3a 15 nmueit,
a BTopas — 3a 30 gHeil.

3agaua 2. ITo OKpY!KHOCTH ABUIKYTCH ABE TOUKH B OAHOM H TOM JKe
HanpasieHuu. [{nuHa oxkpykuocTu paBHa 24 M. Ilepsas Touka o6xonur
OKPY?KHOCTE Ha 9 MHH paHBIIe BTOPOH M O0OTOHSET APYIVIO KasKIble
4 mun. OnpenesiTe CKOPOCTH 9TUX TOYEK.

Pemenne. Ilyers ckopocTe mepBOil TOYKH X M/MUH, CKODPOCTH
Bropoit y m/MuH. Torga mepBas TOUKaA HPOXOAUT BCIO OKPY’KHOCTBH 3a

24 24
— MUuH, a Bropas — 3a Y MuH. Tak kKax nepBas TOYKA NPOXOLUT
OKDYIKHOCTE Ha 9 MUH paHBIIe BTOPOH, TO

24 _ 24
e (5)
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Bropoe ycioBHe 3ajadd O3HAJYaeT, uTO 3a 4 MUH IepBasd TOYKA IPOXO-
aur Ha 24 m Gosbime Bropoil. Ho sa 4 MuH nepBasd TOYKa IPOXOAUT
4x M, a Bropad — 4y M, IO3TOMY

dx = 4y + 24. (6)

CrexoBarebHO, UCKOMble 3HAYEHHA X MU Y YAOBJIETBOPAIOT ONHO-
BpeMeHHO ypaBHeHHAM (5) u (6), T. e. UTOOBI pelIuTh 3ajady, HaxO pe-
INTH CUCTEMY ABYX PAllMOHAJBHBIX YDaBHEHUN C ABYMS HEHM3BECTHBIMHU

24 24
T (7)
dx = 4y + 24.

W3 Broporo ypaBHeHHUd cucTeMbl (7) BBIpDA3UM X 4depes y:
x=y+6, (8)

¥ IOJCTaBUM BbIpaskeHue (y + 6) BMecTo X B IIepBOe ypaBHEHHE CHCTe-
mbl (7):
24 24

y y+6

Ilepenecém B ypaBHeHnHu (9) BCe YJIEeHBI B JEBYIO YacCTh, 3aT€M BBIUTEM
anrebpanueckue apodu. Ilonyunm ypaBHeHHE

—9y? — 54y + 144
e o
paBHOCHJIbHOE ypaBHeHUIo (9). Peminm Teneps ypaBHeHUE
-9y? — 54y + 144 =0
UAM paBHOCHUJIBHOE €My YpaBHEeHUe
y? + 6y — 16 = 0. (11)

Vpasuenue (11) umeer ABa KOpHA: y; = 2 u Yy, = —8.

Tak KaK 4uucia y; U Y, He o0paimjaloT B HYJIb 3HAMEHATEJb JIEeBOI
yactu ypasHenus (10), To oHu sABasOTCA ero Kopuamu. IloxeraBuB Yy,
u Yy, B paBeHCTBO (8), Halném x; =8 u x, = —2.

Taxum obpasom, cucrema (7) uMeeT ABa PeIIEHU:

+09. 9)

=8, Y1 =2 u X, =-2, Yp=-8.

CropocTu X U Yy — IOJOKHTeNbHBIe YHCja, I09TOMY BTODOE perre-
HHe cHCTeMBl He YIOBJIETBODAET YCJIOBHUIO 3aJavu.
O'r B eT: CKOPOCTH NEpPBOIl TOYKM 8 M/MUH, BTOPO# — 2 M/MHH.

Bamaua 3. Kaxjomy us Tpéx paGouuX IJif BHIIOJHEHUS HEKOTOPOM
paboTsl Tpebyercs OnpeneséHHOE BPeMsi, NPUUYEM rpeTuii pabounii BbI-
nosiggeTr eé Ha 1 u GeicTpee nepBoro. Paborasi BMecTe, OHM BBINIOJHAIOT
pa6ory 3a 1 u. Eciu sxe mepsblii pabounii nmpopadoraer 1 ¥ ¥ npexpaTuT
paBoTy, a 3aTeM BTOpOiIl pabouuii npopaboraer 4 1, TO OHH BMeECTe BbI-



206

IOJIHAT BCIO paboTy. 3a CKOJBKO BPEMEHH MOKET BHIIOJHUTH BCIO pabo-
Ty Kaxabplit paboumit?

Peurenue. Ilycts mepsrrit paGounii MOKeT BBEINOJHHTH BCIO pabo-
Ty 3a X t{i BTOPO#l — 3a y u, Tperuit — sa z 4. Torga 3a 1 u mepBblii BHI-

MOMHUT —, BTOpPO# — 7 U TpeTu — S dacTs Bcelt pabGorel. Paboras

1 1 1 i
BMECTe, OHM BBIOJHAIOT 34 ONMH 4Yac (; + e + - | Tacrs Beeit paboTEl.

Ho no ycnosuio sagaun 3a 1 4 OHM BBINOJHSAIOT BCIO pafoTy, ciexoBa-

TeIbHO, iy
1

& e
Ecnu nepsriit pabounii npopaGoraer 1 4, a saTem BTOpoii — 4 u, T0 0OHU

=1. (12)

1 1 o
BMeCTe CHEJaior | — + 4. 5 yacTk Bceil paborel. Ha camom ke meie 1o

VYCJIOBMIO 3aJjayd OHH Ce]aloT Bcio paboTy, cliefloBaTeIbHO,
1 1
=+ 4 o 1. (18)

Tax xax Tperuit pabounii BEIIOIHAET BCIO pa6oTy Ha 1 1 6eIcTpee mepso-
ro, TO
x=z+ 1. (14)

Taxum o6pasom, UCKOMBIe YHCIA X, I, 2 OGHOBPEMEHHO YAOBIETBOPIIOT
ypaBrenuam (12), (13) u (14). CrenosarenbHO, IS PELICHUS 347a9n
HaZo PeUIUTh CHCTEMY TPEX palMOHAJbHBIX YDABHEHUU C TpeMd HEU3-
BECTHBIMHA

( 1
Pl

- R

1
E+4-§=1’ (15)
x=z+1.

W3 Tpernero ypaBHeHus cucrems! (15) Belpakaem z uepes «x:

z2=x~-1. i (16)
W3 Broporo ypaBHeHudA cucrembl (15) Beiparkaem 3 yepes x:
1 1 1
—==.(1=-=|
e an

1 1 1
IlopcraBum (x — 1) BMecTO 2 1 i 1- — | BmecTO - B IIEpPBOE YpaBHEHNe
X

cucreMsl (15):

T el 1 1
x+z-(1——)+ = 1. (18)
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Ilepenecsi B8 ypaBHeHuH (18) Bce ero 4jieHbl B JIEBYIO YacTh M CJIOKHUB
anrebpanuyeckue ApobH, MOIYyYMM ypaBHEHUE

2%
3x 10x + 3 =0 (19)
4x(x—-1)
paBHOcHAbHOe ypaBHeHuIO (18). Temepsr pemmnumM ypaBHeHUe
3x2—-10x+3=0. (20)
1

OHO UMeeT [Ba KODHA: X; = 3, X, = 3
Tax Kak 4YmciIa X; U X, He o0pallaloT B HyJb 3HaAMeHATENb Je-
Boit uactu ypasHenus (19), To x; u x, ects KopHU ypaBHeHus (19). Ilox-

cTaBUB X; U X, B pasencrsa (16) u (17), maiigém: y, = 6, y, = -2, 2, = 2,

2= 3 CrnepgoBaTenbHO, cucrema (15) uMeer ABa pemleHus: x; =3,
1 2
=65 =2u%= 5 hh=-2 %= 5

[TOCKONBKY Uepes X, Y U 2 MbI 0003HAYMIIN KOJIMYECTBO YACOB, HE0O-
XOIMMOe [JIS BBIIOJHEHUs paGoThl, TO X, Y U 2 HE MOTYT OBITH OTPHIA-
TeNbHBIMHM umciaaMu. 1109TOMY VCJIOBHMIO 3alauy yAOBIETBOPSET JIMIIb
pelieHmne

x=3,y;=6, 2, =2,

OrneT: NepBBIH pabounii MOKeT BHIIOJHUTH BCIO paboTy 3a 3 u,
BTOpOIt — 3a 6 4, Tperuit — 3a 2 4.

e

552. a) Pasnosxure uuciao 171 Ha aABa MHOMKHTENS, CymMMa KOTODPBIX
On1a Obl paBHA 28.
6) Pasnosxure uuciao 231 Ha JBa MHOXKUTEJS, PA3HOCTE KOTOPLIX
6pina 661 pasaa 10.
B) CymMa ABYX uMces paBHA 3, a cymMMa X KBaApaToB paBHA 65.
Haiigure aTH YHCa.
r) Jausl ABa umcja, HX PasHOCTb M PA3HOCTh UX KBagpaToB pas-
el 11. HaliguTe naHHBIEe YMCIA.

553, a) IlepuMerp IpAMOYTOJBHUKA paBeH 25 M, a miomanb — 34 M2,
OnpegenuTe CTOPOHBEI NPAMOYIOJbHUKA.
6) Ilepumerp npsamoyrombHuxa pased 10,6 cm, a miomans —
6,72 cm?, OnpenesnuTre CTOPOHBI IPAMOYTOJIbHUKA.
B) OmHa M3 CTOPOH NpPSIMOYTOJbHHKA Ha 4 am Oojblue APYroi,
a cyMMa IJolnajzeil 4eThpéx KBaApaToB, IIOCTPOEHHBIX Ha CTOPO-
HAaX NPAMOYroJIbHUKA, paBHa b2 gm?. Onpepenure CTOPOHBI IpPs-
MOYI'OJILHUKA.
r) CocraBpTe 3ajauy, aHAJOTHUYHYIO NMpeAbIAyIIeil 3agade, U pe-
muTe eé.
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554.

556.

557.

a) Ecnu k KBazipary mepBoro umcia npubaBuTh yABOEHHOE BTOPOE
YHMCJIO, TO MOJYyYHuTCeA (—7), a €CJIM U3 IePBOro YHCIA BEIUECTEL BTO-
poe, To nouayuutca 11. Haiigure stu uncia.

0) Haiigure pxBa umcsa, eciau OTHONIEHHME CYMMBI 3THX UMCEJ
K MX Da3HOCTH PaBHO 8 : 1 1 pa3HOCTH KBaJpPaTOB 9TUX YUCEJ PaB-
Ha 128. Cronbko pereHuil mMeer 3amatua?

a) Hailipure nBysHauroe umcio, ecau nudpa JeCATKOB Ha 2 60b-
e OUQPLI eAUHULl, a TPOU3BEeJeHNe YUCIa HA CYMMY ero mudp
paBHO 640.

6) Haitgure nBysuHauHoe umcso, ecan nudpa eAHHUL Ha 2 GoIbIIe
IHQPEL [eCATKOB, a IPOM3BEJeHIe YHCia Ha CyMMy ero mudp pas-
HO 144,

a) Ecam paspenuTe JABySHAYHOE YMCJIO HA IIPOM3BENEHHE ero
oudp, TO HOJYYUTCSA B yacTHOM 2 M B ocrarke 5. Ecnu nepecra-
BHTE HUQPEI 3TOT'0 YHCIA U INOJYUYEHHOE YHCJIO PA3He uTh Ha CyM-
My ero uudp, TO B YaCTHOM IOJy4YHTCsa 7 U B ocraTtke 3. Haiinure
8TO YHCJIO.

6) Cymma nudp asysHauHoro umcsa pasaa 9. CymMma KBagpaToB
BTUX e Hudp pasHa 41. Eciu or HCKOMOro YMcia OTHATH 9, TO
IIOJIYYHUTCA U¥CJIO, 3alCaHHOe TeMH »Ke udpamu, HO B o6paTHOM
nopaake. Haligure ato uncno.

B) B nBysmaunom umcie cymma KBaaparoB ero mudp pasza 25,
a mpousBegeHue ux paBHo 12. Haligure sto uucsuo.

r) CocraBbTe 3a7a4M, AHAJIOIAYHEIE 3aJaYaM 4) — B), U PELIUTE UX.

a) [Boe pabouux, paGoras BMecTe, BBINOJHAIOT HEKOTOPYIO pa-
Bory 3a 8 u. IlepBbIii M8 HUX, paboTas OTAENHHO, MOMKET BBIIIOJ-
HUTE BCIO pabory Ha 12 u GeicTpee, ueMm BTOpOi# paGouwmii. Ba
CKOJIBKO YaCOB Ka’XJbli U3 HUX MOJKET BBIIOJHUTE OTHAEJLHO 3TY
paboty?

6) [Boe paGouux, paGoras BMecTe, BBINOJIHWJIM BCIO paboTy 3a
5 pueri. Ecnm Ob1 mepBeIil paGouuii paGoras B aBa pasa GwicTpee,
a BTOPOH — B JIBa pasa MeJJIeHHee, TO BCIO PaboTy OHM BBIIOJIHH-
au 6bl 3a 4 1HA. 3a CKOJBKO JHEH BBINOJIHUI OBI 3Ty padory mep-
BRI pabounii?

a) Ipa xameHmuKa, paboTas BMecTe, MOIYT BBLIIOJIHUTHL paboTy
3a 4,8 nuaA. Bropoit kameHIUK, paboTas OTHEIBHO, MOT ObLI BBI-
IIOJTHUTE 3Ty paboTy Ha 4 gHs GbICTPEe, YeM HepBHIi. 3a CKOJIBKO
OHeH KaKAbli KaMeHINuK, paboras oTAeIbHO, MOr GBI BBEITIOJIHUTE
aTy pabory?

6) Ha ybopke ypoxxasa nBa xombaiina paboranu Bmecre 3 nusi. Ilo-
cJie BTOro, 4robbl 3aKOHUHUTEL paboTy, IepBoMy KombaliHy morpe-
6oBasnocsk emnié 4,5 nHA. 3a CKOJIBKO THEH KaMAbIN KOMOaiiH B OT-
AeNBHOCTH MO’KeT yOpaTh Bech ypOsKaii, ecii mepsblii, paboras
OTHenbHO, MOr 6Bl npoBecTH yOOPKY HA 2 AHA CKOpee, ueM ONMH
BTOpOI?
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559. a) Ha 06pa6oTky OJHOII ZeTaayu IepBbli paGounii 3aTpaynBaeT Ha

6 MuH MeHbIIe, ueM BTOpoii. CKOJBKO Aeraneil obpaboraer Kay-
nblit paboumit 3a 5 u, ecau IepBhIit oOpaboraer 3a 9TO BpeMs Ha
25 nerajeit 6onbiie, yueM BTOPOM?
6) Sa mBa JHA COBMECTHOI pabOTHI ABYX TPaKTOPOB pPasJIHYHOI
MONIHOCTH OBLII& BCcIaxaHa OJHA TPeTh IIOJIdA. 8a CKONBKO JHEN
MOJKHO OBLIO GBI BCIAXaTh BCE II0JIe KayKIBIM TPAKTOPOM OTAEeNb-
HO, €CJI¥ IIEPBBIM TPAKTOPOM MOXCHO BCIAaxXaThb BCE IOJe Ha 5 mHel
cxopee, 4eM BTOPBIM?

560. a)IBa TPaKTOpPA PasJIMYHOK MOLIHOCTH MOTYT COBMECTHO BCIIaXaTh

nose 3a 9 4. Ecu 651 mepBaiil TpakTop paGoran ogus 1,2 4, a 3aTeM
Bropo#t — 2 4, T0 651110 b1 BCIAXaHO TOJNBKO 20% mnons. CKOIBKO
qacoB TpebyeTcs Ka)XIOMy TPaKTOPY Ha BCHAIOKY BCEro nmonsi?
6) Ha BbimosHeHHe paboThl ABYM IITYKaTypam Tpebdyerca 12 u,
Ecuu 651 cHAUAa MePBRIH cleJial moJOBUHY paboTel, a 3areM Ipy-
roifi — OCTaBIIYIOCH YacTb, TO Bes padoTa Obliaa ObI BEIIOJIHEHA 38
25 u, Ba KaKoe BpeMA MOT ObI BBINOJHHUTHL BCIO pabory KarKabii
HITYKATyp B OTAEIbHOCTH?

561. a) MamuHHCTKA pPaccYuTaNa, YTO €cau OHA OyieT medararhb exe-

nHeBHO Ha 2 jucra OojbIie YCTAHOBJIEHHOH HOPMBI, TO OKOHYUT
paboTy paHbIle HAMEUEHHOTO CPOKa Ha 3 AHA. Ecnu ke oHa OyzneT
meyaTaThk B JeHb Ha 4 snucra Ooablile yCTAHOBJIEHHON HODMBI, TO
oxOHUMT paboTy Ha 5 AHel paHbuie cpoka. CKOJIBKO JHCTOB TPe-
GoBaJOCh HATIEYATATh MAIIMHUICTKE ¥ B KAKOH CPOK?
6) IBa manspa MOTYyT OKPAcUTh CTEHBI IeXa 3a 60 u. Haiigure
BpeMs, KOTOpoe moTpedyeTcs Ka)JaoMy U3 HUX JUIS BBINOJHEHUS
aTOM e paboThl OTAEJIBHO, €CIH M3BECTHO, YTO OAHOMY M3 HHX
norpebyerca Ha 22 u OoJjblile, YeM APYroMy.

I, Tpadpuueckuii cnoco6 peweHus
CMCTEM YPOBHEHMUN

B arom naparpade GyAeT paccCMOTPeH IPHEM, KOTOPBIH ODBIMHO HAa-
3BIBAIOT rpadUuecKuM CIOCOOOM pellleHUd CUCTeM ypaBHeHuil. 3TOT IIPHU-
&M COCTOUT B MOCTPOEHUH IPA(UKOB COOTBETCTBYIOMNUX (QYHKIIHII, B BbI-
ACcHeHNUU, TlepeceKaroTcs AU OHHM, T. €. UMeeT JHU CHCTeMa ypaBHEHUN
peleHus U CKOJIBKO UX. Boob1ie roBops, 9TUM criocofoM He BCerja MOK-
HO HAITH TOUHBIE PEIIeHUs, HO B OT/IeTbHBIX CAyYadax yaaéresa UX HalTH.

ITosToMy, 9TO6BI MPOBEPUTH, UTO PEIIEHNsI HAHJEHBl TOUHO, HAZO
X TMOACTABUTE B Kakj0e ypaBHEHHE CHCTEeMBI U yOejuThCs, UTO MOJY-
yarcs BepHble paBEHCTBA.

B srom maparpade npuMepsl moA00paHel Tak, uT0OBl PellleHud CHC-
TeM WJIM YPaBHEHWH OBIIM MOYTH OUEBHUAHBI U3 PHUCYHKOB.
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e - S 2
10.1. Mpaduueckmii cnocob pelueHus cucremsl ABYX |
| YPOBHEHUI NEePBOV CTeneHu ¢ ABYMS HEU3BECTHLIMU

IIpumep 1. Pemrmm rpadgudyecKuM cnoco6oM CHCTEMY ypaBHEHMIT

3x—-y+2=0,
{x+2y+3=0. (1)

Bripasum y uepes x B Ka)KZIOM U3 9THX ypaBHEHUH, IMOJIYIUM CHCTEMY

y=3x+2,
oo X A8 (2)
W= 5% g

PaBHOCHJIBHYIO cucTeme (1).
Beesém B mIOCKOCTH NPAMOYTOJBHYIO CHUCTEMY KOODIHHAT x0y.

YpaBHeHne y = 3x + 2 ecTh ypaBHEeHHe NpAMOl, Hmpoxoismieil uepes

Touxku A, (l; 5) u B,(0; 2), a ypaBHeHue y = —%x - g €CTh VpaBHEHMNe
R ETTE OpAMOM, NPOXoAsAmieil yepesd Touku A,(1l; —2)
J' AL 1 u B, (0; —-g)

ITocTpoum oTH NpsAMEBIE B cHCTeMe KOOPIH-

'2)}3 Hat xOy (puc. 99).
e, p Kax Buzno us pucynxa 99, npamsie nepe-
\\,b ] =~ cexalorca B Touke (—1; —1). Eé KoopaumHAaTBI
= Ty=-1x-31 x=-1, y =-1 u aABNAOTCA EIUHCTBEHHEIM pe-
7/ 2%{\ |2 21  ImeHWEM CHCTeMEI (2), HO TOrmAa M PaBHOCHUIIE-
2 HOoi eit cucremsr (1). IlogcraBuB HalimeHHEBIE

| |

BHAYEHUSA X U I B KAXKJ0€ YPaBHEHUE CHUCTEMBI

E Puc. 99 (1), ybeaumest, 4To pellleHUe CHCTEeMbI HalieHo
TOYHO.

Ormerum, 4To Mo BUAY ypaBHeHui (2) sapanee MOYKHO CKas3aTh, 4TO

paccMaTpuBaeMble NIPAMbIe IIePECeKaloTCA B OAHOH Touke. Beap yrio-

1
Bble KOO((PUIMEHTHl 9THX NPAMLIX pasHble | 3 # =3 ) claefoBaTeJ bHO,
IpAMBIe He NapajajaeJbHbI.
IIpumep 2. Pemum rpaduuecKkuM cmocoGoM cHCTeMY ypaBHEHMiI

x—y+1=40,
{x—-y+2=0. 3

Bripasum y uepes X B Ka)KAOM M8 ypaBHeHuil cucremsi (3), IoJy-
YUM PaBHOCHJIBHYIO €i CHCTeMy ypaBHEHHH

y=x+1,
y=x+2.

(4)
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e e e e e e e

VpaBueHus cucTeMbl (4) ecTs ypaBHEHUA Y y—x+2
mapajielbHbIX NPAMBIX, TAK KaK OHU HMEIOT | |
paBHBIE yIJIOBBIE KO2((DUIMEHTHI. /[7 5
OTu mpsAMbIe HE COBNAAaioT, IOTOMY 4YTO |
OHU IEPeceKaroT OCh Y B Pas3HBIX TOYKaX: Iep- M= x+ 1]

pag — B Touke (0; 1), a BTOpaf — B TOYUKE 2
£
0]

(0; 2) (puc. 100).

TaxuM oOpasoM, 9TH IPSAMBIE He Iepece-
KalTcsH, moaromy cucrema (4), a Torjga u Cuc-
rema (3) He UMeEIOT PEeLIeHUH. /|

=Y

IIpumep 3. Pemrum rpaguyecKuM CIOCO-
60M cHCTEMY ypaBHEeHHH E Puc. 100

2¢+2y—-1=0,
5
{—4x—~4y+2:0. ) !
BripasuM y uyepe3 X B KaiKJOM M3 3THX ||

ypaBHEHUI, IMOJYYUM DaBHOCHJBHYIO CHCTEMe N
(5) cucTemMy ypaBHEHHH

i
y=-x+0,5,
{y = —x+0,5. ©) N

VpaBHeHUsA BTOH CHCTEMBI OJMHAKOBEL H, N
CcIeL0BATENIbHO, ONpPEeAeNdIoT OJAHY H Ty XKe
npamywo y = —x + 0,5 (puc. 101).

OTo MOKABBLIBAET, UTO BCE pelleHus cucTe- [ Puc, 101
MeI (5) 06pasyioT COBOKYIHOCTD I1ap KOOPAMHAT
(x; y) Touek npamoit y = —x + 0,5. Cucrema (5) nmeeT GeCKOHEUHO MHOTO
pemenuii: (x; —x + 0,5), rae x — sro6oe YHUCIO.

TakuM 06pasoM, A PELIeHuA CUCTeMBI JINHEeHHBIX ypaBHeHHUI rpa-
duueckuMm criocobom Hamo:

1) paspemuTs Ka)Kioe ypaBHEHHE OTHOCHTEJIBHO Y,

2) IOCTPOMTH HA KOOPAWHATHON IJIOCKOCTH IpAMEIE, COOTBETCT-
BYIOI[HME MOJYYEHHLIM ypPaBHEHUIM.

Ecnn IpsIMBIE IIepecexarnTcHd, TO KOOPAWHATEI TOYKH HX nepeceue-
HHUA U OyAyT pelleHueM CHCTEMBEL.

Ecyiu IpAMEBIe OKa)KyTCA NapajljeJbHbIMUA, TO CUCTEMa He UMeeT pe-
IIeHWH.

Ecau npAMble COBHAAYT, TO cHCcTeMa MMeeT OeCKOHEYHO MHOIO pe-
HIeHU#i — MHOKeCTBO IIap KOOPAMHAT TOYEK BTOH IMPAMOM.

{77 3ameuanune. Ciyuam, Korga xXors OBl B OZHOM M3 ypaBHEHHH cHC-
TeMbl He YAAETCs BHIPA3UTHh Y Yepe3 X, PACCMOTPEHBI B CJELYIOIEM
IYHKTE.

B3amaua. Iloesx, BeIina B momeHT f, =0 co crammuu O, uAET co
cxopocrsio 100 xvm/u. Haserpeuy emy co ckopocTbio 80 KM/4 MAET ApY-
roii moess, BBIIIEAIIHII co cTaHnuu A B TOT 3Xe MoMeHT ¢, = 0. Paccros-
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% W FiE Hue or O mo A pasuo 200 xm. IlocTpouTs

A s — 1007 rpaduKy ABHIKEHNSA OTUX M0E3J0B U 110 HUM

2001 0 ONpeNesInTh, KOT/A U Ha KAKOM PACCTOAHHU
,! "By B or crarmuu O 10e3a BCTPETATCH.

100 W -4 —80¢+ 200 Pemenne., 3aaluM OPAMOYIOJbHYIO

~ —| cucremy xoopauxaT tOs (puc. 102). Byzem

' CUMTaTh, UTO 1 cM Ha ocu f COOTBETCTBYET

14, alcm Ha ocu s coorBercTByer 100 KM.

OrmeTuM Ha ocH S TOYKY A, HMEIOMIYIO

B Puc. 102 roopaurary s = 200. Yxobro cumrars, 4TO

HEePBBIU I0e3[ IBMXKETCS B HOJIOMKHTEIHLHOM

HanpapJIeHUH OCH S OT TOUKM O, a BTOPOH — B OTpHIATENLHOM HaIlpaB-

JIeHuM ocH s oT Touku A. Torjga 3akoH JABHIKEHHA IIEPBOTO ITOE34a BhIPA-
KaeTes (pyHKIHen

s = 100¢, (7)
a BaKOH JBHMJKEHMS BTOPOI'O IIoe3fa BhIpa)kaercsa (DyHKImeil
s = =80t + 200. (8)

CropocTs ecTh KoaddunuenT npu t. {is nIepBoro moesna oHa MoJO-
MUTeNbHasdA, a AJd BTOPOro — orpuuarenbHas. Kpome toro, mpu t =0
IepBEIil O3] UMeeT Ha OocH $ KoopauHaTy s = 0, a BTOpOi — KOOpOU-
Hary s = 200, uro cormnacyercs ¢ ypasuenusmu (7) u (8).

Ha pucynxe 102 nzobpaskeHs! npsamele — rpaduKd 3THX (DYHKIHIA.
Berpeua moesnos mpousoiifér B TaKoi MOMEHT #, IPU KOTOPOM OpAHHA-
Thl TOYEK IrPaUKOB paBHBI OLZHOMY M TOMY Ke uuciay s. Ho Torma aru
uucaa t ¥ S NOJKHBI YNOBIETBOPATH OZHOBPEMEHHO 00OMM ypaBHEHM-
am (7) u (8), T. e. GBITH KOOPAMHATAME TOUKU B IepeceyeHus NpPSIMbIX.

W3 pucyHKa BHAHO, YTO KOOPAMHATEI TOYKHU B NpHOIMSUTEIHLHO

PaBHBI:
t=1,1, s = 110.
s cpaBHEHUA PeIINM CHCTeMy ypaBHeHMI
s = 100¢,
{s = —-80¢ + 200

4= 66,66... Mmug = 67 MuH,

I

10
U IMOJAYYUM { = —

#1100 199 b =111, T T R 11T o

O r1peT: IOE3Ma BCTPETATCH NPUOIU3UTENILHO Yepes 1,1 u ma pac-
croaaun npubausurensso 110 kM ot crarmuu O,

562. Kaxk pemuTh rpad)uuecKuM croco60M CHCTEMY JHHEHHBIX ypas-
HeHuii?

563. Onpezgennure Ha Iya3 KOOPAWHATHI TOUEK IIePeCeYeHUsT IpAMBIX,
yKasaHHBIX HA pucyHxe 103.
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(Lo e, i 5 St srrehn SRl O AT R T T t7 =]

a) 6) B)
y 1k y

24 / 2}
1t 13 /
a7/ 1 .8.% '*)(O/i g &
B Puc. 103 T

564. OnpegenuTe KOOPAMHATHI TOUEK IlepecedeHrd C OCAMH KOOpAMHAT
rpadurka QyHKIHHT: . i
a) y=2x-17; 6) y=—-x—2; B) y = 5 ~2x; T) y= ~§—0,2x.
565. Omnpepenure KOOPAWHATEI TOYEK IlepecevdeHusd rpaduKoB OYHKIUH:
a) y=x+4 uy=3x; ) y=-2ny="Tx+1;
B) y=2-3xu y=>5x—4.
566. Pemute rpaduuecKHM CIoco00M CHCTEMY YPaBHEHHM:

y=9-x, y=x-2, y=2x-4,
6

g {y=x—1; ){y=4; B {y=2~x;

o) x+2y =1, ) x+2y-3=0, &) x+2y =1,
y+x=1; 2x+4y +2=0; x—y=4;
x—y+1=0, Tx-y—-3=0, 3x+y-1=0,

%) {Zx-i-y:l; 3) {14x—2y=—5; 1) \6x+ 2y = 2.

cUCTEMBI ABYX YPCUBHEHWI NEPBON CTEMNeHU

10.2*. Fpaduueckuii cnocod mnccnegoBaHNS ‘
| € AByMS HEWU3BECTHLIMMN |

PaccMOTpHM CHCTEMY YPaBHeHHUH C JIBYyMsl HEM3BECTHBIMU
a,x+byy+c =0,
ax+byy+cy =0,

(1)

rae a,, by, ¢y, @y, by, ¢, — HAaHHBIE OTIMYHEIE OT HYJIA YHCJIA.
BrlpasuB y Yepes X B KasKJOM U3 ypaBHeHuit cucremsl (1), nomyuum
paBHOCHABHYIO ell cucreMy

ay 51
Y= =ik T

by b,

R (2)
e e Gl
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B mexaprtoBoii cucreme xoopauuar xOy TiepBoe ypaBHEHUE CHCTE-

. ay
MBI (2) ecTh ypaBHEHHE NPAMOI ¢ YIVIOBBIM K03 (MHIIHEeHTOM —.» @ BTO-
1

poe ypaBHeHHE cucTeMbl (2) ecTh ypaBHEHHE IIPAMOU ¢ YIVIOBBIM K03(d-
ay
dbUuIHeHTOM ——.
by
BosmoskHEI TP cayuas.
1-i1 cnywan. Rosbdunuents! npu x u y ypasHeHui cucremsr (1) He
IPONOPIUOHANELHEL, T. €.

a; b,
a by
Toraa yriosble KoOa(PUIIMEHTHI IPAMBIX PA3JIUUHEL:
a, a,
T

U IpsMBIE IIepeceKaioTcs B eAHMHCTBeHHOI Touke. CiiefoBaTenbHO, CHC-
rTema (1) MMeeT efUHCTBEHHOE peIlleHHUe.

2-i cnyvaii. KoadpdunuenTs! npu X u y ypaBHeHun cucremsr (1) mpo-
NOPUMOHATBHEI, HO OHH He IIPONOPIIMOHAJIBHBI CBOOOJHBIM YJIEHAM, T. €.

a b ¢

a;, by, o

Torpa yriaosele Koa(hhUIHEHTHI IPAMBIX PABHBI MEXKAY coBGOI:

Iloaromy npsamble mapaseabHsl U He coBnagawT. CiaenoBaTeabHO, CHC-
rema (1) He UMeeT pelleHuUid.
3-1 cnyyaii. Yucna a;, b;, ¢; COOTBETCTBEHHO NPOINOPIHOHAILHEI

upcaaM as, by, ¢y, T. €.
a; b g

Torma
a; a, ¢y Cy

b, B b b,

1, CJIeA0BATEIbHO, 00a ypaBHEHHUS CHCTEMBI (2) ONpefessioT OAHY U TY
JKe IpAMYIO, T. €. CHCTeMa HMMeeT 0ECKOHEYHO MHOT'O pelIeHHH.
KoopanaaTe! TOYEK 9TOM MPAMON M SABJISIOTCSH BCEBOZMOMHBIMU pe-
IIeHUuAMHU cucteMsr (1).
_ 3ameuanue 1. Bynem cuurars, 4To umcaa @, by, @y, b, OTIUYHEL OT
uynas. Ilpu ¢; = ¢; = 0, ecan uncna a;, b; IPONOPUMOHANBEHEI UHCIAM dy,
by, IpAMEBIe, O KOTOPBIX UAET peuyb, COBHANAIOT. ECIH 3Ke 3TH UHcIa He
NpPONOPUHOHAJBHEI, TO IPAMBIe nepecekarTcsi B Touke (0; 0).
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IIpu ¢, =0, ¢y, # 0, ecam uymucna a,, b; ITponOPIMOHAIBHEl YHCIAM
@5, by, TO TMPSIMBIE PA3JIMUYHBL U HapaJjIeNbHEl; eClU JKe Ynucia d,, b, He
IIPOIOPIHOHATIBHEI UHCIAM g, Dy, TO IPSAMBIE MEPECeKalnTCs.
7 3ameuanue 2. Ecin HexoTopele 3 KO3(PUIHMEHTOB CHCTEMEBL ypaB-
HEeHHII IepBoOi CTele K PaBHBI HYJI0, TO cucTeMa (1) cBOAMTCA K OZHOM
U3 CIeAYIOIIHX CHCTeM:

+by+c=0,
1 {ax ytc a#0mnb#0 (puc. 104, a);

y=by
+by+e=0,
g) {OXFTHTE= 420w b0 (puc. 104, 6);
& =lay
3) {xf“"’ (puc. 104, 6);
y=by
yzbls
. 104, 2, 9);
9 {70 (ue. 104, 2,0
5) 157 % (puc. 104, e, ).
x=a2
a) 6) J B) A
yh ax +by+c=0 I 1x=a0 4 x=a,

/::O b=0 N
// ¥=by \\\ y=b,

ax+by+c=0

a=0 b=0
r) ) e) e = i) =
A y/ i x=a; X=4ay yhx=a
y=b,
e =eg] b y="by
Yy 2 y=b2
b=b;, ¥
0 x 9] X 5} £ o x
x=a2

B Puc. 104
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B cayuasax 1, 2 u 3 npsaMble, COOTBETCTBYIONINE YPABHEHUAM CHCTE-
MBI, TI€PECEeKAaIOTCH B OJHOH TOYKe, T. €. CHCTEeMa MMeeT eIWHCTBEHHOEe
pelIeHue.

B cayuasx 4 (b, # by) u 5 (a, # a,) yKasaHHbIe IPSAMbIE I1apaJiielb-
HBI ¥ CHCTEMA He HMEeT pelleHHH.

Haxonen, B cayuaax 4 (b; =b,) u 5 (a, = a,) yKasaHHBIE IPAMBIE
CAMBAIOTCA B OJHY NPAMYIO M CHCTeMa HMeeT GeCKOHEYHO MHOTO perre-
HUi, COOTBETCTBYIOIIMX TOYKAM 2TOI NpPAMOIl.

3ameuyanve 3. HanmoMHHUM, YTO YPaBHEHHUIO X = @ YIOBJIETBOPSIOT
BCE TOYKH KOOPAMHATHOM ILJIOCKOCTH, MMeoIue abCcuucey d ¥ opAHHA-
TY, PaBHYyIO J100oMy uncay. Bce Takne TOYKH Jieskar Ha IPAMOM, mapa-
JesapHOit ocu Oy u mpoxonsdieit yepes Touky A (a; 0).

567. Kaxomy YCJIOBMIO NOJIKHEI YAOBJIETBOPATH YHCIA Ry, Ky, by U by,
4TOOBI NpaAMBIe Y = kX + by U Yy = Ryx + by:

a) IepeceKaluch; 6) OblIM IIapajielbHBI; B) coBmamanu?
568. CrOJNBKO pelIeHU UMeeT CHCTeMA YPaBHEHHII
Y= kix+by,
Yy = Rkyx+b,,
ecJsiu;
a) ky=ky, by # by; 6) Ry = ko, by = by B) Ry # ky?

569. CKOJIBKO pPelIeHHH HNMeeT CHCTEeMa YPaBHEHHH
a;x+by+c =0,
{azx +b,y+c; =0,
rge a;, as, by, by, ¢, ¢, — YKMCIA OTJIAUYHBIE OT HYJS, €CJIH:
by G a4 by 51

a b a
d) — & 23 6) —=—% 3 B =—=—7
a, by a, by, ¢ a, by ¢

570. KaxoMy YCJOBHIO HOJIKHBEI y/AOBJIETBOPATH OTJMYHEBIE OT HYJIA
yucuaa ap, ay, by, by, ¢y, €y, 4TOOBI CHCTEMA YDPABHEHUI
a,;x+byy+c =0,
{a2x+b2y +c¢y = 0:
a) uMesa eJUHCTBEHHOE pelleHUe;

6) umena OECKOHEUYHO MHOI'O PeIlleHHI;
B) He HmMeJa pelleHui?

571. Ilepecexaer iu o0e ocH KOOpAUHAT HpaAMas ax + by + ¢ = 0, ecan
o0a ymcna a u b OTIMYHBI OT HYJIA?

572. Kakoe ypaBHeHHe UMeeT IpAMAas, IapajjealbHas:
a) ocu x; 6) ocu y?
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573.

574.

575.

576.

IIpu KaKuX SHAUEHUAX ¢, b u ¢ mpamas ax + by + ¢ =0:
a) mepecekaeT OCH KOODIMHAT;

6) mapanjenbHA OCH X;

B) mapaJjienbHa ocu y?

OmpejenuTe, CKOJILKO peIIeHWN NMeeT cucreMa ypaBHEHHI,
u naliTe reoMeTpUYecKoe o0BICHEHHE BBIBOAY.

x+y=2, x+y=4,
o)
") {x+y=3; ){x—y=2;
2x—- 83y =4, 4x - 3y = 5,
) {y:5; %) {4x-0,3y=5;
) 2x— 4y = 6, ) 2x+4y =1,
7 x—2y = 3; 0-x+0-y+0=0;
1
0,3x+17y=5, 3lx_22y=0
K) 4 1 3) 3 A >
—0,15x — ?y = —25; 10x - 6,6y = 1.

WmeeT 11 pellleHne CHCTEMa YPaBHEHHIA:
x—-y:g, 5x—4y=1,
a) 6)
—x+y=2; 20x — 16y = —4;
x+ 2y = 3, 0,5x - 0,13y = 2,
)1 i r)1x_1y_ 2,
3 x+y=2; 6 30 7"

IIpounnocTpupyiTe OTBET € IOMOILIbIO IPAPHKOB.

Onpepenure k, ecau npaMas Yy = kX IPOXOSUT Hepesd TOYKY, KOOP-
AMHATHI KOTOPOM ABJIAIOTCSA PELIeHHEM CHCTEMbI YPaBHEHMIL:

x+ 2y =8, 2x+y =4,
) {x*y=2; f) {x+y=3.

577. Hoxazsieaem. Jlokamure, 4To CUCTeMa ypaBHEHUH umeeT GecKo-

578.

HEUYHO MHOT'O peIleHH:
x+y—-3=0, x+y—2=0,
g o

2x + 2y = 6; 0,5x+ 0,5y = 1;
%Y _

0,3x + 0,2y +0,9 = 0, 3 3 tg=o

-3x—-2y =9; 2_x_6:_2_y
3 3’

Ipu Kakux @ u b npsMble ¥ + Y =—b u x — ay = 2:
a) mepeceratorca B Touke (1; 4); 0) napajiienbHbI; B) COBIIANAIOT?
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579. CocraBbTe CHCTEMY ypaBHEHHMH, peUIeHHeM KOTOpOil sBJIAEeTCs
mapa uuces:

a) (3; -1); 6) (1; 3); B) (5; —2); r) (0; 3).
580. Pemmure rpaduuecKuM CIIOCOOOM CHCTEeMY YpaBHEHHIl:
2x+y = 4, x+y—2=0,
a) yx—-y+1=0, 6) y—2x+y =5,
Yy =2 2x+3y =T;
x—y =4, LRl = 42’
B) {2x+y =5, r) §+§-§=O,
xty=2 2x + 2y — 4= 0.

Meccnepyem (581—582).
581. HaliguTe Bce 3HaueHHA 4, NIPH KaiKJOM H3 KOTOPBIX CHCTeMa
YpaBHEHHIT
B-2a)x+(1-a)y—a®*=0,
Tx+38y—-4=0
nMeeT OECKOHEYHO MHOTO PEIlleHUH.
582. Haiigure Bce 3HaYEeHUA @, NPHU KAMXKIOM M3 KOTODPBIX CHCTeMa
YpPaBHEHUH
a’?x-(2a+1)y-bBa+3) =0,
4x—-5y—-13=0
He UMEeeT DelIeHHH.

| 10.3. Pewenne cuctem ypaBHEHM
NnepBoW ¥ BTOPOiA CcTeneHu rpadpuyeckum cnocobom |

CucreMbl ypaBHEHHMH NHepBOH U BTOPOI CTENEHH, KaK W CHCTEeMBI
VPaBHEHHH IePBOIl CTEIeHM, MOMHO pPelIaTh rpauuecKi.

IIpumep 1. Pemmumm rpa@uyecKuM cCIoco00M CUCTEMY YpaBHEHUI

x—-y—3=0, {
x2 - 2x=y+3. 1)

Paspemns kaxnoe ypasHeHue cucreMs! (1) OTHOCHTENBHO Y, TOJIY-
YUM CHCTEMY ypaBHeHMI
y=x-3,

y=x%-2x-3.
B onnoit cucreme xoopaumHar xOy HOCTPOMM NPAMYIO Y = X — 3
u napabony y = x? — 2x — 8 (puc. 105). JInsa mocrpoeHus 3THX Trpadu-

KOB cocTaBuUM TabuLbl 3HaYeHHH QyHKRIuUH (x, — abcuucca BepHIMHbBI
napaboib).
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| | |
y=x—3
x|3|0
y|0|-3

|
y=x*-2x-3
x0=%=1
x|-1{0(1]2]|3

!

y|0|-3|-4|-8/0 y=x"-2x-3

B Puc. 105 ‘ ‘ | ‘ | l

Kax BumHO m3 pucynka 105, mpsimas u mapaboja InepeceKkaroTcs
B a8yx Toukax (0; —3) u (3; 0). ITaper uncen (0; —3) u (3; 0) obpamaior
Ka)KJoe ypaBHEHHe CHUCTeMBLI B BePDHOE PaBeHCTBO, CJeJ0BaTeIbHO, pe-
HIEHUSAMU cUCTeMBbl ABafiorca napst uuces (3; 0) u (0; —3). Ipyrux pe-
IeHHU cucTeMa He HUMeeT.

IIpumep 2. Pemum rpadguueckuM CIocofoM CHCTEMY yPaBHEHMIT
y=2x>+8x+T, @)
y=-x2-2x+4.

B oxHOil cucTeMe KOODAHHAT IOCTPOMM mapaboust y = 2x2 + 8x + 7

u y=-x2— 2x + 4 (puc. 106). [lna aroro cocraBuM TabIMIIBI 3HAUEHUH
(GYHKIIHH.
ITapaGosibl IepeceKaloTcA B ABYX TOYKAaX, IOATOMY CHCTEMa (2)

uMeer nBa permnedus. Jlerko y0eauTHCA IOJCTAHOBKOM: IEPBOE pelleHue
(-3; 1) maitneno TouHo, a Bropoe (-0,3; 4,5) npubINKEHHO.

RV
y=|2jr:2-+|-8.1|c+|7 e g TL;
BF AL I
—“x0=_%=—2 I
x |-4}31-2|-1[0 | \ N
y|7|1l1f1]7 \ I\
ly=—-x2—2x+4 \l/ lll \
i [ 4
I ]2 T 1I 1
L o= S=— at
T DY IANVAG EANE
x [-3]-2]-1o y=—x-2x+4
y|1]4]5]4
® Puc. 106 | | =
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3ameuanue. Ecau nmorpebGyerca HaATH BTOpPOEe pelIIeHME TOYHO, TO
Hy’»KHO Oyzer pemnTs ypaBHeHue 2x2 + 8x + 7 = —x2 — 2x + 4, KoTopoe

HMeeT KODHH X; = -3, x, = —3 ¥ HaWTH 3HAYEHUSA lJ, COOTBETCTBYIOIIHE

. 5 o
HaliIeHHBIM KODHAM: ¥; = 1, y, = 45. Teneps BTOpPOE pelleHNe HAWIEHO

1 5
== v el i
TOYHO [ 3 9]

IIpumep 3. Pemum rpaduyeckuM crocoGoM cHCTeMy ypPaBHEHMII

2 +y?=2,
b ®

ITepBoe ypaBHeHHe cucTeMBI (3) eCTh ypaBHEHHME OKDYKHOCTH pa-

auyca J2 ¢ uerTpom O (0; 0). Bropoe ypaBHeHune cucremsl (3) ecTb ypas-
HeHue napadoysl. OKPY:KHOCTD U IIapadoJia mepecexaioTcs B IBYX TOUKAX
(1; 1) n (=1; 1) (puc. 107, a). Cucrema (3) mmeer nBa pemenus: (1; 1)
u (-1; 1). Kax nmerxo y6enuThes IOACTAHOBKOI, 06a pelIeHus HalIeHbI
TOYHO.

Ormerum, uTo rpaguuyecKuM CII0COG0M MOKHO PEIIATh U HEKOTOPHIE
ApPyTHEe CHCTEMBbI.

IIpumep 4. Pemum rpaduyecKkuM crmocobOM CHCTeMY ypaBHEHHN

y=|x|-1,

Ilepsoe ypaBHeHue cucremsbl (4) sagaér GyHKIUO, rpaduK KOTO-
po#i — mpamoit yroa ¢ Bepmuuaoi (0; —1), Ero cropons! npoxoasar yepes
roukn (—1; 0) u (1; 0). Bropoe ypaBuenue cucrems! (4) ecTb ypaBHeHUe
oxpy:xHOCTH ¢ mieHTpoM (0; 0) u pagumycom 1. Tu rpaduKu mepeceKaroT-
ca B rourkax (0; -1), (-1; 0) u (1; 0) (puc. 107, 6). Cucrema (4) umeer
tpu peumtenus: (0; —1), (-1; 0), (1; 0). Jlerko ybeaAuTsCs, YTO pelMIeHUA
HaligeHB TOYHO.

af [N\ [ |v /| o | | [¥ | |
AN /|y ==
KA NP
/1N " LN f
{1 N ] 3 i/ ly=lx[-1
| -1 [o 1] 2 x -1\ 0 TN x
TN | NN+ 21

| i | ! = | | —,
L I e+ yP=2] | |
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CHeTeMbl PANNOHAJBHBIX YPaBHEeHHIT
T TUES e, e e iy

burrws— 5 s

E

583.

584.

585.

586.

587.

a) Kak pemuts cucreMy ypaBHEHHI rpapu4ecKuM crocoGoM?

6) Bcerga nu rpaduuecKuil crocod pemieHus cucreM ypaBHEHHH
naéT TOYHbIE PEIIeHud?

8) Kax mposepuTh, TOYHOE HJIH IPUOIMIKEHHOE perIeHue mojryueso?

Pemure rpaduyecKuM crnocobOM CHCTEMY YPaBHEHUIL:

y =3, x'= 2,

a) 5 0)

y+6=x% x?=3+y;
iy .

5 y = x°—2x, 5 y=x%-2x+2,
y=2x—3; y=x+2;
y=x%-2x+1, y=-x*+4x+1,

) " e) 5
y=—xt+dxtl; y = x=+1,

CKOJIbKO pelleHHil UMeeT CHCTeMa yPaBHeHMUIL:

5 {yzxz, 5) {(x—2)2+(y—3)2=9,

(x+2°%+@+2°=4; y—-x=4;
=, xy =1,
5) {yz 0,5x + 0,5; ) {y: —2x+ 2;
) y=x2_6x+10, & {xy: 8,
%2 - dx+y? - 2y = 20; FEl=x?

HUccnepyem (586—587).
ToBopar, uro mpsamas y= kx + | Kacaercs napa6onsr y = ax? +
+ bx + ¢, ecnu npsaMasa u napaboja MMeIOT eINHCTBEHHYIO ob1yio
y = ax®+bx+c,
y=kx+l1
uMeeT eIWHCTBeHHoe peumleHme. Halimure BCe 3HAYEHHUS k, npu
Ka3XJI0M M3 KOTOPBIX:
a) mpaMasa y = kx Kacaercsa napaboJibl Y = 0,5x2 — x + 4,5;
6) npamas y=kx — 4k — 2 xacaercs napaboJibl Y = 0,5x2—-3x+6,5.
I'opopaT, 4uYro mnpavasa y=~Fkx+b Kacaerca OKPYKHOCTH
(x — x0)2 + (¥ — Yp)? = R%, eciu npsamMas ¥ OKPYYKHOCTH HMEIOT
e IMHCTBEHHYIO 00IIyIo Touky. To ecTs eciiu cucreMa ypaBHEHUH
(x — x0)* + (Y — Yo)* = R
y=kx+b

UMeeT eauHCTBEeHHOe pelnenue. Haiigure Bce sHaueHus k, npu
KajKJoM M3 KOTODBIX:

a) mpaMas y = kx + 3 KacaeTcs OKPyKHOCTH (X + 22 +y?2=9;

6) npamas y=k(x —5)+ 5 xacaerca OKpyxHOCTH (X— 1) +
+ (y — 2)% = 25.

touxy. To ecThb eclM cHCTeMa YypaBHEeHMI {
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10.4. Mpumepbl pelieHUs yPABHEHUNA |
rpaduueckum cnocobom

IIpumep 1. Pemmm rpadudecKkum crmocofoM ypaBHeEHUE
x2=-2x + 3. (1)

YTobOpl HAMTH 3HAUEHUA X, IPH KOTODPBIX BBINOJHIAETCH pPaBEeHCT-
Bo (1), mocrpoum rpadpuxu ABYX GYHKOUE ¥y = x2 u y = —2x + 3 B ofHOMK
cucteMe KoopauHat (puc. 108).

ITapabona y = x? u npamas y=—-2x + 3, usobpaKEéHHLIE Ha pH-
cyuxe 108, nmepecerarorca B Toukax (1; 1) u (-3; 9). [Ipux=1u x=-3
9TH (PYHKIHUK HMEIOT OZWHAKOBBIE 3HAUEHUSA, T. €. BBHIMOJHACTCA pa-
BEHCTBO

x%2=-2x + 3.

9TO O3HAYAET, UTO YKuciaa 1 u —3 ABIATCA KOPHAMU ypaBHeHud (1).

T'paduueckuii ciocob pelneHus YPaBHEHUH AaéT JUIND IPUOIMIKEH-
Hble KOpHHU. YUT0OBI JOKAa3aTh, YTO KAKOI-TO M3 KOpHeW HAWAEH TOYHO,
HaJl0 HOACTABHUTE €r0 B pellaeMoe ypaBHEHHE M IIPOBEPUTH, MOJYVUHTCS
JI¥ BEDHOE DaBEHCTEBO.

B npumepe 1 xopHHU HaliieHBI TOYHO, TAK KaK

12=-2.1+3,
(-3)2=-2 . (=3) + 3.

Ypasrenue (1) moxxHO ObLI0 6B peruTh 6e3 rpaUKOB, IepenHncas
ero B BHUIe
x2+2x-3=0.

| g g e
Ly==x2+2x-2Y

\ |

]

\ N/

| =t

[ 1
—

e

S
—

]
o
1
3
|
o
o
[~
-
=Y

y=—2x+3 \

—
(WL ]
Ry

[T NN
o 1%

32

] ]

Puc. 108 m Puc. 109
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IIpumep 2. Pemum rpaduueckuM crnocoboM ypaBHeHHE
1

2 s P
x® +2x 2_x' (2)

ITocTpouM B OfHOU cHCTeMe KOOPAMHAT rpaduru QyHKIHK

y=x2+2x—-2 u y=%.

ITapa6ona y = x2+ 2x — 2 u runepbona y = i— (puc. 109) nepe-
cekarorcd B Tpéx Toukax (1; 1), (-0,4; -2,5) u (-2,6; —0,5), npuban-
JKEHHBIE 3HAYEHUA KOOPAMHAT KOTOPLIX HAXOASITCS U3 PUCYHKA. Abciuc-
ChI 3THX TOYEK — KOpPHHM ypaBHeHus (2): x; =1 — TOUHBEIH KOpPEHb,
TaK Kax

1242.1-2= —}
ax,=-0,4 u x3=-2,6 — KOpHU NPUOINIKEHHBIE.
|

588. Ha pucynxe 110 uzobpakeHsl rpa-
duru byaruui

D |
=
I
(L]
=2
|

y=—91; uy=2x- 1.

a) YkaKuTe HECKOJbBKO 3HAaUe- 7 o *
HHUIl x, IDH KOTOPBLIX BTH (PyHK-
UK IPUHHMMAIOT pasjiudyHbIe 3Ha- I~ =1
YeHHUS.

6) Yra)KHUTe KODHY ypaBHEHUA

1
;:215—1. '| /

| i

~L
Do
By

el

— Do

| Lo

|

fABnsroTres nu HalifeHHble KODHH
TOYHBIMH WM NPUOMMMKEHHBIMH? [ Puc. 110

Pemure rpaduueckum crnocobom ypasBHeHue (589—590):
589. a) x?2=x+ 2; 6) x2?=3x - 2; B) 2x2=3x + 2;
r) 2x%=-x+8; n) 3x%2=-x +4; e) 3x2=x+ 2.

590. a) %z 2x +1; 0) %z —-x + 2.

591. OmnpejeyjuTre ¢ IOMOIIbIO I'Pa@UKOB, CKOJbKO KOPHEH NMeeT ypas-
HeHHe:
a) x2=ux—1; 6) 2x2=3x + b5;

B) 3x2=x+ T; I‘)%=—x+1.



a) | | yh | 6) | [y RRF 1
| 4 ; y=gx
T | ]
| y=ax?\ |, 4 | Y~
| : 1] ] o I = LJ ||
Ly=—-bx—c N ] ek
Y : 7
PN alll S8 "
/:L 6} i x =1 |0 1412 %
m Puc. 111 r .=' | |

592. Hcmons3ya rpadgurn (GysHxouit (puc. 111), pemuTe ypaBHeHHe
ax? = -bx — ¢ u onpegpenute a, b u c.

Uccnepyem (5983—594).
593. Haiigure Bce 3HAUEHUS a4, TAKHE, YTO ypaBHEHHE
lx+3|-1=|2x—a]
uMeeT eJUHCTBEHHOE DellleHue,
594. Haiigure Bce 3HAYEHUd @, IPU KAXKAOM U3 KOTOPLIX YpaBHEHHE

V4—x? = |x— al: a) umeer eguHCTBEHHBIH KOpeHB; 6) MMeeT ABA
KODHS; B) HE UMeeT KOopHeil.

HDononnenus k rnase 4

| 1. Pewuenne ypaBHEHWA B LieNbiX HUCnax |

Ilycte nano ypaBHenue crenenu n (n € N) ¢ AByMsi HEU3BECTHBIMH,
Hanpumep: 2x + 3y =6, xy — 2y + x =3, x%2 —4xy + 4y2=1.

Ecin mocrasiena safada HaliTH Bce IIesIble YHCTA X, U Y,, TaKue,
qTo Iapa uucels (Xxg; Yo) ABIAeTCA PelleHHeM ZAHHOrO ypaBHEHHH, TO
TAKOe ypaBHEHUe HashIBaloT AUO(aHTOBBIM ypaBHEHHEM U TOBOPAT, UTO
ypaBHeHHe TpebyeTcs DeIIHTh B LeNbIXx unuciaax., Tax ero Ha3bIBAIOT
B 4yecThb rpeveckoro maremaruxa [IunodanTta (III B.). Uuorga mo cMmeicay
3ajauyi JUO(aHTOBO ypaBHEHHEe PEeIaioT B HATYPAJLHBIX YHCIAX.

Paccmorpum o0muii crocob pemeHHs JHO(GAHTOBHIX YPaBHEHUI
IIepPBOH CTEeIleHH.

ITapy mensix uucen (Xg; Yo) Ha3bIBAIOT YACTHHIM peHIeHHeM JIHHeH-
HOro Juo()aHTOBOTO VPaBHEHUS

ax +by =c (1)

(roe a, b m ¢ — nenste yncaa u a # 0 u b # 0), ecau BEpPHO YHCIOBOE pa-
BEHCTBO
ax, + by, = c. (2)
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|j =

Hanpuwmep, napa uucen (3; —1) aBadgeTcA YaCTHBIM PeLIEHHUEM ypaB-

HEeHUSA
x+2y=1,
Tak Kak 3 + 2 - (-1) = 1.

HJoxaeM, 4TO ecjau mapa uucei (X,; Y,) ABISETCS YACTHBEIM pemie-
HueM ypaBHeHus (1), To pemenuem ypaBHenus (1) aBasgercsa u mapa e-
JIBIX YHUCENI X = Xg + bn; y = y, — an, roge n — nioboe 1enoe yucio (n € Z).

HJorxagarenascteo. Tak xak mapa Leasix guces (xXg; Y,) SABISIET-
cA pemieHueM ypaBHeHHdA (1), To BepHO UHUCI0BOE paBeHCTBO (2).

Ilopcrasus B ypaBHeHHe (1) BMecTO X U Yy umcaa X, + bn u y, — an
COOTBETCTBEHHO U BOCIIOJIB3OBABIINCH PaBeHCTBOM (2), HOJYyYHM, YTO

ax + by =a(xy+ bn) + by, — an) = ax, + abn + by, — abn =
=ax, + by, = c.

Wrak, nmapa Deaelx 9Hcen X = X, + bn; y =y, — an, n € Z, asisercs
pelresneM ypaBHeHUs (1), uTo m TpeboBajock JOKAas3aTh.

MosxHO mokasaTh, 4UTO, KpoMe 3THX pelueHuii, ypasHenue (1) He
HMeeT ADYTUX pelIeHHH.

MHosKxecTBO Bcex map LeJbIX YHCeI X = X, + bn; y=y,—an, n € Z,
HasBIBAIOT OOLIMM pelneHHeM ypaBHeHudA (1).

Ecnu tpebyerca nHaiiTu obiiee perresue ypasaerus (1), To roBopsr,
4YTO HaJO peluHuTh ypaBHeHHe (1) B 1easix uuciax. Ecau Tpebyercsa Haii-
Ty peuresuda (x; y) ypaBaenusd (1), rae x u y HaTypaJgbHBIE YUCIA, TO I'0-
BODPAT, YTO HaJO PelIUTH ypaBHeHHe (1) B HATypaNBHBIX YHCJIAX.

Hanpumep, YacTHBIM pelIeHHEeM Auo(aHTOBOIO YDPABHEHUSI

2011x + 2012y =1

ABJSETCA Iapa LeNbIX YHcel Xy =—1, Yy, =1, mosroMy o61UIMM pelleHHn-
€M AaHHOTO YPABHEHUHA SABJAETCA MHOMKECTBO BCEX IIap IEeJBIX YNCe
x=-1+2012n; y=1-2011n, ne Z.

ITpuBeném HOpHMephl peIleHUA AMOo(haHTOBEIX YPaBHEHHN BTOPOM
CTEIIeHH.

Pemenuio ypaBHeHHH B IeJbIX YHCJIAX YACTO HOMOI'AET METOX pas-
JIOXKEeHUA MHOTOUJeHa HAa MHOMHTEH.

IIpumep 1. Pemrum ypaBHeHHE B LIeJbIX UMCJIAX:
xy — 2y + x = 8. (3)
IIpeobpasyem ypaBHeHuUE (3):
xy+x—-2y-2=1,
x(y+1)-2(@y+1)=1,
+1(x-2)=1.

Tax Kak X ¥ y — IeJbie YHCJAa, TO TIPOM3BEINEHHEe IIeJbIX UYHCe
y+1wux— 2 paBHo 1 jguime B ABYX cAydaax:

y+l=1, y+1=-1,
{x—2=1 = {x—2=—1‘



IlepBas cucrema umeer pemenue (3; 0), Bropaa — (1; —2). Ilapsr
(8; 0) u (1; —2) ABAAIOTCA NEIOYNCICHHBIMI DEIIEHUAMY ypaBHeHud (3),
1 APYTHX IeJOUYNCIeHHBIX DEelIeHnH ypaBHeHUe (3) He HMeerT.

Kpome pasioskeHUA MHOTOUJIEHOB HA MHOMHTENH, IPH pPelleHHH
ypaBHEHHUH B IEJBIX (HaTypaJdbHBIX) YHUCIAX HCIOJB3YIOT U APYIUAE CIO-
co0Obl HAXO0KAEHNA BCeX IIeJIBIX pellleHu. PaccMOoTpUM X Ha IpuMepax.

IIpumep 2. PemuM ypaBHeHUe B HATYypPaJbHBIX UHCJIAX:

x2 — 2xy + 2y? = 25. (4)
Ilepenumem ypaBHenue (4) B Bune
(x -y +y2=5% (5)

Tax Kak pasHOCTb X — Y HATYPAJBHBIX YHCEJ MOKET ObITh MM Ha-
TYPaJbHBEIM YMCJIOM, MJIH IIeJBIM OTPHIATeNBHBIM YMCIOM, AKX HYJIEM,
TO  MOKEeT NPUHUMAThH JIUIIb 3HadeHud 3, 4 unu 5. IloaTomy Bece perie-
HUA ypaBHeHU (5) B HATYPAIbHBIX YHCIAX COAEPKATCS CPeN PerleHuit
cucTeM

y=3, y =3, y=4, y =4, yi=h,

x-y=4, |x-y=-4, |x-y=38, |x-y=-3, |x-y=0.

PemlyB KaAyI0 M3 STHX IIATH CHUCTEM, MOJIYYUM BCe D pelleHUH
ypaBHeHudA (D), ANA KaKIOro M3 KOTOPBIX Y — HATYPajbHOE YMCJIO:
(7; 3), (=1; 8), (7; 4), (1; 4), (5; 5). JIuIub AT YETHIPEX U3 HUX X TaKKe
HaTypaJbHOe YMCJIO. JTH YeThIpe Maphl M HAlOT BCEe pPelleHHU:d ypaBHe-
Huf (4) B Hatypanpubix uncaax: (7; 3), (7; 4), (1; 4), (5; 5).

IIpumep 3. Pemum ypaBHeHHE B IeJBIX YHCIAX:

10x2 —2x —xy+y=". (6)
ITepenumem ypaBuetnue (6) B Buze
10x2 - 2x - 7=(x-1)y. (7)

Tax xak HuKaxas mapa gucela (x; y), rme x = 1, y — moboe zgelicT-
BHUTEJBHOE UHCJIO0, He ABISETCH pelleHueM ypaBHeHHdA (7), TO MOMKHO
BBEIPA3UTEL Y uepesd x u3 ypaBHeHus (7):

_ 10x2-2x-7
y= ————,
x—1

(8)

Ilepenuniem ypaBHeHue (8) B Buze
1

y=10x+8 + -
x-1

Ternepsb OUEBULHO, YTO YUCJIO Y ABIAETCS IEJIbIM JIMIIb B JBYX Clyda-
ax:x—1=1ux—-1=-1,71. e.npux = 2unpu x = 0. IToeTomy ypaBHe-
aue (6) uMeeT ABe Iaphl PEIIeHUH B LeJbIX yucaax: (2; 29) u (0; 7).

Samaua 1. Macrep nmenaer 3a 1 4 mesoe ducio geraneil, bonbiiee 5,
a yueHUK — Ha 2 fAeTanu meHblne. OJuH MacTep BBHINOJHSET 3aKa3 3a
IeJioe YHCJIO YacoB, a ABa yyeHuKa BMecre — Ha 1 4 Obicrpee. M3 Kaxo-
0o KOJIA4YecTBa ,HET&JTEI.:I COCTOHUT 3&}{&3?
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Pememnmue. [Iycrp MmacTep menaer B yac x geraseil (x > 5) u BbI-
IIOJIHAET BeCh 3aKas 3a { 4, Torjga yYeHHK AejgaeT B yac X — 2 meraseil
u Bech 3aKas cocrouT us tx unu 2(x — 2)(t — 1) meraneir. CocraBum

ypaBHeHHEe:
tx=2(x-2)(t-1). (9)

Ilepenuniem ypaBHeHue (9) B Buge
t(x —4)=2x — 4. (10)

YuureiBas, 4T0 HUKaKasg mapa uucen (x; y), roe x = 4, t — moboe
JeliiCTBUTEJbHOE YHCIO0, He ABIAEeTCA pelleHueM ypaBHeHusa (10), mox-
HO BBIPa3uTh ¢ uepe3d x U3 ypaBHenus (10):

4
x -4

Tax xax x > 5, To ¢ ABJAAETCA HATYPAJBHBIM YHUCJIOM JHUIIb IPU X = 6
u npu x = 8. B ToM u B Ipyrom ciyuae 4MCJO JeTajiel tx paBHO 24.

Orper: 24 geranu.

t=2+

B

595. Pemure ypaBHeHHe B IEJBLIX YHCIAX:

a) 3x + 5y = 20; 6) 2x — by = 25; B) 2x — 3y = b;

r) Tx + 5y = 2; o) 2x + Ty = 28; e) 3x + 5y = 30.
596. O6BscCHUTE, ITIOUEMY YpaBHEHUeE:

a) x+y=2>5,5; 6) 3x-2y=1,1

He MMEeT PelIeHuN B IeJbIX YHCIax.
597. Pemure ypaBuenue x2 — y? = 5:

a) B LeJBIX YHCJaX; 0) B HaTypaJbHBIX UHCJIaX.
598. Pemrure ypaBHeHHE B IIeJbIX YHCIAX!:

a) xy + 5x — 3y = 18; 6) xy—6x—-y+1=0;

B) xy — 2x — 2y + 3 =0; r) xy—3y+2x-T7=0.

599. [okasbiBaem. a) Joxkakure, uro ypapHeHHe x2 — 6x + y2 + 4y +
+ 13 = 0 uMeeT eIMHCTBEHHOE I[EJOYHUCIEHHOE PelleHHe.
6) Ioxasxure, uro ypaBHeHHe x2 — 6x + y2 + 4y + 14 = 0 He uMme-
€T pelleHHH.

Pemute ypaBHeHHe B meabslx yuciax (600—601):

600. a) x(x +y)=3; 6) x? + 3xy = 2;
B) x°+y?—-4x -6y +12=0; r) x2—dy?=5;
n) x%—4xy+ 3y?=-1; e) x2+y%-10x+ 2y + 22 =0;
#®) 3x% + bxy — 2y? = 5; 8) 2x%2 - 3xy —2y%2=1"1.
601. a) x? + 2xy + by? = 25; 6) x2+ 2xy + 10y2 = 25;
B) x2— 2xy + 2y% = 16; r) x2 - 2xy + 5y = 16;

1) 9x2 + 4x — xy + 3y = 88; e) bx? + 6x — xy + 2y = 35.



228

602.

604.

605.

Onun paGouuii HA HOBOM CTAHKEe Ipou3BoauT 3a 1 u 1esoe YMCIIO
Jetaieii, GoJsblilee 8, a Ha CTAPOM CTaHKE — Ha 3 AeTaJl MeHBbIe.
Ha HoBOM cTaHke oauH pabouMli BLIIIOJHAET HOPMY 3a LeJioe Yuc-
JIO ¥acoB, a ABa pafouMX BMECTE BBIMOJHSIT HOPMY Ha CTApPBIX
crapkax Ha 1 u 6eicTpee. M3 KAKOro KOJIMUYECTBA JeTaleil COCTOUT
AHeBHas HopMa?

I'Iac'ryx 3aMeTHJI, YTO IIPOU3BeIeHHe YHCcia GapaHOB HAa YHCIJI0 ero
6apaHOB, yMeHBIIIeHHOEe Ha €JHHUIlY, POBHO Ha 15 Goibmie, uem
NpoM3BeAeHUe ero coOCTBEHHOI'0 BO3pacTa Ha YHMCJIO ero 6apaHOB,
ymeHblienHoe Ha 2. CKOIBKO JIeT Hacryxy?

HWsan IlerpoBuu npuobpén B Hauate roga k aknuii 6auka «Hage-
KIa», 4aCTh U3 KOTOPBIX — IIPOCThIE, & APYyras 4acTh — IPHUBH-
JIeTHpPOBaHHBIE. 3a I'0J JOXOJ IO OJHOH IIPOCTOH aKIIUM COCTaBHJI
16 yCciIOBHBIX HEHEXHBIX eIWHHI], a HOXOJ II0 OZHOI NMpUBUJIErH-
poBaHHOM aknum — 21 yciioBHYIO HeHexHYI0 exmuHuIy. CKOJIBKO
NIPUBUIETNPOBAHHBIX akuuil kynui Vpan IlerpoBuy, ecau HOXOnX
3a roj II0 KYIJEHHBIM AKIHAM cocTaBuy 269 YCIOBHBIX HeHEM-
HBIX egUHUIL?

Kynun PomaHn pakoB: Buepa MeJKHX — IIO IleHe 51 K. 3a LUTYKY,
a ceroguaa — 1o 99 K., HO OUeHb KPYIHBEIX. Bcero Ha pakos OH HcC-
Tpatua 25 p. 20 K., U3 HUX IepemnjaThl HM3-3a OTCYTCTBUA CHAYUH
B cymMe cocraBuiu or 16 go 20 k. Ompenenure, CKOJBKO DAKOB
Kynuia PoMaH BYepa M CKOJBKO CErogHS.

Miwem nudopmaunio. Menonssysa yuebHUK, CIIPABOYHYIO JUTe-
patypy u MuTepHer, moarorossTe coobitenue o Iuodanre.

[ 2. Wcropuueckue csepeHus |

CucremMbl ypaBHEHHI IEPBOII M BTOPOI CTEIEHM BCTPEYAIOTCSA EIlé
B JpPEeBHEBABMJIOHCKUX TeKcTax. BoT, Hanpumep, OfHA Takas 3amada.

3amaua. Ilgomiagm ABYX CBOMX KBAJApPAaTOB A CJIOMKHII: 251%. Cro-

2 5 &
poHa BTOPOTO KBajpaTa paBHa 3 CTOPOHEI IIepBoro | emé 5. Haiigure

CTOPOHBHI.
3anaya CBOAMTCA K PEIIEHUIO CUCTEMbI YPaBHEHUIH

A i’
+y 25 15

y=§x+5.

PaccMoTpuM nIpHMep pelleHUs CHCTeMBI ypaBHeHHI us «Apudme-
Turku» uodanra:

x+y =10,
wE pyR = 68.
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[t = - = r -]

U specs HuodaHT ymeno maberxal pellleHHA KBaJpaTHOTO ypaBHe-
Hua obmero suza. OH pasjenus mepBoe ypaBHeHHe Ha 2:

x+y__5
9 ’

e

BBEJI HOBOe oOo3HaueHue d = , Torga x =5 +d, y =5 —d, BrOpoe

YpaBHeHUe CHCTEMEBI 3alucaj B BHOE
(5+d)2+ (5 — d)? =68

M pelnJ Tak:
50 + 2d? =68, d?=9.

Bo Bpemena [uodganra OTPUIATEIBHBIMH YHCIaMHU ellé He I0JIb30-
BajIyich, IIO3TOMY OH yKasaj TOJBKO OAWH KOPEHB 9TOr0 yPaBHEHM:
d = 3. 3arem Hamén x =8 u y = 2,

Cucrema uMeeT eIé omgHO pemeHue npu d = -3 — aro napa (2; 8).

HuodaHT MepBBIM U3 MATEMATHKOB BBEJ Pas/MYHbIe 3HAKW AJA He-
VU3BECTHBIX BeJWYUH, IJIaBHBIM o0pasom rpeueckue OykBel. IIpuBenén-
HOe BBIIIE PellleHHWe AaHO B COBPEMEHHOU 3aIHCH.

HMuodanT AnexcaHAapuiickuili ObII OZHUM H3 CaMBIX cBoeobpas-
HBIX JpEeBHErPeYeCKUX MATEeMATUKOB, TPYAbl KOTOPOro uMenan 6oJblroe
3Ha4YeHue AJad anredbpsl u Teopuu umcesa. o cux mop He BBEIACHEHBI HH
roA posKAeHus, Hu pgata cvmeptu [HuodaHTa; mojaraioT, UTO OH KU
B III B. H. 5. B 0o1HOM M3 APEeBHUX PYKOIHCHBIX COOPDHMKOB 3a71a4 B CTH-
xax Ku3Hb J[modaHTa OIMCHIBAETCS B BUE CJeAyiolneil aarebpande-
CKOIl 3arafiku, IpeacTaBidioneil HaArpoOHYI0 HaANNCE HA ero Moruje:

IIpax [QuodanTa rpo6HHUIIA TTOKOUT; OJUBHCH € — U KaMeHb
MyapsIM HCKYCCTBOM €r0 CKaKeT yCOIIIero BeK.

Boueii 60ros mecTyo 4acTh JKH3HHU OH IPOKHI PeOEHKOM,

U mosioBHHY IEeCTOM BCTPETHJ C IIYIIKOM Ha IjeKax.

ToabKo MUHYJIA CelbMasi, ¢ IOAPYro OH o0pydMicd.

C Hew NUATH JIeT TIPOBEAs, ChIHA AOMAAJICHA MYJApel;

ToJbKO IMOJYHM3HUA OTIOBCKON BO3JIIOOIEHHBIN CHIH €r0 IIPOXKHI,
OTHAT OH OBLI y OTIA pPaHHEH MOTHJIOH CBOEH.

IIBasxabl ABa Tofa POAMTENHb OILIAKUBAJ THAMKKOE rope,

TyT ¥ yBUIEN IIpeJes KU3HHU IIeYaJbHOH CcBOei.

Sagaua-sarajKa CBOAHUTCA K COCTABJIEHHIO M PelleHMIO ypaBHEHUHA

1 1 1 1
6x+12x+7x+5+2x+4 x,
orkyna x = 84. CnemoBarenbno, [JuodanT xua 84 roga.
W3 pabor Tuodanra camoii BaHON ABIsgeTca «Apudmerura», u3
13 xHHUr KOTOPO# TOJBKO 6 COXpaHWJINCH A0 HAIUUX AHEH.
B coxpanuBmuxca kuurax [uodanra comepxkurcesa 189 zazau ¢ pe-
meHuAMH. B mepBoil KHUre U3JI0KeHbl 3aJaul, IPUBOAALIHecH K onpeje-
JNEHHBEIM YpPABHEHMUAM HepBoil u BTOpPOI cremenu. OcrajibHbIE e OATH



230

KHUT COZIepPraT B OCHOBHOM HeoIpeleléHHble YPaBHEHUS (Tenepb Ha3bI-
BaemMble [HO(aHTOBBIMM YpPaBHEHUAMH). B 9TUX KHUrax emeé HeT cucTe-
MAaTHUYECKON TEOPUHU HeOIPeJeJEHHbIX YPaBHEHUH, METOAbI DellIeHHA Me-
HAIOTCA OT caydad K ciaydalo. [luodaHT JOBOJBCTBYETCH KAKUM-HUOYIb
OOHUM pPeIleHHeM, HeJbIM HJIHU APOOHBIM, JUINEL OLI OHO OBIIO IIOJJOMKH-
TeJIbHBIM.

Tem He MeHee MeTOJbI pelIeHWS HEONpeNeJEHHBIX YPABHEHUIN CO-
CTaBJSAIOT OCHOBHOW BKJag [MuodaHTa B MaTeMaTHKY.

B

607. Nwem undopmaumnio. Mcnonsays yueGHUK, CHPaBOYHYIO JIH-
TepaTtypy u MHTEepHET, IIOATOTOBLTE cooﬁmenne O CTAPUHHBIX CIIO-
cobax peumlenus AuO(GAHTOBBIX ypaBHeHWI (3azaum ua «Apud-
meTuKH» JI. ®P. Maraunkoro, 3agaun JI. Sitnepa, JI. [Iuszasckoro
U Ap.).

Pemure cucremy ypaBHenuit (608—612):
608. U3 «Apugpmemuiu» Juogarnma.

x+y = 20, x+y =20,
P 6) 1.2 2 _ 20-
x® +y® = 208; x4 — y° = 80;
) x = 3y, ) x = 3y,
I
2% +y?=5(x+y); 2 +y?=10(x - y);
) x = 3y, ) x = 3y,
i x2 - y?=12(x - y); 5 y? = 6x;
e x = 3y, £ x—y=2,
y?=6(x-y) X2 -yl=x-y+20
609. H3 «Anzebpvl» anv-Xopesmu (VII—VIII gs.).
x+y =10, x+y—10
a)
xy = 21; x% +y? 0;
x+y—10 x+y—10
B)
xz— 2=x—y+54; = dxys
x+y = 10, x+y =10,
x) % e 1x ¥ _ol
(x+y) 2 x% y+x 6’
) x+y = 10, ) x+y =10,
K 3
y* = 81%; xy:ly-x|=57.
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610. H3s «Anzebpor» anv-Kapadwcu (XI s.).

3
= — + 510,
a) 1X= 3% 5) {x f4 :
xy+x+y=62 &Y = 4T 0

611. H3 «Knueu abaxa» Jeonapdo ITusanckozo (Pubornavyu) (XII—

XIII s8.).
xy y =42, xy+y=2,
0)
x ifi=id x-y=2
x+y—10 x+y =10,
+10 +10J e 122%, F) Z-y)= 24

612. H3 xnueu «Koce» K. Pydoavgpa (XVI s.).
(x +y)(x? + y?) = 539 200,

) {(x - y)(x? — y?) = 78400;
xy+x+y=>573,

) {x?‘+y2 -x—y=1716.

a

]
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Mucna

Breruucanre (613—619):

613. a) 48:(0,6-5-2,875)-0,25; 6) 7-4+(0,22:11+0,58);
B) 0,09-37-1,37-1,96; r) 0,44-25+0,75- 3,2;
a) (64-4-0,125-17,8)-12; e) (1,215+ 1,499+ 1,75) - 99;
x) 4,25-3+1,25:5; 3) 8,48:4-0,3-0,4;
u) 2,25:(10-1:0,2); k) (1,24 +3,08): 5,

2 20
614. a) 45-10—19-—
6) 24— 4-185

41’
3 5 1 2 1
—i—+2=--=1:1=;
B TE T 9
1 58 1% 85
=e@5i19- & B 2uyas
b E g gl e S
3.5 N
1 *(z*a 6’

8.(q41_2
615. a) 2°: (12 5)
+

103 32’
B)( +0,8——J [3+5;‘—5—0,12];
r) ( i+015 1%}:[21434-0,04;
1) (2,314~—J %4-(116“)7125} 3;

1
e) 1,456.5—5 E.0,125+4—-0,8,
3 ;1 3 N
) 32-13—+(2,55+2,7).(01 80}

: ?l. A
3) 3,075:1,5 (25 +3 26}

)(lﬂ-%%) 144——- 0,5625;

K) 2,88 —+{1 0625——-} 16.



233 BamanHis A8 TOBTOPEHHST
r S e R e s S )
(;MH%] [g 01_1_15]
616. a) - :
1
05~ % 4 0:25— 2|2 0,252
(05-3+025-3):[025- 5
0,4+8:{5,3~0,8-§]-5:2%
6) ;
13-8-(8,9—2,6:3)
8 3
[05 o1 B8 4y 1f—i] 3
e T
B) H
1,5 181
[ i 4] 3
5 (06+04215—0005)-(;01_60_
10,5+ 5=+ 3=+ 15—
17%% " P12
; (g +0,425 — _éﬁ] :0,01
617. a) §: 1 :%;
30,75+ — + 3—
12" %6
8 (44-375+8-" +8
4 15" 60
0) 7 ;
3l_a75]:0,2
(35 -27)
" 40,0065 |:0,001
2000
B) 3 7 3
8 _ 40,00004
[31 4 0y ] 0,0001
3%_(6%"5%}% 5
25: =
Y e 0. ETE 0E6EE T g
072 - 0,104~ 0,112 - 0,5 98,4.2,5 - 1,34
618. a) : ;
0,063 :1,26 - 1,4 1,08:1,5+ 6,3:0,28
;) 20,15-6-05+163, (7,63 - 5,13) - 0,4

(0,2 + 11,8)- 0,5

3,17 + 6,83
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619.

620.

621.

622.

- 623.

624.

625.

l+0,4+ 0,375 g 2,4-3§+2—%—- 4,125
53 4 11
a) 5 ; 0) 7 ;
£.75 5.5_ s 9=
3 6 7
3,5 + 484»2i 31-1,9+ 19,5:4l
3 15 3 2
B) 7 ; r) 5 1
1—+ 4,1 LT
20 75 25
CpaBaure:
a) 1020 » 9010; 6) 0,11° i 0,320,
Brruncaure:
6% . 52 103.
a) CIETY ) - R 52 : B) 12,58 :53;
4
{3%) (0,1 (1%) . (0,2)*
1.,5% : 3% ey -~
r) 1,5%:3 ) 3 e) 0.15

31997 +1 31998 & 1
31998+ 1 o 31999 + 1

CpasHuUTE

Bmﬁpaa VAOOHBIA eAMHUYHEIN OTPE30K, YKaKHUTe HAa KOOpAHHAT-
HOI ocH umcsa:
a) 1; 0,1; 0,3; 0,5; 1,2; 6) -2; -1,5; -0,5; -0,2; —-0,05;

y A1, d48.8, yigly Ly 2} 5, 1
Ve ie e TR I e T
Ha roopaunaTHO# ocu 0OTMEUeHO HECKOJILKO Touek. Cymma uuce,
COOTBETCTBYIOIIUX 3TUM TO4YKam, paBHa —1,5. Kaxkayro us yka-
3aHHBIX TOYEK II€PEMECTUJIM IO KOOPAUHATHOI OCH Ha JBe eJUHU-
L bl BJIEBO, IIOCJIE YET'0 CYMMa YMces cTaja paBHoi —15,5. CKoabKo
OBLIO TDT{EK?

a) Ilpeacrasbre B BHUJE NPOU3BEAEHUS CTEMEHEN MPOCTHIX UHCel
npousBpenedue 1 -2 .3 ...:13 - 14 . 15.

6) Haiinure manmensbiee oflnee KpaTHoe U HAUBOTBINMI OBIIMiL
HeJINTeNb IS YHCeJI:

1) 52. 71 u 490 - 175; 2) 25.3.7,3%.5.72 1 10 000.

B) Ha rakyimo Hauﬁo.ubmyro cTelleHb yucaa 7 ,qenwrca npousBese-
HHe 1-2 -3 - + 99 . 1007

a) KpagpaTbl KaKHX HepaBHBIX YHcesJ PaBHBI? :

6) B xaxom cayuae (a + b)? He MOIOKUTEIBbHOE YHCIO?

B) Mex/y KAKUMU IeTBIMH YHCIAME 3aKJII0UeHbI KBaLpPaThl BCeX
NpaBUIBHBIX IOJOMKHUTENBHEIX Apobei?
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A 2

627.

628.

629.

630.

631.

633.

634.

635.

Banumure IpubaMKenue yucaa T = 3,1415926535... ¢ HegocTaT-
KOM ¥ ¢ M3BBITKOM ¢ ToumocThio mo 1; 0,1; 0,01; 0,001; 0,0001.
KaxoMy IBOIHOMY HePABEHCTBY B KaKJOM cjydae yJOBJIEeTBOPAET
yucao w7

Kaxue 13 maHHBIX YMHCeJ ABJAIOTCA panuoHaAbHBIMHA H KaKHe —

UppannoHaNbHBIMU:

a) 0,3333; 6) 0,4 (5);

B) 0,232323...; r) 0,57578888;

n) 0; e) 1,211211121111211...;

x) 2,718281828...; 3) 0,1234567891011121314...7

TlokasxuTe IPUMEPHOE DACIOJOMKEHHe YICeN Ha KOODAMHATHOMN
ocHu:

a) 2,7; 2,(71); 2,71; 2,7171; 2%;

6) —1,05; -1 %; -1,(05); —1,0505; —1,051.
a) Haitgure mpubimixKEHHO CYMMY 4YMCeN, OKPYIJIMB AaHHBIE YHC-
Jia [0 COTBIX:

1) 1,342 + 3,463; 2) 5,(6) + 2,781;

3) 12,(45) + 0,3112; 4) 1,(3) + 5,(7).

6) Haitnure npubnuKEHHO NPOU3BEIeHNe YMCes, OKPDYIIMB AaH-
Hple YHCJa W PesyJabTaT A0 NepBoi 3Hadalleil mu@phl:

Ha KOOpAMHATHOH OCH YKa)MTe OJAHO PalMOHAJIbHOE M OJHO Up-
paIMOHAJILHOE YNUCIO0, PACIOJIOKEHHBIE MEM 1y JHCIaMu:
a) 0,5 u 0,(5); 6) 0,272999143... u 0,2730015... .

KakuM 4MCIOM — pallMOHAJBHBIM HJIM HPPalHOHAJBHBIM — AB-
Jserca 3HaYeHHe BHEIPAKeHUd:

a) 1++/3; 6) 1— /5; 8) V3 +5; r) /16 — +/23?

VKaKHUTe ABa HPPAIIMOHATBHBEIX YHCJIA!

a) pPasHOCTHb KOTOPBIX SBJAETCA PALMOHAJBHBIM UMCJIOM;

6) mpousBejeHHE KOTOPBIX ABJIAETCS PAlHOHAIBLHBIM UYHCJIOM;
B) CyMMa KOTODBIX ABJIAETCS PALVIOHAIBHBIM YHCJIOM.

BepHo su yTBEpMKAEHHE, UTO KBaJpaTHEII KOPeHb U3 PalOHAb-
HOT'O YHCJIA:

a) Bcerja ABJIAETCA MPPALMOHAJIBHBIM YMCJIOM;

6) MosKeT OBITH ILLEJIBIM YHMCJIOM;

B) MOKeT OBITb KOHEYHOIl JecATHYHON APo0bIO;

r) Mos;xer 6bITh 6ECKOHEUHOMN HepPHOANYECKOI NecATHYHON 1pobsio?

Hana oGysxkousa y=x?. KaxumMu unciaMu — panuOHAJIbHBIMU
WUIM MpPpalMoOHANbHBIMKU — ABJIAIOTCA abcnucchl ToYeK rpaduxa
57Ol PYHKIMH, €CIy OpAMHATEI 3TUX Touek: 0, 1, 2, 3,4,5, 6,7,
8, 9, 10? Haiiaure npubimKEéHHble 3HAYEHNS UPPAIMOHATLHBIX
abeluce ¢ HeJAOCTATKOM ¢ TouHOocThio o 0,01.
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636. Haiigure mpubiu:KEéHHO C HEJOCTATKOM 3IHAYEHHE BBIpasKeHud,
OrPaHUYHUBIINCE ABYMSA 3HAKAMM IIOCJE 3aIIATOMH;

a) 1++/3; 6) 1++/5; B) /3 +v5; r) 2 +4/7.

637. CpasHuTe 3HaUYeHUs BhIpayKeHHH (0e3 BLIUMCIIeHUs KopHeii):

a) 512 u 34/27; 6)@1{3-\@;
B) 2+/50 u 3v32; r) SEH‘E;

4 25 45 45
) o u3 545 e) 5 o u4 o

xK) V2006 + /2008 u 2/2007; 3) V2007 + /2009 u 2+/2008.

638. YupocTuTe BHEIDAYKEHUE:

a) |/(1-+3)%; 6) {(5-+5)*; =) {(+2-+3)* 1) (V10 - 1),

639. BriHecuTe MHOMKHTENb M3-110]] 3HAKA KOPHSA:

a) y3(2-+5)% 6) y18(¥3-2)%;
B) 32(2-7)"; r) 48 (V5-3)".

640. BepHO 51U pPABEHCTBO!

_3_— g- i: i' l= l‘?
a) 38_3\/;, 6) 1/635 6‘[;, B) ,}42 4J;.

Breruucaure (641 —642):

641. a) J%,Jso,zs, Vo, J0,64; 6) /6,25, /0,0121, V-9, ,/0,0256.

642. a) /784; 6) v28900; B) 41,21;
T) 4/0,1225; n) +/46,24; e) 41,44;
W) 4/0,7225; 3) +/9,4864.

643. 3adara Apxumeda. CuipaBeAuBO JH HEPABEHCTBO

265 1351
153 V3 < 780 !

Yupocrure Boipakenue (644—648):

644. a) 10\/7 0,5+/160 +3J; 6) 15J§—05J_+2\/3_§
B) 2 8§~J136—51f1%; 1) 6F—F+4J1-—
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31 f, ll!l[ﬂ. [ [5[ ]H}Ri‘(]!]!.,}[i”[

645.

646. a

647.

648.

649.

o (2 R)(B-28) o (- )43

5) (J13+544,2+18-5/4,2);
r) (J11+6J§—J11_6J§)2.

\/§+J_ V3 -2, 5) J§+1+J§—1_J§+3.

J_—«/— J_+J_ R | V2

(\F+J“)(4 J—) (J—+J_)(5 2[)
- Bz

a) v4+2+v3; 6) {4 - 243; B) /3 - 242;
r) {3+ 242; x) Y17 — 44/13; e) 17 + 44/13;

%) 5+ 263 3) 45— 2v6; w) 12— 2435.

8) \3+2v2 +y3-2v2;  6) y4+2V3 -4~ 2V3;
B) J7+«/ﬂ—x/7—~/—2_4; r) \/10—2J2_1-+J10+2Jﬁ.

OCBOﬁOEI’ITeCB OT UPPaAlHOHAJNBHOCTH B 3HaMeHarTeJe:
J2 NE] 1+ 42 1 —6\/5

1) L e) L ) o o 3) :
2~+3° 32 2542 3+43

Hoxaapisaem, [Jokaure CIpaBelIuBOCTb DABEHCTBA (650—652):

650.

651.

a) JJE—\/Q—ng—M«/E =4
6+2y5— 13+ V48 = V3 +1.
2.4/3 2+f J_

S -
& 6 3(3«fﬁ4)(3+f+~f)
3+«/_—-J_ 2
1 :
%) 3 2f = zJ_ =8
4

)r wae - b
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38

b

{OTHoLUenus;, nponopLuK, NpolieHThl
653. Haiigure orHOmIeHme:
a) 18 x 36; 6) 24 g 12; B) 42 K 56;
3 33
24; : S g
r) 36 x 24; o) 0,8 x0,12; e) T K T
654. Haiigure orHOmMEHME!
a) 1 xm K 1 m; 6) 1rx 1K
B) 14 x 1 Mun; r) 1 xm? x 1 ra.

655.

656.

657.

659.

660.

661.

3aMeHUTe OTHOLIEHNE NPOGHEIX YMCEJ PABHBIM €MY OTHOILEeHUEeM
IEJIBIX YMCe:

0.2, 15, 1,21, 0,0001
a) 6,'5_5 6) 0’59 B) 0,05$ P) 0,5 ’
Lo, 2. b 2. 4 4
,z:)-3~.4, e) 5.0,5, }1«:)3.7, 3) 1,2.5.
MosxHO M cOCTABUTH MPOMOPIMIO M3 OTHOIIEHMIN:
a) 20:10 u 10 : 5; 6) 1:3ulb5:5;
B) 11:2 m 1,1: 0,2 r)%:3}12:12?
Bepso n1u paBeHcTBO:!
ay 2 =%es 6) 4:13=2: 6,5;
> 10,21 0(;2 —4 s
Bhine s Wl oE S ne
Mo>XHO JIH COCTAaBUTH IIPOMOPIIAIO U3 YUCEJI:
a) 1, 2, 3, 6; 6) 7, 6, 2, 21;
B) 2, 18, 6, 6; r) 3, 40, 20, 6?

K namHo# Tpoiike unces mogGepuTe TaKkoe YeTBEPTOE 4UCJI0, YTO-
OBl oTH uMCcIa MOTVIM 00Pa3OBaTh IPOMIOPILHIO:

a) 2, 3, 5; 6) 7, 2, 8; B) 10, 1000, 1; T 8, 3.
CroubKO pemreHuil umeer 3amaua?

PaBeHCTBO MPOM3BEJEHUI 3aMeHUTE IIPOIOPIHeii:

a) 16 - 3=2 . 24; 0) 3:8=4"-:6;

B) 250-8=2-1000; r) 144 - 3 =16 - 27,

Haiigure HeM3BeCTHBIN YjleH MPOIOPILHM:

8) £:5=7:10; 6) x:9=5:8; B)x:12=%;
i o0 T mamnt X _1.5.

P)x.2~—5, r51)4-—2.3, 8)7—1.5,

R 3 Emuifil 5 13_ 4
o x 18k %0 X
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662.

663.

664.

665.

666.

667.

668.

669.

670.

671.

672.

673.

674.

PemuTe ypaBHeHHE:

2x 5 x
—=17:5; —=1:¢18; —:4=9:1;
a) 3 6) T 1:13 B) 3 4=931
2,9 3x 7 4x 2
2 T 0.5 A) g g ¢) g3
}E)%:i- 3)E=M- H)LE 4.8
Tk 130 3 5x° 50 19e’

Onpepenure macuitab, ecau 1 cm Ha uyeprexe coorsercryer 10 m
HA MECTHOCTH.

Omnpegenure NJINHY OTpe3ka, H3odpakaiollero Ha reorpadgude-
CKOIl KapTe IIOCCeHHYI0 AOPOTy MEXKAY ABYMSsI ropojaMu, ecjy Ha
MeCTHOCTH JJIMHA sToro mocce pasHa 200 KM, a macmrab KapTsl:
a) 1:1 000 000; 6) 1 :5 000 000;

B) 1: 200 000; r) 1:20 000 000.

MacmiTat xapter 1 : 50 000. OnpegenuTre paccToAHNE HA MECTHO-
CTH, ecJIM Ha KapTe ero M3o0paskaeT OTPe3OoK AJIUHOI:
a) 5 cm; 0) 2,2 cm; B) 37 MM; r) 1,2 oM.

W 306pasuTe ropu30HTAIBHEIMI OTpesKaMu IIuHy yauns! B 400 M,
350 M, 275 M, npuauMas 1 cm 3a 50 M. B kakom mMacmiTabe caenan
yepTémx?

M3o6pasuTe BepTUKAJBHLIMHM OTpe3KaMu BbicoTy goma B 40 M,
60 M, 35 m, npurumas 2 cm 3a 10 m. B kakom macmrabe caenan
yepTemK?

Ilnuea moma Ha miaHe, maciurab xoroporo 1 : 250, pasHa 6 cM.
Haiigure peanbHYIO AJUHY J0Ma.

Inuua mxoasHoro 3nanua 60 m. Halimure nanny n3o0pakeHUs
ATOTO 3MAHUA Ha MJIaHe, 1 CM KOTOPOrO COOTBETCTBYET 5 M.

Ilnnea mocceiinoit goporu Mocksa — Canxr-IlerepOypr 725 KM.
Haitaure 11mHy n306paskeHns 9TON ZOPOrHM Ha Kapre ¢ MamTabom
1 : 5000 000.

a) Macca 2 m cransHOro Tpoca 4,63 kr. KaxoBa niamHa Tpoca
B MOTKe maccoit 50 xr?

6) Macca 2 m cranssHoro tpoca 6,4 xr. Kaxosa jiuwHa Tpoca, ecjiu
ero macca 1 11?

OnauH MOroHHBIT MeTp TPyObI guamMerpoM 18 MM umeeT Maccy
3,2 xr. Kaxkosa macca TpyObl TaKoro ke AuaMerpa, AJIHHA KOTO-
poit 1,6 m?

Kokon menxonpsana nmeer maccy okoiso 0,05 r u naeér B cpeiHeM
450 M meénxosoil HuTH. CKOJIBKO METDOB IIEJKOBOM HUTH AaAyT
KOKOHBI 00meil maccoit 100 r?

PernenT jis OpUTOTOBIeHUA Kekca Ha 4 ugemoBeka: 120 r mapra-
puna, 120 r caxapa, 120 r cmeransl, 120 r mMyxum u 2 sina.
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675.

676.

677.

678.

679.

680.
681.

CKOJIBKO HYHO MaprapuHa, caxapa, CMeTaHBI, MYKH K AHIL, YTO-
OBl IPUTOTOBUTEL KEKC HA:

a) 48 uyesoBex; 6) 42 ugenosexra;

B) 60 uenosex; r) 57 uenoser?

a) IlmorHocTs sxesesa paBHa 7800 xr/m3. KakoB 06BEM TOHHBI
’Kesesa?

6) Ilnormocts 3osora pasHa 19 300 xr/m3. Haiinure Maccy 30J10-
Toro Opycka ¢ pasmepamu 3 cM, 2 cM, 12 cm. KakoB 06B6M cormt-
xa somora B 100 xr?

a) Macca xyb6udeckoro merpa amomuruns 2700 kr. Kakyio Maccy
uMeeT KyOMYeCKN CAaHTUMETD aloMuHHAA?

6) Kybuueckuit merp pryru mmeer maccy 13,6 . Kakyio Maccy
umeJt 661 cTON0 pPTyTH BRICOTOH 760 MM, OCHOBAHME KOTODPOTO paB-
HO 1 MMm2?

3emJya menaeT MOJHBIA o6opor (360°) BOKpyr csoeif ocu 3a 24 w.
Ha xaxoif yros oHa mosepHéTca 3a 3 u?

Omnpenenure:

a) 25 % or 100; 6) 50 % ot 1,2; B) 30 % ot 200;

r) 20 % or 30; x) 6 % ot 30; e) 3 % or 4,2,

a) Onpenmesure 2 % or 12,

6) CKOJBKO IPOIEHTOB COCTABIAIOT 3 P. OoT 15 p.?
B) Haiigure uncio, 8 % xoroporo paBHBI 32.

r) Ha ckosbpKo mponeHToB 5 Gosbmre, yem 49

n) Ha ckoasko nporeHToB 8 mensmie, yem 107

e) CxoyspKO IpoueHTOB cocTaBiasgeT 1 1 or 1 12

%) CHKONBKO NpOLEHTOB cocrasaser 3,75 or 7,57
3) Haiigure uncsno x, ecnu 12,5 % or x pasHO 25.

Yro Goabme: 5 % or 40 unu 40 % or 5?

OmnpegenuTe YHUCIO:

a) 10 % xoToporo cocraBasoT 2;
6) 20 % KOTOpPOro COCTABJIAIOT T;
B) 15 % xoroporo cocrasasior 1,5;
r) 75 % xoroporo cocrasaaior 330,

683.

YnopocTute BeIpaKeHue:

a) a®-a% 6) b - b%- b% B) y -2y -y

r) ab - ab? o) x%y - x%y?; e) 2xy -+ 4x2ys;

) %xzy"*z . 2%x3yz; 3) %aabcz . 2—21-abc2.
Vcnonb3ys cBoMCTBA cTemeHM, PACKDOHTEe CKOOKMU:

a) (a®)3 0) (a®)% B) (x*)?; r) (%)%

) (2a2)?; e) (3b%)% x) (xy?)3 3) (a2bcd)%;
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A R
o) (vx"'] 3 K) (—y:']; ax) (0,5a)3 M) (1,2z2%)%;

2 4
H) (ab?c?®)%; 0) (3ab)?; u) (2ab®)s; p) (1,1a?b7ecit)4,
Vupocture Beipaskenue (684—688):
684. a) m* - m?+ m - m%; 6) 28 xx24 x3. 23 a3
B) 2x-xy—3x2-%y; r) —;'P2Q'6q2—7pq2'%ﬁ'q;
n) (2mn?)® — 3m2nfm e) (bxy®)? — (2xy?)?%;
x) (8x2y?)? + Txiy? —x 1% 3) (0,8a2b)? — 3ab? - 0,5a3.
685. a) 12ab + bab - Tab; 6) 8xy — yx + 6xy;
B) 2a? - 1—31~a2 = 513-.512; r) 0,2pg + 7,9pq — 5,3qp;
n) 7x —(x + 5); e) 12a — (3b — ba);
x) (6m? — 2n) — (5n — m2); 3) (3p + 10¢?) — (2¢* + 5p);
u) 2mn2—-5n-2m®-n+3md-n-n;
K) 5a?b%b — ab - 3ab?® - 2ab? - 3ba.
686. a) (a+b—2c) - 4; 6) 3(a—-b +c);
B) 2x - (=7a — 3b + 2¢); r) (3a2b — 2ab? + b3) - 2a%b?;
n) (—2abc) - (ba — 7b — 3¢); e) (—5ab + Tac — be) - (—2abc);
%) (2a — 3b) + (3x — 2y); 8) (ba — 7b) + (-8y + 2x);
u) (ba — b) - (—2a — 3b); k) (—3a — 5b) - (Ta — b).
687. a) (3ab — 2ac) — (5ab — Tac) + (2ac — 3ab) — (Tac — 5ab);
0) (4m — 2p + 3q) — (4p — 2q + 3m) + (4qg — 2m + 3p);
B) Bx — 3y — (83x + 6y) + (7Tx — y) — (8x — 15y);
r) 20a — (4b — 5¢) + (—17a + 3b — ¢) — (2a — 2b — 16¢).
688. a) x(x+y)—y(x—y) 6) 2(a + b) + 3(a — b);
B) 3(x —2y) + 2(x — 3y); r) m(p+2q) —p(m - 3q);
R (a+2)(a-1)-(a+1)(a-2)
e) (x+4)(x—-2)—(x+ 2)(x—-1);
xK) (a+2)(a-1)-(a+ 3)(a - 2);
3) (n+T)(n-5)—-(n+9)(n-"17);
u) (x2-2x + 5)(x2+ x — 3);
K) (x2 - 8x + T)(—8 + bx + 2x2).
689. IlpeoOpasyliTe BhIpaskeHHe B MHOTI'OYJIEH:

a) 6(3a + 4b) — 4(ba — b) + (a + b);

6) 2(p+q)+3(p - )—(p+<1)—(P - 99);
B) (2(1—3)(&91—1)—(-<Jca+2)(aw

r) (im-1(m+2)-(m- 3)(m+4),

o 2(x+1D(x+2)—(Bx—4)(x+ 2);

e) 3(-da+ 1)(a-1)+2B3a—-4)(a + 2).
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IIpexpcrasbTe B Buie MHorouseHa (690—691):

690. a) (x + y)% 6) (a - 8)% B) (2a — 3b)?;
2
r) (xy + %y] - o) (bm? — 2n%)?; e) (0,2p3 + 3qg*)2.
691. a) (y + x)% 6) (m — n)3; B) (5 + a)’;
r) (3a - b)% m (10 — x?)?; e) (x%+ y?)3.
IlpeoGpaayiiTe B KBagpar Asyuiena (692—693):
692. a) x%+ 2x + 1; 6) a?— 6a + 9;
B) 4 —4x + x2%; r) 49x2 - 14x + 1;
o) x5+ 4x8 + 4; e) x1+ 10x2 + 25.
693. 2) x2+x+%; 6) 0,09 + 0,6a + a?;
B) 121x* + 44x? + 4; r) 2,56k2 - 9,6kp + 9p?%;
n) 64a2b? + 48abe + 9c¢?; e) 9a?b* + 30ab?c + 25¢2.
Pasnoxkure Ha MuoxuTteaun (694—699):
694. a) 4dax — 2bx; 6) 2a? - 2a;
B) 48xy — 3bxy?; r) 85ab — 170a;
I) mx — nx + px; e) 8abx — b6acy — 10a;
) ldanx — 21bny — Tn; 3) 63xy — 84y? + 98y.
695. a) m?2 — n?; 6) 1— x2 B) 64x% - 1;
r) 81 — 9a2; o) m*—n?; e) 121 — 9p4;
w) 9a?b? - y?; 3) 4a2b? — 9c?; 1) ixz — %yz;
k) 0,81b% — a?c?; 1) a® + b3 M) x8—1;
H) ab + b%; o) mb — nS; ) 27p3 — 8¢3.
696. a) (x + 1)2 — 4x?; 6) x2+ 2xy + y? - 1
B) (a —4)? - 16; r)p—22pq+g—
x) 36m2— (m + 9)% e) 9 2xy — Y%
) 81¢2 — (p + 6q)%; 3) 4— az - 2ab — b2.
697. a) a(x +y) + b(x + y); 6) a(x+y)—b(x+y);
B) 2x(3p —q) - (8p — q); r) m(x+y)-x-y;
n) nx—-y—-x+y; e) ax + ay + (bx + by);
®) ac + ad — be — bd; 8) ac —cx + a — x;
u) ax—a+x-1; K) 2ax — 3bx — 2ay + 3by;

Ja) ax — bx + cx + ay — by + cy;
M) 2ax — bay + a — 2bx + bby — b.

698. a) x2 — x; 6) 2a — ab; B) 3m — m?;
r) p? - qp; n) x2 - 4; g), 9 — 2
w) 4y? — x2; 3) m?— 16n2; u) a?®- 3;

k) x2? -5 a) 7 - 2m?3; M) 9 — Hx2,
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699. a) m? —4m? + 20m — 125; 6) 8 — 2p + 3p? — 27p%;
B) (x2%+4x)? - (x — 9)% r) (9x2+ 2)2 — (6x + T)%
m (5a — Tb) — 2(5a — Tb) + 1; e) 1+ 2(x - 3y) + (x — 3y)2.

700. Joka3sieaem. J[JoxkakHATe TOMKIECTBO:
a) 2x% — (x — 2)(2x%2 - 3x + 4) = Tx% - 10x + 8;
6) 2m3 — (2m —3)(m2 —Tm + 2) — 6 = 1Tm? — 25m;
B) (a—2)°—-2a(a—2)+a?=4;
r) x2—-2x(x-8)+(x-38)2=9;
m 5x(x—y) - 2(y - 2)* = (3x + 2y) (% - y);
e) (a-1)(a?+1)(a+1)—(a®-1)2=2(a®-1);
&) (@2+1)2+(@-1)(@*+1)-a?=a(a®+a?+ 1);
3) (x2—-1)(x*+ 22+ 1) — (22— 1)3 = 3x2(x2 - 1).

701. BrimenuTe DOJHBIN KBaApAarT:
a) x2+ 2x + 3; 6) m2-2m + 3; B) a?+ 4a + 2;
r) p+6p—9; ) x%+ 2x; e) ¢2 - 10c.

702. YupocTuTe BRIDAXKEHUE M HAWJUTEe ero 3HauyeHue:
a) x2 - 2xy + y? opu x = 0,65, y = 0,15;
6) 5a?® — 10ab + 5b% npu a = 124, b = 24;

B) -;-m2+mn+~;—n2 npu m = 64, n = 36;

r) ax?+ 2axy +ay?npua=4, x="71, y = 29.

‘Anre6paunueckmne npo6u

IIpu KaKUX YKMCJIOBBLIX 3HAUEHHUAX X OonpefeseHo BeIpaxkeHue (703—705)?

1 2z 4x
703; a) x+1° q) x -1’ B) 3x-1" r) 2x+5
2x% - 4 7 - 2x° x2—-x+1
0% B %) B i x-2
r) S ) ﬂ_ e) NINS - L
x% - bx+ 6’ M E _gx+a x2 - x+3°
x-T 5 ] x2 -5,
708 4) x% +3x+ 4’ 6) 2+ x+3’ 8) x+5’°
) 3x — x% | 1) X -Tx-1, e) 9x% —dx -1
x2 -5x+6’ 2x — Tx? — 8’ 5x — 3x? + 1
Cokparure apobs (706—710):
24 168 26ax 17x%3
706 8) B % 56’ B s 0 P i
16a%b3c® 120m?n® pq =1 6x%y?(a — b)
B s g ——a—rdd ) T o o
24a°bc 450m°npq 1-x 9xy° (b — a)
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2x — 4y (3~a) m? — n? a® - b3
707. a) =X— Y. g) =
2 x? — 4y f) — 80’ N e (n — m)? r) a?
x-2 x -1 ¥+ x+1
708. — _— - .
08..'2) 22 ~4’ o) x2 -2x+1 B) -1
) x+3, 2 2x + 2 &) x2-—x+1
x2 -9’ x2+2x+1° x4 1
x-1 x+1 —6x+ 5
208, 8) — X~ o LA e
8 g S gy B ATE s §
r) x-2 ) x+ 2 2 x? + 5x + 4
X —b5x+6 el g L 2 -2x-3
2x% - 5x + 8 3x% - 4x+1
790, 5 2F 9t gy B = dai ],
8) 3F bz 7 ) 2P+ 7x-9
) 3x? + 4dx + 1, g 2x% + 5x -7
3x2 + bx + 2’ 3x2 - 5x+2°
711. IIpeobpasyiiTe BhIpa)KeHue B aarebpanuecKkyio Apobb:
1 1 1 1 1
a) E+E’ G)x =5 B) a—b—_a+b’
1 1 a 2 m n
g - + ;
r) x—-y x A) x-1 1-x e) m-n n-m
m n? a . 3a b
— o — 3a-=;
%) n 2m 2) 2x " 8xy’ B)oa a
x* g1 Wd x—2 2-x
®) o NG el ¥ e e
Vupocerute Bpipamenue (712—724):
712. a) p*-q?  6p—6q, Sm"=8nF m+n
: (p+q)? 3p+3q’ m?+mn 9m - 9n’
£ a?+ab  2a%+ 2% r) x% - 4y® | - 8y
4a2 — 482 a?-ab ’ (x + 2y)% " 4y®— 2xy + 22~
6a 1 2%+ y? 1
3-8 T2 ©) B+yd 2x+2y°
1 1 a b
B) 2x—2+3xv3’ r) ax —bx ay-by’
3 (x - y)*
- 3 e) ——+y;
x) =3 ¥ =y Yy
x oy 5 3 %
w) | ==L || =+=1; 3) [=—-=[:8x-2
) (2-2)(2+2) 9 (2-2):ee-2.
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1 1 1 1 1 .
714. + : .
2) =1 ®+1 x*-1" 6) -4 x2x-2 2x+2’
B) 4x ogas I r) 2x Lo DN
ex-2 x+17 x2-x-2 x-2’
st B 0, g ., TP UNS 1
x=8 x+2 2-x-6 x+5 x—-1 xP+4x-5"
a+b b+e a+c
715. + =2 :
B Sle=d | =00 B =B~
1 1
6 + + ;
) (m-nn-p) (p-nn-9q (@-n)@n-m
B) : - . + 1 ;
(x-py-2 (- y)(a’—2 x) , v —Ex)(:;— 2)’
iy 2Rl 2, it m2+”' Lg

x-y =x+y’ m2+n?  m?-n?

1+x* ) x%+1 1+ at 1-a
716. R i s B [ a2 , ,
8 (x xz—lJ x+1 )(a a2+1) 1+ a?

Lt Y 1, m
mi-m m-1) m+2 mi-4

g (A 1), 8 . &
3k+8 k+1) k+1 1-k2°

E)28—1'0+1—1'
E-d e=9"\2~2 p=1)

.
2

Y I o1 o B N
€) 92—1+y+1'(2—y 2y=~y2J’

}1{) 5p+6_ r . P _p+2.
ptP-4 p?-4"p-2 p-2°
5) 21-5¢  a , a _a-3
a?-9 a’-9"'a+3 a+3’
l-a l1—-a A x xy
17. 1- 1+ H 5} — s s
’ a)[ 1+aJ( 1+a} )(x—y x+y) x? — y2
1 1 1 1
a b ;+§
2T o DT 1
a? b ZoR
5 3 5 x+yYy y x
718. + L T 6 - + ;
L p— g el e
4m  bn_ 38m 5p 7q 3p
Y on-oi wn-gm  dm-tn O

2p-3¢g 6p-9q 6qg-4p’
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1 4 8 3x -7
719. - — .
a) x—1 1-=x 1+x+x2—1
6) a b2 _ab(a+2b),
a—b a®+ ab+ b2 at-p
1 x+y x(x -1y
+ -~ 2
B) x+y xXP-zxy+y® P+ yP
1 a-b a(a - b)
720. — $
o a)a+b a?-ab+b: B+’

2 xy (x + 2y)

= 343 .
a*-5a+6 ad*-4a+83 a*+3a-4,
a?+5a+4 22+3a+1 2a2—8a-2’

Bt Y

x-y x*+xy+y? x

721. a)

6) =8 [e=2 & Y. x4
c+8 | 4c %+ 3c 2(3 - c¢)
a® — a®b — ab? — 2b° 4b? + 1162 + 25
22. ¢ ‘
Z 4 a® + 3a%b + 3ab® + 2b° @ 4b% — 9b2 + 30b — 25
48 1 4
723. - + 3
a) a®+64 a+4 a’>-4a+16
6 {4 2
24+ 3x+2 (x+ D(x2+5x+6)
3x% + 3xy x 3
724. a . + >
) 4xy + 6ay [ax +ay 2x+ 2y)

L. Dl ol IV} i
% (a2+b2+a+b (a+bD‘ ab

B)[ x -1 _1—3x+xz]_1—2x+x2-2x3_

3x + (x — 1)? x3-1 14 2x 4 2x% 4+ x8°

r)(az—axu 2a? )_(l_x—~1_£J
ABx+ x® x3-ax?+ alx —ad a a® )’

paTHbIe KOPHM

725. HMmMeer 11 CMBICJ BhIpakeHUe:
a) J—4; 6) V1—+2;
B) VV/3 - 2; r) v2-4;
m) V10— +121; e) V8- 172
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T Sremr———n

726. Mmeer nu CMBICJ BBIpa’KeHHe IIPH 3aJaHHBIX 3HAYeHUAX OYKB:

a) b2 —4mpub=3, b=-2, b=0;
6) Jb2—4da mpub=11ua=4; b_%
B) MHpnbz&a:é—,c:—B,
r) MHpﬁbzé,az—-Z,cz'??

727. BriHecHTe MHOMUTENb M3-TI0J 3HAKA KODPHS!

a) %a\/TZaab; 6) 511“;’52

5) 28 [12a2b_ gy 64a%b" |
49x%’ 4\ 81x%y5’
(-2

) T;

HokaspiBaem (728—729).
728. Badana Esrxauda. [Joxaxure paBeHCTBO
it - 2
Va+4b = \/‘H “; 2 +Ja ”; 2.

729. JlokaskuTe WJAKM ONPOBEPTHUTE YTBEPIKIEHHWEe: AJA JTI0BIX I0JIO-
SKUTEeJBHBIX uncesl @ 1 b (a > b) BepHO PaBEHCTBO:

a) (JE+~./I;)2=a+b; 6) (\/E—JE)'?:a—b
R ol s LRy - R oy

Yupocrute Beipaskenue (730—738):

730. a) ag; 0) a}/__ B) \/32_?; r) j%b.
731. a) %; 6) T—C B) J:Jég%; T) J%%'
733. a) li’a_l—jﬁ"’_x; 6) ;—fj—_i;; B) %.



1 a+b a-b
734. a : 6 : 3
S ) Toro N
r) a . ) @il - ) M=
Ja-a Va + b’ Jm - n’
) X—3+Jx+3 3) Ja—-b-,a+b
x-8-Ax+38 ,}'a—b+,fa+b.
5va -2  24a. 5vb+3 340,
735. a) = et 6) = A b
Va Va Vb Vb
- ! +—.
B)JE—l a-1 r)JE+1 b-1
Jx } [ Jx J ( 1 J Ja+1
736- +‘1 G 1— H 6 - . H
# (\E+1 Jx +1 ) | Ve 1+va) 1-Ja-a
o) Bl _xﬂ—y,fg. g Jm 3 L_m
x — Ay -y Jm-6 Jm+6 86-m’
=] Je 41 %= ] Ve -1
737. i - : 6 - ;
2) x-2Jx+1 Jx-1 )x+2x/;+1 Ve +1
B) x—4 _ 4 r) x— 4 i 4
x-4dx+4 Jx-2 x+4Vr+4 Jxr+2
738. a) _EY¥ -1 _Jx+10, 5) xJx -8  2Jx+5,

x-4Jx+3 Jx-3° x-3Jx+2 Jx-1'
B)[ o . . J 2V 